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Introduction

The purpose of this thesis is to complete the proofs of the character formulas from [4]
for the diagonalizable and unitary irreducible representations in category O of the rational
Cherednik algebra of type W = G(¢, 1, n). We establish two sorts of character formulas: firstly,
for the diagonalizable irreducible representations we prove a combinatorial rule for comput-
ing the graded W-characters of these representations; secondly, for the unitary irreducible
representations we are able to go farther, and deduce from the graded character formula a
combinatorial formula for the dimensions of the Ext groups with standard modules (some-
times referred to as the Kazhdan-Lusztig character).

The main ideas of the proofs of these formulas have been published in [@], but that
part of the proof having to do with the representation theory of a certain subalgebra of the
Cherednik algebra was only sketched. The subalgebra is a certain W-analog of the degen-
erate affine Hecke algebra of the symmetric group, and the part of its representation theory
that is relevant for this problem is the classification and description of those irreducible rep-
resentations that are diagonalizable with respect to a large abelian subalgebra. In this thesis
we complete the proofs in detail. Namely we show that the irreducible diagonalizable repre-
sentations are indexed by certain combinatorial objects, the cyclotomic ¢-skew shapes and
that the representation indexed by a skew shape D has a basis of eigenvectors indexed by
standard Young tableaux of shape D. Moreover we show that the restriction to W of the irre-
ducible representation corresponding to D is described by Littlewood-Richardson numbers.

We now describe the objects and ideas involved somewhat more precisely, referring to
the body of the thesis when appropriate.

The rational Cherednik algebra H, is an algebra attached to a complex reflection group
W depending on a set of parameters ¢ = (co, dy, d1, . .., d¢—1) indexed by the conjugacy classes
of reflections in W. An ¢-partition A of n is a sequence A = (A% AL,...,A¢"1) of ¢ with n
total boxes, we write Py, for the set of all ¢-partitions of n. The ¢-partitions of n index
the irreducible representations of G(¢,1,n) and therefore also the standard and irreducible
objects of category O, we will write A.(1) and L.(A) for the standard and irreducible objects
of category O, corresponding for the ¢-partition A.

For a box b € A, we define its charged content ct.(b) by

ct.(b) = dﬁ(b) + lct(b)co

3



4 CHAPTER 0. INTRODUCTION

and write ct.(A) for the sum of the charged contents of the boxes of A

cte(M) = ) cte(b)
beA
For a skew ¢-diagram D and /-partitions A, u,v we denote by cf and C;/}v = cfvl\” for a cer-
tain cyclotomic version of the Littlewood-Richardson numbers, which are simply products
of certain classical Littlewood-Richardson numbers.

Also we define a certain set Tab. (1) of tableaux Q in A satisfying the following properties:

(1) Qis afilling of the boxes of A by non-negative integers such that Q(b) < Q(b') when-
everb< b,

(2) If bis abox of A and k is a positive integer such that
ct.(b) = dﬁ(b)—k +k

then Q(b) < k, and
(3) If b and b’ are boxes of A and k is a positive integer with k = 8(b) — f(b’) mod ¢
and such that

cte(b) —ct.(b) =k + ¢y
then
Qb) = Q(b) + k.

The set Tab.(A) is the indexing set for the irreducible Hy ,-modules of L.(1). Given Q €
Tab.(1) we write s.(Q) for the skew diagram indexing its isotype as an Hy ,-module.

Now we are in conditions to state the main result of [4]

THEOREM 0.1. Let A be an ¢-partition of n.

1. IfL;(A) is t-diagonalizable, then

chiLc) = Y ¢ @rsre?
Q€Tab.(1)
HEPy,

2. If L;(Q) is unitary, then for each ¢-partition u of n

dimg [Exth, (Ac(u), Le(D)] = Y o Yol
Q€Tab.(1)
VEPy 1, MEPp iy XEPy i
|Ql=ctc(A)—cte () —i

Now we summarize the contents in this thesis. In Chapter @ we define the rational
Cherednik H, algebra and state and prove the Poincaré-Birkhoff-Witt theorem (PBW), this
result allows to describe the rational Cherednik algebra by generators and relations and to
construct the standard modules. With standard modules defined, we introduce the category
O, simple and unitary representations and the characters of the rational Cherednik algebra.
In Section B we define a highest weight category (in the sense of Cline, Parshall and Scott

[2]) and observe that O, satisfy its conditions.



In section 0 of Chapter B, we describe in detail the combinatorial objects we will use,
such as ¢-partitions and skew shapes. In section B we define the groups of complex reflec-
tions G(¢,1,n) and in Section B, the rational Cherednik algebra attached to them (which we
will refer to as the cyclotomic rational Cherednik algebra).

In Chapter B we construct a subalgebra of H; which is isomorphic to the cyclotomic
degenerate affine Hecke algebra Hy ,,. and we study in detail the class of diagonalizable Hy ,-
modules with respect to a certain commutative subalgebra of Hy ;. In Chapter @ we state and
proof the main theorem using the classification of Hy ,-modules in the preceding Chapter.

We include an appendix with a catalog of unitary spectra and characters for the cyclo-
tomic rational Cherednik algebra of type B, this is for ¢ = 2 corresponding to the Weyl group
of type B.
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CHAPTER 1

Preliminaries

1. The rational Cherednik algebra

Let h be a finite dimensional complex vector space and h* its dual space, with the natural
pairing (-,-) between h* and § defined by (x, y) = x(y). Let W be a finite subgroup of linear
transformations of j and R be the set of reflections in W, namely elements w € W such that

codim(fix, (w)) = 1, in other words the elements w € W whose fixed space is a hyperplane of

b.

For each reflection r € R we fix a constant ¢, € C satisfying
Cwrw-1 =cr forall we W.
and a, € h* such that
fixy (r) = ker(a,).
Also there is a unique @, € b such that
r(x)=x-<{x,a))a,, forxeh*. (1.1

We define the partial derivation in the direction y as the function 0, characterized uniquely
by the following properties
(1) 9,(fg) = fo,(g)+d,(flg for f,g€Clh] and
(2) 0y(x)=x(y) ifxeb*.
For each y € h define the Dunkl operator D), acting on C[h] by the formula

-r
Dy(f)=0,(H-3 cr<ar,y>f / for f € C[p], (1.2)
reR ar
EXAMPLE 1. (1) Let W =Zy and = C. Up to scalars, there is only one Dunkl oper-

ator and is given by
c(1-y)

D=0y-

We write s for the unique reflection in W, whose action is given by (sf)(x) = f(—x).

(2) Let W =S, and ty =C", write {y1,..., yn} for a basis of b with dual basis {x1, ..., X,}.
In this case the set of reflections R consists of the transpositions s; ; with i < j. And c
reduces to one parameter. Then the Dunkl operator for y; € Yy is given by

f=siif
Dy, f=09x(f) _C(Z |

jEi Xi T Xj

for f € C[h] =Clxy, ..., xpu].
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Using the fact that a, generates the ideal of functions vanishing on the fixed space of r

rf is actually an element of C[h] and hence Dunkl operators
;

we have that the quotient !

D, are well defined.

One of Dunkl’s important results was that Dunkl operators commute with each other,
which is not at all obvious from the formula. To prove the commutativity we follow Etingof’s
idea [d] instead of the original proof of Dunkl. The partial derivation introduced above satisfy

useful properties. .

REMARK 1. Note that, for we W and y € b, wayw‘1 is a derivation of C[h] satisfying
wd,w™(x) = 0yyx. Thus by uniqueness of 0y, we have wo,w™' = d,,,. Analogously we can
check 8y, =0y, =0y, _y, and 0y = 10,.

LEMMA 1. The Dunkl operators satisfy the following properties

(1) wDyuf1 =Dy, forweW,yeb,

(2) [Dy, f1=0y(f) _Zrt—:RCr<aryy>f;rfr for f eC[h],
r
(3) Dy, =Dy, =Dy,_y, and Dty = tDy, y1,¥y2,y€h, teC.

PROOF. (1) For the first part notice that fix(wrw™!) = ker(wa,). As fix(wrw™") =
ker(a,,,,,-1) and the definition of the Dunkl operators does not depend on the

choice of a,, we have
ker(wa,) =ker(a,,,,-1).
We compute wa-lyw‘1 acting on f € C[b].
wD 1, w™ () = w Dy (w )

1p_ -1
= w(awly(w‘lf) - Z cl{ar, w_1y>w

reR ar

-1
_ —wrw
= w0 -1, W lf—zcrwar(y)—f !
reR war

_ -1
=0, (f) - Z Cra -1 (y)w

reR X yrw-1

As ¢ = ¢y, -1 We can substitute r by wrw~! in the sum obtaining

WDw’lyw_lfzayf_Zcr<arvy>f_ !

r
reR Xr

=D,f.

Finally the assertion follows by using this result with wy instead of y.
(2) The second part follows by direct computation of the Dunkl operator D), acting on
a product of two polynomial functions f, g € C[h]
-r
D,(f9)=0,/®) - ¥ (ar,p L E1TE
r€R ar
—rf-r
=0,(9)g+foy(g) - Y q«%ﬂ%

reR r
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=0,(f)g+f0,(8) ) (ary (f%+f;rfrg)
=9y - Z<arrJ/>f;rfr)g+ny(g)
reER r
f-rf

This implies that D) f(g) — fD,(g) = (ay(f) — Y rerfQr, 1) r) g, and second

-
part follows.

(3) The last part follows from Remark [.

THEOREM 1.1 (Dunkl, C.). The Dunkl operators Dy, y € b are pairwise commutative
PROOF. Equivalently we will prove that
[Dy,,Dy,]=0 forall y;,y2€b.

Notice that for x € h* we have Dy(x) = x(y) = Xrer criar, YX{x, a\r’). From the definition (IC2)
of Dunkl operators we know that the quantity {a,, y){x,a)) is indepedent of the choice of a,

and a) satisfying such equation. Then, by Lemma @

[[Dylrx]rDyz] = [x(yl) - Z (aryy1><x)a)~/>ryDy2]

reR

=Y crlar, y1){x, a))(Dy,r —rDy,)
reR

= Z Cr(“r»)’l)(x,a\r/)(Dyzr_Drygr)
reR

= Z Cr(“ryy1><xra;\{>(Dy2 _Dryz)r
reR

= Z Cr(“r;y1><x»a\r/>(Dy2—ry2)r
reR

= Z Cr<ar)yl><xya>/>D(ar,y2)a;’\,/r
reR

=) crlar, yiX(x, ) )ar, y2) Doyr.
reR

Interchanging y; and y» gives [[Dy,,x],Dy1 =23 rer cr<ar,y2)<x,a‘r’)(ar,yﬂDay r. Using

the Jacobi identity we have
([Dy,, Dy,), x] = [[Dy,, x], Dy,] = [[Dy,, x], Dy,] = 0.

This implies that
[[DylyDyz]rf] =0 forall f € C[[’)],

hence

[Dy,,Dy,] =0.
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The Rational Cherednik algebra associated to (W, h) is the subalgebra H, = H.(W,H) of
End(C[h]) generated by the group W, the ring C[h] (acting on itself by multiplication) and
the commuting Dunkl operators Dy, y € b, where the deformation parameter c is the tuple
(¢r)rer-

Notice that the rational Cherednik algebra has a similar behavior to what we would ex-
pect from the enveloping algebras of a Lie algebra. For instance, the rational Cherednik al-
gebra has a version of the Poincaré-Birkhoff-Witt theorem (or PBW theorem), a result that
in Lie algebras setup gives an explicit description of its universal enveloping algebra. The
following version we give of PBW theorem for the rational Cherednik algebra will allow us to

give a presentation of H, given by generators and relations.
THEOREM 1.2 (PBW theorem for rational Cherednik Algebra). The map
Clhl®CW e Clh"] — H
given by multiplication is an isomorphism of vector spaces.

This result is actually a consequence of the commutativity of the Dunkl operators, for a

proof of this we refer to Etingof and Ma [&].

PROPOSITION 1. The rational Cherednik algebra H, may be presented as the algebra gen-

erated by the group algebra CW, the commuting operators y € b and x € h* subject to relations
wxw ' = w(x), wwal =w(y)

and

yx—=xy=(xy =Y clary)x,a)dr (1.3)
rer

PROOE. Consider the following two maps
Th*eh) — H, and W — H,

"

x — x “multiplication by x' w — w as operator in H,

y—Dy

then the map
T(h*eh) x W — H
foew— fw
is an algebra homomorphism. Let I be the ideal of T'(h* ® h) x W generated by
X1X2—X2X1, VXx1,X€h”
ny2=y2y1, ¥y, y2€h
yx—xy—x(y)+ ) crlan, yXx,a))r, Vxebh*,yeh

reR
then, there exists a morphism

(Th* @h)x W), _ py
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The natural map
ClhleCweCh*] — T @0 =W -
feweg—feweg

is a surjective vector spaces morphism, since we have enough relations in I to write each

word in the right order. By PBW theorem the composition
ClhleCW o Clh*] — IO @)XW
is an isomorphism, this implies that the second map is an isomorphism as well. |

EXAMPLE 2. Using the previous proposition we can give explicit presentations for the cor-

responding Rational Cherednik algebras given in Example

(1) H¢(Zy,C) is the algebra generated by variables x, y, s subject to

. 32:1
e SX=—XS
o Sy=-ys

o yx—xy=1-2cs

(2) H.(Spn,C") is the algebra generated by the symmetric group S,,, the commuting vari-
ables x1,...,x, and commuting variables y,...,y, subject to relations
e wxjw = Wiy and wy; wl= Ywiy forweS,andl<i<n
e yiXj—Xjyi=csijforl<i#j<n

o Vixi—x;yi=1 _CZj;éiSi,j-

1.1. Standard modules and the category O.. Let E be an irreducible representation of

CW. Define the standard module A.(E) for H, as the induced representation

Ac(E) =Indg .y (B),

where C[h*] x W is the subalgebra of H, generated by h and W, and it acts on E by
ye=0, Vyebh,VeekE.
By the PBW theorem, we have that
A(E)ZClhI®E

as a C[h] x W-module. These standard modules can be seen as analogs of the Verma modules

for complex semisimple Lie algebras.

EXAMPLE 3. The group Z, has two irreducible (one-dimensional) representations, namely
triv and sgn, consequently there are two standard modules, A;(triv) = Clx]®triv and A (sgn) =

C[x] ® sgn. The action of Cly] on A (E) is given by

(x' = (=x)1
— ® Se

y-(x'®e)=0d,(x)®e—c (1.4)
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(i—c(l-(-)x""'®e, ifE=triv
= . (1.5)
(i+c-(-D)x""'eoe, ifE=sgn
Let O, be the Serre subcategory of H.-mod generated by the standard modules. In the

following proposition we give an explicit characterization of the objects of the category O..

PROPOSITION 2. The category O, consists of finitely generated H.-modules M that are
locally nilpotent for the action of each y € ), in the sense that for each m € M, there is some

positive integer n with y"*-m=0 forall y € .

For a proof of this proposition we refer to Ginzburg, Guay, Opdam an Rouquier [G]. We
will introduce a parametrization that simplifies the expression of many numbers arising nat-
urally in the study of the Cherednik algebra, in particular we will use it later to give an explicit
presentation for the rational Cherednik algebra attached to the group G(¢,1, n), which is the
object of study of this work.

Let A be the set of hyperplanes H in b, where H = fix(r) for some r € R. For each H € A
we choose ay € h* such that H =ker(ay). The subgroup Wy ={we W|w) =vif ve H} is
a cyclic subgroup and we write W), for its character group.

For y € Wy, the corresponding primitive idempotent is given by
1 _
emx=— Y xw HweCwy, (1.6)
np weWgy
where ny denotes the size of Wy. Define cy, y by

cuynu= Y, c(l-x(r). (1.7)
reWy—{1}

PROPOSITION 3. With this reparametrization for each y € §) the equation () for the

Dunkl operator D, becomes

Dy(f):ay(f)—zM Y. cuynuenyf, feClhl. (1.8)

HeA @H  yeWwy-{1}

PROOE. This is obtained by straightforward computation, using the following formulas.

Y emy=1 (1.9)

XEW)

which comes from the orthogonality relations in W}, and

w= )Y xweny, forweWy, (1.10)

XEWY
which follows from the relation arising since w € W and ey 4, for y € Wy are basis of the
group algebra CWy. Recalling that a, € h* is chosen in such a way that ker(a,) = fix(r), then
for H € A with fix(r) = H (or equivalently r € W) we have Aay = a; for some scalar A € C*

and therefore
{ar, ) _lany)
ar ayg

for all r € Wy.
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Then for each y € ) and f € C[h] we have

Dy(H)=0,(H-Y cr<ar,y>f;rf
TER r
:ay(f)— Z Z Cr(“r;_)/)f—rf
HeAreWy—{1} r
:ay(f)_ZM( Z Cr(l—r))f
HeA @H \rewp-{1}

From equations (I¥) and (1) we have

Yo oe-n= )Y o X euy— Y, x(Nemy

reWp—{1) reWp—3 | yewy xewy

ol Y A-xO)eny
reWg(l} | yewy-11

> ( Y Cr(l—)((r)))eH,;(

XEWY—{1} \ reWr—{l}

= Z CHyNHEeH,y
rEWY—{1}

which finishes the proof.

PROPOSITION 4. In terms of the parameters cy,y the equation (I3) is

(am y){x,ay)
yx—xy={xy) - Z (a av>H Z (CH,)(®det‘l —CH,)NHeHy
HeA H %y XEWY

(ar, p(x, )  {am y{xap)

v v for r € Wy, then we have
(ar,ar) (am ap)

PROOE. Note that

YX—xy={x,¥)— Z crlar, y)(x, alyr

reRr
(ar,ay)
=x- Y Y clanyxa)r———L
HeAreWp—{1} (ar,ar)

\%
(am, Yy {x, ap) Hap,al)

=xn-) )

r Vv
HeAreWy—{1} (am ap)

(am, y){x,ay)
={x, ¥ - —_—
HgA (am aj) re%—{l}

\%
(ar,a,)crr.

To finish the proof we use equation (1) and (a,, &) = 1 —dety, r~1, then

Y Aapalyer= ), Lanalyer Y. x(Nemy

reWp—{1} reWy—{1} XEW)

15

(1.11)
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= Z Z (l—detr_l)crx(r)eH,X

reEWy reWy—{1}

=Y Y o-yedet'n- Y o (l-x(r)|emy

reWy \ reWn—{1} reWp—{1}

= Z (CH,)(®det’1_cH:X)n"eHv7(
YEWY

1.2. The Fourier transform and the contravariant form.

PROPOSITION 5. There exists a conjugate linear isomorphism f :f — h* satisfying
fwy) =w(fy), YweW,yeh.
If W acts irreducibly on by then such isomorphism is unique up to scalars.

PROOE. Since W < GL(h) is finite, then there exists a W-invariant positive definite her-
mitian form on h, we denote such form by (-,-). Then the function f given by f(y) = (,y) is

the desired isomorphism. Uniqueness holds by Schur’s lemma. 0

We fix an isomorphism as above, and we denote it by conjugation. By abuse we use the

same notation for the inverse, then ye h* for ye ), xe b for x e h* and ? =y.

THEOREM 1.3. Suppose c; is real, in the sense that ¢, = c,—1, for all r € R. Then there exists

a unique conjugate linear antiautomorphism
H,— H,
h—h

extending the maps

as above, such thatw = w™!, forallwe W.

PROOE. Write A for he C-algebra A with the conjugate C-vector space structure

a-a=aa, VYaecAand aeC.

The maps
h_h* and W—W
yH? w—w= w_l
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fit together to give

Th*eh) —ThH*eh)

which induces

| !

Hc ___________ > Hc

Using the presentation of H, given by Proposition [, it remains to check that the follow-

ing relations hold in H,
XXz =Xz X1 VX1, x2€h”
Ny2=y2y1, Vy,y2€h
JX-Xy=y@+ ) c a0y a))r, Yxebh*, yeh.

reR
First and second relations are immediate since the morphism constructed is linear. To
check the last relation we need to prove that (x, y) = (3,X), in fact, by the previous proposi-
tion we can consider y; € h to be the image of x € h*, thus X = y; and y; = x. Then x = (-, y1),
and
EY=x =0y =01,) =Y =7@D =75

This implies that rlx)=x- (x,a_,)a_}’ for all x € h*, which finishes the proof. O

We abuse notation and also denote by conjugation to this antiautomorphism, which we

call the Fourier transform.

EXAMPLE 4. In H.(Z,,C) the Fourier transform is given by x =y, y = x, s = s and complex

conjugation on scalars.

Fix a positive definite W-equivariant hermitian form (-,-) on E. Each standard module

has a contravariant form (:,-). defined by the formula

(Gr®e;,Gr® e = (e1, (G- G2 ®e2)(0)), (1.12)

where we evaluate at zero by considering each element of C[h] ® E as a function on h with

values in E.

PROPOSITION 6. The form is conjugate linear in the first variable, linear in the second
variable and satisfies
(G1,G2)c = (G2, Gr)e. (1.13)

Moreover, for all h € H; and Gy, G; € A:(E) we have

(h-G1,G2)e = (G1,h-Gy)e. (1.14)
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The property (I13) is a “baby case" of a symmetry in the double affine Hecke algebra,

wich is connected to the evaluation and norm formulas for Macdonald polynomials.
PROOE. To prove (CI3) note that

GiGo= ). cpw (1.15)
wew

where ¢, = c?u+ Z f(x)g(y). Hence G_1~G2®e2(0) = Z coww®e2.
deg fg>0 weW

Using the Fourier transform in (ICTH) we have that G2G1 ®eq(0) = Z gw_l ® e;. Then
weW

d _
(G1®e,Ga®en), < (61, (G1G2® ez)(O))

(el, > c&w@eg)

wew

Y Suwleee
weW

= (GG 8 e ), e2)

= (e2,(G2G1 ® 1)(0))

=(G2®ey,Gi®er).

Property (IT4) can be checked on generators straightforward from the definition, which

is enough to prove the result and finishes the proof. O

EXAMPLE 5. The contravariant form is determined by the action of Dunkl operators in the
standard modules, in H.(Zy,C) the contravariant form is given by (x/ ® e,x' ® e). =0 if i # j
and

i t . .
. ; -1 -(=DYe), IfE=triv
('eexee)={ (1.16)
L (t+ (1= (=DYec), ifE=sgn

1.3. The grading element.

DEFINITION 1. Let {yy,...,¥n} be a basis of b and {x,,..., X} its corresponding dual basis.
We define the Euler element as the operator
n
eu=) x;0y,.

i=1
Using the definition of the Dunkl operator, the Euler element can be written as eu =
Z;?ZI XiDy, + X ;ep ¢y (1 = 1), in this way we have that eu € H,. Note that since the Fourier
transform exchanges multiplication with differentiation, in the same way this occur in a Weyl

algebra, the Euler element is stable under de Fourier transform, i.e. eu = eu.

PROPOSITION 7. The Euler element satisfies the following properties
(D leu,x] =x, forall xeh*

) lew,yl=~y, forallyeh
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3) leu,w] =0, forallwe W.

PROOFE. (1) We compute directly, using thateu=Y"" | x; Dy, + ¥ eg ¢y (1 - 1)
leu, x] = leDyl +) cr(l-
reR
n
=|) xiDy,+ Y c(1-1)|x—x leDyl+Zcr(1—r)
i=1 reR i=1 reR

I
[\/]:

X;i(Dy,;x—xDy,) + Z(xr—rx)
reR

I
[\/]:

Xi[Dy,, x] —+ Z(xr— rXx)

reR

1l
—

Il

I
—_

(x(y,)— 2 crlan yoixa >r) —+) (xr—rx)

reR reR

I
[\/]:

xix(yi) = ) erina >(le“r(yl )r+ Y (xr—rx)

reR i=1 reR

1l
—_

=x+ ) cr((x—(x,a))a,)r—rx)

reR

=x+ ) ¢r(x)r-rx
reER

=x+ Z cr(rx—rx)
TER

=X

(2) Using that y € h* and the Fourier transform used in part (a) we have

[eu,y] =yeu—euy =euy—yeu=yeu—euy=yeu—euy

= [?y eu] == [eu,?] = _7

1

(3) We prove that weuw™" = eu which is equivalent to [eu, w] =0, in fact

weuw ' =w thDyl+ Yool-n|w

rer

B

=Y wx;Dyw '+ ccwl-nw!
in1

= rer

Il

Il
—

wx; w! wDy, wl+ Z cr(1- wrw_l)
reER

Il
™=

w(xi))Dy(y, + Z cr(l-wrw™)
reR

Il
—

equality holds since for w € GL() the set {w(y;) : 1 < i < n} is another basis of h
with dual basis {w(x;) : 1 <i < n} and that ¢, = ¢, 1.

O

By Schur’s lemma, the Euler element acts on E by a constant we denote by cg. Since
Dunkl operators act by 0 on E, we have that eu =)_,¢r ¢-(1—r) on E. In terms of idempotents

defined in subsection Tl eu =) ye 4 ZXeWer“} cyynpey,y on E.
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EXAMPLE 6. For H.(Z,,C) we have that eu = xd, = xD + c(1—s) and
eu(lee)=(xD+c(l-9)(1®e)=c®e—c® se

0, if E=triv
then cp =
2¢, ifE=sgn

For an element in A;(E) we have eu(x®e) = (1+cg)(x®e), i.e. the Euler element increases

in 1 the grade. Inductively, for f € C[h] homogeneous of degree d, we have
euf=(cg+df.
This allow us to define the part of grade d on A.(E) by
Ae(BE)epra ={me Ac(E)leum = dm}
and then the grading on A.(E) is given by
AcE)= @ Ac(BE)epsa-

deZs

Analogously the Euler element decreases in 1 the degree of an element y € §j, with this
and properties in Proposition @ the eigenspace decomposition of H, under the action of
[eu,-] gives a grading on H,., where W is in degree 0, h* is in degree 1 and b in degree -1.
Hence each object M of O, is C-graded with finite dimensional weight spaces M = @ ;c¢c My,

where
My;={meM|(eu— AN -m=0for N sufficiently large}.
Moreover, M; = 0 unless d € cg + Zx( for some irreducible representation E of W, since

this is valid for standard modules and the category O, is the Serre subcategory generated by

them.
1.4. Simple and unitary representations.
PROPOSITION 8. The standard module A (E) has a unique maximal submodule.

PROOE. Let M < A.(E) be a proper submodule, since A.(E) = @ A(E) ¢p+d, we have
dEZzo

M= @ (MnAc(BE)cra)-
dEZzO

By hypothesis we have that M # A;(E), which implies that M N A.(E)¢, =0. Then
Mc @ AC(E)CE+d)
d€Z>0

and therefore
Y M
MCA(E)

is the unique maximal submodule of A, (E). O
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Note that form the previous proposition we have that Rad(A.(E)) =ZM§AC(E)M and
then Rad({-,-).) = Rad(A.(E)). From what has been worked so far we define L.(E) to be the

unique irreducible quotient of A.(E), i.e.
Le(E) = Ac(E)/ Rad () ) (1.17)

The contravariant form descends to this quotient and it is non degenerate, and we say that

L.(E) is a unitary representation if the contravariant form in L.(E) is positive definite.

COROLLARY 1. Let L be an irreducible H.-module in O, then there exists E € rrCW such
that L= L(E).

PROOE. Let M be a H.-module in O, define
H°(5,M):={meM|y-m=0,Vyech}

which is nonzero since M is locally nilpotent for the action of each y € h. Then for an ir-
reducible CW-module E there exists a nonzero map E — H°(h, M) and by Frobenius reci-
procity we have a nonzero map A(E) — M. This map is surjective when M = L is irreducible,
therefore L = L(E). O

By the previous proposition we can establish a very useful correspondence between H,-

modules and CW-modules given by the map

IrrCW — IrrO,

E— L:(E).

EXAMPLE 7. For H.(Z;,C) the contravariant form (:,-). is non-degenerate and L.(E) =
A¢(E), unless c € % +Z. In the other case, the irreducible module depends on the representation
E as follows

e E=triv:
Ifce % +Z>o then Rad(:,-). is spanned by (x!®e|i=2cl. Then L.(triv) is
spanned by {x' ® e|0<i<2c—1}.
e E=sgn:
If c € 1 +Zo then Rad(.,") is spanned by {x' ® e|i = —2c}. Then L(sgn) is
spanned by (xl®el0<i<—-2c-1}.

1.5. Characters. For E € Irr(CW) we define two types of characters for the irreducible
H.-module L.(E). The graded character of L.(E) is given by
ch(Le(E)) = Y [Lc(E)al t* (1.18)
d
where [L.(E)] € K(CW) is an object of the Grothendieck group of Irr(CW) and ¢ is a formal
variable.

The Kazhdan-Lusztig character of L.(E) is given by
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ch(Lc(E)) =) dim (Exti (Ac(F)i, Lc(E))) (Flq'
i
where ¢ is a formal variable.
ExXAMPLE 8. In H:(Z,,C), we compute the graded character. In this case K(CW) = {[triv], [sgnl}
then
(1) ch(Lq(triv)):
o Ifce % +Z>o then
L(triv)g=Ac(triv)g={me A (triv)|eu-m=dm}
which is spanned by {x? ® e}, where e € E. Note that

“eoe if d is even

-x%®e ifdisodd

s- (xd ®e) = (s(xd) ® se) = (—l)dxd ®e=

(triv] ifd is even
then [(triv)y] =
[sgn] ifd isodd.

o Ifce 3 +Z=o we have
Le(trivyg=1{me Lo(triv)|(eu—d)N -m =0, for some N sufficiently large}.

In this case we have that L.(triv) 4 is spanned by {x* ® e} if d < 2c and {0} in
other case. Then
[triv] ifd <2ciseven
((triv)gl =1 [sgn] ifd is odd
0 ifd=2c.

(2) ch(Lc(sgn)):
e Ifce % —Z, since csgy = 2¢ we have that L.(sgn)q is spanned by (x4 2@ e} if
d—-2c€eZ, then
[triv] ifd—2cisodd
[(sgmgl=1[sgn] ifd—2c iseven
0 ifd-2c¢Z.
e Ifce % —Z>¢ then Lc(sgn) is spanned by {x? % ® e} as long as 2c < d < 0 and
then
[triv] ifd—-2c isodd
[(sgmal=1[sgn] ifd—2c iseven
0 ifd=0ord<2c.
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1.6. Duality. For a finite dimensional C-vector space V, we write
vV = {f:V—=Cl|f(avi+bvy)=af(v) +Ef(v2), for all v;,v,€ V and a,b € C}

for the conjugate linear dual of V. This defines an exact contravariant functor from O, to it-
self, which is conjugate-linear on Hom sets. Moreover it is an equivalence and an involution,
then the dual of a projective object in O, is injective, and vice versa. Furthermore, simple
objects remain simple under this duality.

Since our H.-modules are graded we define a compatible grading for the dual of an ob-

ject M of O, with grading M = @ My in the following way

MY =M}

Given E € Irr(CW), we define the costandard module V .(E) to be the dual of the standard
module A.(E).

THEOREM 1.4 (BGG reciprocity). For standard and costandard objects A(E) and V(E),
respectively, with projective cover P(E) and injective envelope 1(E) we have the following reci-

procity formulas
[AE): L(F)1 =[I(F):V(E)] and [V(E):L(F)]=[P(F):A(E)] (1.19)

PROOE. Since each layer on a good filtration of A(E) is autodual, we have that the num-
ber [A(E) : L(F)] of times L(F) appears as a section of G;(F)/G;-1(F) in a good filtration of
A(E) equals the number of times that L(F) appears as a section in a good filtration of V(E),
i.e [A(E): L(F)] =[V(E): L(F)] then

[A(E) : L(F)] = [V(E) : L(F)] (1.20)
=dimHom(P(F),V(E)) (1.21)

by duality we have dimHom(P(F), V(E)) = dimHom(A(E), I(F)) = [I(F) : V(E)], obtaining the
first equality. From (Z20) and using duality again we obtain the second equality. g

2. Highest weight categories

We recall some concepts and definitions used by Cline, Parshal and Scott ([IZ]) about

highest weight categories. Let ¢ be an abelian category and let k be a field.
DEFINITION 2. A composition series of an object A of € is a sequence of subobjects
A=X2X1 22X, =0

such that each quotient object X;/ X1 is simple (for0<i < n).
If A has a composition series, the integer n only depends on A and its called the length of
A.
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Attached to the previous definition, we have that a composition factor S of an object A
of ¥ is a composition factor of a subobject of finite length. And the multiplicity (possibly

infinite) of Sin A is
[A:S] =supi{[B: S]|Bis a subobject of finite length of A}
We say that a poset A is interval-finite if for every 4 < A in A, the “interval”
(WA ={TeAlpST= A}
is finite.

DEFINITION 3. A highest weight category is a k-linear category € satisfying the following

conditions

e Is locally artinian (this means that ¢ admits arbitrary directed unions of subobjects
and if every object is a union of its subobjects of finite length)

¢ Has enough injectives

 (Grothendieck condition) For a subobject B and a directed family of subobjects {A}
of an object X

Bn(JAx) =JBnAw.

and such that there is an integral-finite poset A (whose elements are called weights of € ) sat-
isfying the following conditions

(1) There is a complete collection {L(A)})cp of non-isomorphic simple objects of € in-
dexed by the set A.

(2) There is a collection {V(A)} e of objects on € and, for each A an embedding L() c
V(A) such that the composition factors L(u) of V(A)/L(A) satisfy u < A. For AL,pe A
we have dim; Home (V(1), V() and [V(A) : L(u)] are finite.

(3) Each simple object L(A) has an injective envelope I(A) in €. Also, I(A) has a “good
filtration" which begins with V(A1) — namely, an increasing (finite or infinite) filtra-
tion 0 = Gy(A) € G1(A) < --- such that

@) Gi1(M) =VQ);

(ii) forn>1, G,(1)/Gy—1(A) =V (u) for some = p(n) > A;
(iii) for a given pe A, pu(n) = p for finitely many n;
(iv) UG;(A) =1).

EXAMPLE 9. Let U be the algebra of upper triangular matrices over k. Put¢ = mod —U.

In one hand we know that for any ring R, R- mod

V' is abelian
v’ has enough injectives

v’ satisfies Grothendieck condition
and on the other hand the category of left modules over U

v’ is locally artinian
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v' U is a k-linear category, since Hom(A, B) is a vector space over k for a pair of U-
modules A and B

then the conditions not involving the poset A are satisfied.

Let A ={1,...,n} and consider k" as a left U-module, and let {ey,...,e,} be its standard
basis as a k vector space. Now define U; to be the span of e;, i.e. Ui = Ue; = {Me;| M € U} and
put L(i) = V(i) = U;.

(1) Theset{L(i)|i e A} is a complete collection of non-isomorphic simple left U-modules,
they are 1-dimensional.

(2) Clearly 11 : L(i) — L(i) = V(i) is an injection, and V(i)/L(i) = 0 has no simple com-
position factors. For i, j € A we have that dimHom(V (i), L(i)) is finite since L(i) is
finite for any i € A; and [V(i) : L(j)] is either O or 1.

(38) The injective hull of L(i) = U;/U;_1 is I(i) = U, /Ui - 1. Define G, (i) = Uj—1+p/Uj-1
for0<p<n-i+1, then the following increasing filtration of 1(i)

0= Gl(i) ,C._ g Gn7i+1(i) =1I(i).

is a “good filtration”, i.e.
() Gi()=U;/Ui-1=V()
(i) Forp>1 we have Gy(i)/Gp-100) = (Uj-14p/Ui-1)/ (Uj-24p/Ui-1) EUj-14p/Uj—24p =
Vi-1+p),1+p-1>i
(iii) Fora fixed i € A, i—1+ p is the only value p € A such that G, (i)/ Gp-1(i) = V().
(iv) Clearly Up_g+' G (i) = 1(D).
therefore the category of left modules over U is a highest weight category.

Note that ¢’ determines ¢’ by taking direct limits where ¢y denotes the full subcategory
of ¢’ consisting of all subobjects of finite length, though ¢ rarely contains enough injectives,
The following lemma lists several immediate consequences of the above axioms for a highest

weight category €.

LEMMA 2. Let € be a highest weight category with poset A of weights. Let A,y € A. Then:

(1) L(A) is the socle of V(A).

(2) If either Ext}@,;(V(y),V(/l)) or Ext}g(L(/l),L(p)) is nonzero, then necessarily > A. If
Ext}mﬂ(L(A), L(w) #0, then A and u are strictly comparable (i.e. either A > p or u> A).

(3) If M, N are objects in € of finite length, then Hom (M, N) and Ext}g(M ,N) are finite
dimensional.

(4) The filtration {G,(A)} in axiom B (f) can be choosen to satisfy the additional condi-
tion:

() foralli,j>0if u(i) < pu(j), theni<j.

This correspond to Lemma 3.2 in [IZ]. Moreover in Lemma 3.8 they extend to Ext” sev-

eral of the results above involving Ext!.
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THEOREM 1.5. The category O. of H.-modules is a highest weight category, with weights
in A =Irr(CW). The order considered in A is given by the relation for E,F € Irr(CW), E<F if

and only if cg — cF is a positive integer.

In [8] Guay, Ginzburg, Opdam and Rouquier checked that category O, of H.-modules is
a highest weight category in this sense, with {L(1)} the set of simple H.-modules defined in
previous section and collection {V(A)} of costandard modules by using BGG-reciprocity on

properties of category O, and standard modules A(E).

3. Homology of unitary representations

For the following definition notice that C is a C[h]-module via evaluation at the origin
0eh.

DEFINITION 4. For an H.-module M, define a right-exact functor from O, to CW -modules
given by Hy(h*, M) = C®¢yy; M. Denote by H;(h*, M) to the homology of its left derived functor.

DEFINITION 5. Similarly we define a left-exact functor from O, to graded CW -modules by
Ho(h,M) ={meM|Dy(m)=0, forall y€bh}.
And we denote by H' (h, M) to the cohomology of its right derived funtor:

The following theorem is a synthesis of results due to Huang-Wong [4], Ciubotaru [I]
and Griffeth [Z].

THEOREM 1.6. Let L be an irreducible object of O.. Then we have the following isomor-

phism of graded W -modules:
H;(h*,1) = H'(h,L)
and consequently an isomorphism of graded W -modules
Tori(L,O) = @ Exty (Ac(E),L)®cE.
EeTrr(CW)

Moreover, for any object M of O, the following equivariant purity property holds: if the E-
isotypic component of the degree d piece of the Tor-group Tor; (M, C)g 4 is not zero, then d = cg.
Finally, if L is a unitary irreducible object of O, then

Ext! (A (E), L) = Homcyy (E, Lep,—i ® A'h™).
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The cyclotomic rational Cherednik algebra

1. Combinatorics

We recall some definitions and basic notions of partitions and standard young tableaux
used in further sections.

A partition is a non-increasing sequence 1; = 1, = ... = 1, = 0 of positive integers. We
identify partitions with their Young diagrams and visualize them as collections of boxes. The
diagram of A is the collection of points (x, y) for x and y integers satisfying 1 < y < ¢ and
1 < x = Ay, which we think of as a subset of RZ. A skew shape is a finite subset D < R? such
that whenever (x,y) € D and (x+ k,y + 1) € D for nonnegative integers k and [/, then (x +
k',y+1) e D for all integers 0 <’ <[ and 0 < k' < k. We think of the points of the skew
shape as boxes. A skew shape D is called integral if D < ZZ>O. Each integral skew shape is
the difference D = a \ B of two partitions, which are not uniquely determined by D. Boxes
b=(x,y) and b' = (x',y’) are called adjacent if either

(1) x=x"and y=y"+1, or
(2) y=y andx=x"£1.

Adjacency is boxes of a skew shape is a equivalence relation, and the equivalent classes
of a skew shape D are called connected components of D, and D is connected if it has inly one
connected component.

For a fixed integer ¢ > 0, an ¢-partition is a sequence A = (A%, A!,...,A¢~1) of partitions,
some of which may be empty. Likewise, an ¢-skew shape is a sequence D = (DY, DY, ... D[‘l)

of ¢ skew shapes, some of which may be empty. A box of D is a box of some D/, thn we write

B) =j

if the box b € D is a box of D/.
If there are n total boxes in A then we say that A is an £-partition of n and we write Py,
for the set of all £-partitions of n. Given A € P, ,, we define its transpose A" as the ¢-partition

obtained from A by cycling its components one spot to the left and transposing them all, i.e.
Al=(@AHL Ay, AHE a9
where u” denotes the classical transpose of a partition .
We order the boxes of each ¢-skew shape and each ¢-partition as follows, let b = (x, y)
and b’ = (x,y') then
b=b < B(b)=B(b) with x' —x€Zspand y —y € Zs

27
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In this section we study reflections and representations of the complex reflection group
G(¢,1,n) in order to specialize W in the definition of the rational Cherednik algebra to this

group which we will call cyclotomic rational Cherednik algebra.

2. The group G(¢4,1,n)

Let p, be the cyclic group of ¢th roots of unity and S,, the symmetric group of degree n,
the group G(4,1, n) can be defined as p, S, the wreath product of u, and S, and it acts on
h = C" in the obvious way. Let yi,..., y, be the standard basis of j then this group consists of
all matrices of size n by n with exactly one non-zero entry in each row and column, which is
an ¢th root of unity.

0 0 0 i
0 -1 0
-1 0 0 O
EXAMPLE 10. |1 O 0 |eG@2,1,3) and € G(4,1,4)
0O 0 1 O
0O 0 -1
0 i 0 0

With this characterization, the group G(1,1, n) is the group of permutation matrices of
size n by n, which is isomorphic to the symmetric group S,. And the group G(2,1,n) is the
group of signed permutation matrices also known as the Weyl group of type B,,.

For a fixed primitive ¢th rooth of unity {, we denote by {; to the diagonal matrix with
ones all over the diagonal except in the position i where there is , s;; denotes the permuta-

tion matrix which exchanges coordinates i and j, and s; = s;,;4+1.

EXAMPLE 11. In the group G(¢,1,3),

0 0 1 00 1 00
(1=10 1 o], ¢2=]0 ¢ of, ¢s={0 1 0
0 0 1 0 0 1 0 0 ¢
and
01 0 0 0 1
s1=11 0 0, s3=({0 1 0
0 0 1 1 0 0

The set of reflections of G(¢,1, n) is the set R = Ry U R, where
Ri=]Il<is<n1<j<¢-land R =(¥s;j(i¥11<i<j<n,0<k<e-1}

The group G(4,1, n) has ¢ conjugacy classes, let {1,(>,...,{¢—1 be the representatives of the
¢ —1 conjugacy classes in R; and let s (some transposition) be the representative of the con-
jugacy class Ry.

The irreducible complex representations of G(¢,1,n) are in bijection with ¢-partition 1
of n, and for A € Py ,, we write S for the corresponding irreducible representation [IT]. We

write h = C" for the defining representation, which is irreducible for ¢ > 1.
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With this indexing of the complex irreducible representations of G(¢, 1, n), the represen-
tation indexed by A’ is the tensor product of the representation A"h*.

There is a combinatorial formula for the dimension of A given by

dim(A) = # of standard tableaux of shape 1

=n] I1

i=1per®

1
hyp
where h, is the hook length at the box b. This formula follows from the corresponding result

for the symmetric group which is the case £ =1.

2.1. Jucys-Murphy-Young elements. In the group algebra CG(¢, 1, n) we define the fol-
lowing analog of Jucys-Murphy-Young elements.
di= Y Cfsijfi_k= > (fsijfj_-k l<isn
1=j<i 1=j<i
0<k=<(-1 0<k=<(-1

PROPOSITION 9. The elements ¢1,¢2,..., ¢, are pairwise commutative.

PROOE. Let y; be the conjugacy class sum given by

Yishr+oti= Y (sl
1<p<g=<i
O<k=/-1
therefore y; is a central element of CG(¢,1,1). Since ¥; commutes with y1,...,y; it follows
that y1,v2,...,y, are pairwise commutative. The result follows by observing that ¢; = y; —

Wi-1. O

PROPOSITION 10. The Jucys-Murphy-Young elements ¢y, ..., ¢, satisfy
(D) ¢i{j=(jp; forl<si<snandl=<j=<n.
2) (,bisj = Sj(/bi forj#i-1,i.

(3) ¢pisi=Sipix1—7; forl<i<n-1, wherem; = Yo<p<r—1 (57K

PROOE (1) Note that if 1 =i < j the element {; commute with s;; forall 1 <7<

and then {; commutes with ¢;. The case i = j follows from

- —k |- —(k
ot =] Y sl R |Gs Y si7FTY = ¢
1=st<i 1=st<i
O<k<¢-1 O<k<¢-1
Note that y;,w;_; are central in CG(¥4,1,i —1) then ¢; = v; —w;_; commutes with
every {; and s; for 1 < j < i, which proves (a)

(2) By the same arguments used in (a) the element {; commutes s; for j #i—1,1.

(3) For this part we compute

ko ~—k k —k
gisi=| Y, sl si= )Y (Fsijsiliy
1<j<i 1<j<i
O0<k<(-1 O<k=<¢-1
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k -k k —k
= Z (i sisivn,jCi = Z $i€ip1Si+1,jCin
1=<j<i 1<j<i
O<k<(-1 O<k<(-1

k -k k -k
=si| 2 CrasisniCia [ =il - X Gasici
1<j<i O<ks(-1
0<k<l-1

=sipin— . GH

0<k<(-1

O

Let u be the subalgebra of CG(¢, 1, n) generated by ¢y, ...,¢, and (y,...,{,. Let M be a

u-module, a weight of u on M is a C-algebra homomorphism «a : u— C such that
Mg #0

where My = {me M|x-m=a(x)m for all x€ u}. We identify the C-algebra homomor-

phism a as above with the list
(a(1),...,aldn), all1),..., alln).
In this way, given a u-eigenvector m € M we define the weight of the vector m to be the tuple
wt(m) = (ay,...,an, ("¢
ifgm=a;m and{;m=C"mfori<i<n.

LEMMA 3. (1) The algebra u acts semisimple on each CG(¢,1, n)-module M.
(2) Let M be a CG(¢,1,n)-module and let m € M be a u-weight vector with

wt(m) = (ay,...,an (", ..., 0
then
(@i, {7 # (a1, (P fori<i<n-1

PROOE. Let M be a CG(4,1, n)-module, note that ¢; is a self adjoint operator and (; is
a unitary operator with respect to any W-invariant positive definite hermitian form on M.
Then u is a commutative algebra, which proves (a).
For (b) suppose that (a;, (%) = (aj41,¢P+1) for some 1< i< n-1, then by part (c) of Proposi-

tion M we have
Gisi-m=(sipjs1—7;)-m=(S;qj41 —MM=ajs1S;m—m

hence (¢p; —a;)s;m = —¢m # 0 while ((pi—al-)zs,-m =—(¢p;i—a;)-¢m=0so si;mis a generalized
eigenvector, which is not an eigenvector for ¢; which contradicts (a).
0
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3. The rational Cherednik algebra of type G(¢,1, n)

The cyclotomic rational Cherednik algebra is the algebra H.(G(¢,1,n),C"), with set of
parameters (co,c1,...,Co—1), Where cp = c5; and ¢; = C(i'

In order to give an explicit presentation of the cyclotomic rational Cherednik algebra we
use the parametrization introduced in the previous section. Let yy,...,y, be the standard

basis of h and xi, ..., x, is the dual basis in h*. For a reflection r = ({, the hyperplane
H =fix(r) = {(v1, V2,..., vp) €C" [ vi = vi} = {(v1, V2., vp € C) | v; = O}

Note that in this case Wy and its character group Wy, are cyclic groups, the first one is gener-
ated by (; and the second one by det, then the primitive idempotent given by equation (ITH)
is

1¢-1

el =7 2 6T 3.1
k=0
and the parameter cyy in (IL3) is
1 /-1 ki
Chged = 7 2 k=), (3.2)
=}
Define
-1
dj=3 e, 3.3)
k=1

then ¢y 4.0 = %(do —dj).

For r = (i.‘sij(l.‘k we have
— n _ sk
H={(,vs,...,vn)) €C"|v; =" vy},

and in this case Wy is a group of order two generated by reflection r. Then

11-r) ify#1 c ify#1
ey =4 ‘ and cpy= '
s(+r) ify=1 0 ify=1.
Note that
1 1 e
d0+d1+-~-+d[_1=ZZ(]Ck:ZCk Z(] =0,
j=0k=1 k=1 | j=0

PROPOSITION 11. The cyclotomic rational Cherednik algebra is generated by the polyno-
mial rings Clyy,...,¥n] and Clxy,...,x,] and the group algebra CW, which acts by automor-

phisms on the two polynomial rings, subject to the relations

wxw '=wx) and wyw l=w(y) forweW,xeh* andyeh,
-1
yixi=xiyi+l—co Y, (isijl;'=Y (di—di-1ei;
1<j#i<n t=0
Ost<(-1

forl<i<n, where
1 /-1

ei=7 2
k=0



32 CHAPTER 2. THE CYCLOTOMIC RATIONAL CHEREDNIK ALGEBRA
and
/-1
—tyt -t
yixj=xjyi+coy (" isiil;
=0
forl<i#j<n.
PROOE. We choose
- Axs Vol _ 7]
ag=Ax; and ap=A"y;, for r—{i,
where A and A’ are nonzero scalars, and
k \Y -k k -k
ag=x;—C"x; and ap=y;—-("y;, for r={;s;;¢;".
For i = j equation (1) turns

(@, yid{xi,ay)
Vixi=xiyi =&y = Y, = ) (Cyyeder ~ CHY)MHEH Y
H={x}=0} (am ap) XEWY

<aH)yi><xl‘,aL>

) W Z (CH,)(®der1_CH,X)nHeH,X
H:{xp:(txq} H» Qg XEWI\;

Axg, yid(xi, M ye) &

= 1 —
H=tm=0; Ay 5

(("H,det['1 ’CH,detf) L €H,det!

(p=C"xq, yidxi, yp =L yg)
- £ qk aal p_k 1 ((cr,det — cr ) em + (CH1 = Crded €H,det)
{xp=Ctxg) (xp_( qu}’p_( J’q>

-1 1 1
“1-y (—(do—dt_l)— HC ) R
=0\l ¢ '

- ) ((xp,yﬁ(xi,yp)+<xq,yi><xi,yq>)C;qu(;t
1sp<q<n
O<t<l-1
/-1 .
=1-) (di—di-1)eir—co Y (isij(i_t
=0 1<i#j<n
O<t<l-1

where egi = ey 4o for H={x; =0} If i < j

(am, yixlxj, afp

ViXj—Xjyi=-— @l Z (Ch,yoder! — CH,x)TLHEH y

H={xp=("x4} H %y XEW),

B {5 xp, yid (X, ¥p) Py

= — Z — > 'ZCO'CPSpq(p
1<p<qg<n
Ost=<l-1
/-1 ot

_ - -t

=0 Z ( (pqucl)
=0

The calculation for j < i is similar. 0

From now on we write H. for the rational Cherednik algebra attached to this group,

where ¢ denotes the list of central parameters, i.e.

c=(co,do,dy,...,dr_1) eRE
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with dy +...+dy—; = 0. These parameters give rise to statistics on ¢-partitions as follows,

given A an ¢-partition and a box b € A we define its charged content ct.(b) by
ct.(b) = dﬁ(h) + ¢ct(b)cy,
and we define the charged content of A to be sum of the charged contents of its boxes

cte(V) = ) cte(b).
beA

This statistic is essentially the c-function of the representation indexed by A.

3.1. The rational Cherednik algebra of type B. In the examples at the end of this thesis
we focus on calculations for this algebra.

The rational Cherednik algebra of type B is the cyclotomic rational Cherednik algebra
attached to the Weyl group of type B, this is W = G(2,1,n) and § = C".

For the parameter ¢ = (¢;);eg note that this group has only two conjugacy classes, and
then we fix dy = d, dy = —d and ¢y = ¢ as we describe before. For the deformation parameter
¢ we use the pair (¢, d) where dy =d.

There exists a bijection between irreducible H.-modules and irreducible representations
of the group G(2,1,n) (or CW-modules), which are indexed by 2-tuples of partitions A =
(A9, A1), with n total boxes. We denote the irreducible representation by A. There is a combi-

natorial formula for the dimension of A as follows

EXAMPLE 12. Let n = 3, the set of 2-partitions of 3 is

{(Djjm),(Hj,ca),@,w),(mj,m),(@m),
(D,Dj),(D,H),(cbﬁ) (¢,Bj),(®,mjj)}

the dimensions of the corresponding irreducible representations are (1,2,1,3,3,3,3,1,2,1), re-

spectively.






CHAPTER 3

The cyclotomic degenerate affine Hecke algebra

Let H. be the cyclotomic rational Cherednik algebra for the group G(4,1,n). In this
section we will construct a subalgebra of H; isomorphic to the graded Hecke algebra for
G(¢,1,n) defined in [I1]. This subalgebra we call the degenerate affine Hecke algebra of type
G(¢,1, n) was identified in [2] where is called generalized graded Hecke algebra.

The degenerate affine Hecke algebra of type G(¢,1,n) is the algebra H, , generated by
Cluy,...,uy] and the group G(¢, 1, n) subject to the relations

Ciuj=u;¢;, foralli,j 0.1)
Siuj=u;js;, if j#i,i+1 0.2)
Silli = Uj+1S; — T; 0.3)

where
1
mi=3 Gl
k=0
The following lemma is a generalization of (%) and (I3).

LEMMA 4. Let f € Cluy,...,uyl. Then

Sifzsi(f)si—ﬂiw, forlsi=n-1. (0.4)
+1

i i

where s;(f) is the left action of S,, on Cluy,...,u,] given by
w(u;) = Uw(i

PROOE. We prove by induction on deg(f). The case when deg(f) =1 is given by formulas
(I2) and (03). Now assuming that () holds for a polynomial f € C[uy, ..., u,] we prove for
g=u;f. If j#i,i+1 then

—=si(f)
sig=siujf=ujs;f =u; s[(f)sl-—zrii'—l.f1
1 Ui+
s (s ;LT st
=u;jsi(f)si—m; P
ujf—si(u)si(f)
=si(u,-)sl-(f)si—mM
Uj— Ui+l
uif—si(u;f)
Ui — Ui+
ZSi(g)Si_”iw

i~ Ui+l

35
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If j =i, then
sig=siuif=Winsi—n)f=uinsif-mif
f=si(f)
=uUj | Si(f)si—mi——— | —7;
i+1 lf i zui_qu lf
. — . . + . — .
= 5:(ui f)si — i uinf—siuif)+uif—uinf
Ui — Ui+l
uif —si(uif) —5i(8)
:5i(uif)5i_ﬂiu:Si(g)si_ﬂiu
Ui = Uij+1 Ui — Ui+l
A similar computation handles the case j =i+ 1. 0

For 1 <i < n define
Zi = YiXi + co;.

where ¢; is the ith Jucys-Murphy-Young element for the group G(¢,1, n).
PROPOSITION 12. The elements z1,2,...,2, of H, are pairwise commutative
PROOF. Using the relations in Proposition [ we first compute

(yixi, yjXjl = yixiyjXj—yjX;yiXi
=YiXiYjXj—YjXjyiXitViYjXiXj = ViyjXiXj

=Yixiyj—yjx)xj+yj(yixj — x;yi)x
ok k ok k
=J’i(—COZ(_ isij; )xj"‘J/j(CoZC_ Cisij¢; )xi
k=0 k=0
1 . 1 .
=—yixi(<:oZ(jsi,-(,‘- )+(COZC,-SUCZ )J’ixi
k=0 k=0
then

-1 -1
0=yiXiyjx;—yjXjyiXi+yiXi (Co > C?Sij(]_'k) - (Co > Cfsijffk) ViXi
k=0 k=0

-1 -1
=YiXi (J’jxj +¢o ) C?Sijfj_-k) - (ijj +¢o ) (fsij(,'_k) ViXi
k=0 k=0
Thus

/-1
yix,',ijj+c()Z(f-°sij(i_k =0 (0.5)
k=0

We assume that i < j, so ¢»; commutes with y;x;. Using formula (IT) together with the

commutativity of ¢»; we compute

[2i,2j] = [yixi + codi, yjXj + codpjl = yixi, yjxj+ copjl

v vor. ko ok
= |vixiyixj+eo Y, {Gsil;
1=t<j
O<k</l-1
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-1

ko -k k. r—k

= |YiXi,yjXj+¢o ZCjSijCj + ) ¢isijd;
k=0 1stFi<j
O<k=<¢-1

(-1
_ v 1.t ko .r—k ko .~k
= ylxl!y]x]+COZ(jSl](j +Co Z '(]-S”Cj
k=0 1st#i<j
0<sk=l-1

k -k
+ | YiXi, Co Z (jsijcj‘
1<t#i<j
O<ks<(-1

-1
ko -k
= |yixi,yjxj+co ), isijd;
k=0

/-1
k —k
= |yixi,yixj+co ) §isij¢;
k=0

| -1
+ |yixico Y, Z(?Sij(}k =0

1<t#£i<j k=0
O
PROPOSITION 13. The elements z1, z2,..., 2z, in H, satisfy the following relations
Cizj=2zj(; forall1<i,j<n. (0.6)
sizj=2zjsi for j#i,i+1. 0.7)
sizi=zimsi—c Y. (FK 0.8)

O<k</(-1

PROOF. First we check that the elements {; and ¢; commute for all 1 < i, j < n. This is

clear if i > j, since s;; commutes with {; forall 1< ¢ < j. If i = j then

-1 k k|1
cj(/)j(j =(j Z (jstj(j (j
1=<i<j
O<k<(-1

_ k+1 k-1 _

= )2 syt =9
1<t<j

O<k<(-1

Similarly, if i < j

-1 k -k | -1
{i(l)j(i ={; Z (jslj(j (i
1st<j
O<k=<(-1

Il
o~

(-1
k -k k -k | -1
Z(jsij(j + Z (jstjcj' Cl‘
k=0 1<st#i<j
O0<k=/(-1

-1

k ~1,-k k. —k

=Z(j(i3ijfi ;" > Ci8ej€;
k=0 1<t7i<j
0<k<(-1

(-1
_ k-1 —k+1 k -k _
—Z(] Sij(j + Z (jstj(j _(Pj
k=0 1st#i<j
O<k=<(-1
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Then (O8) follows from observe that the element {; commutes with y;x; for i # j and
-1
Ciyixi =CyiCixi =(C yixili = yixi(i.

For () note that if j # i,7 +1 then s; commutes with y;x; and ¢;, hence with z; = y;x; +

Co¢hj. Finally (IL8) follows from

k -k

sizi = si(yiXi+copi) = si | yixi+co Y. {isul;
1=st<i
O<k=</(-1

k -k
VierXin1Si+co Y, (iaSuivnliSi
1=<t<i
0<k</(-1

— k -k
=|Yi+1Xi+1+ Co Z ci+15t,i+1(i+1 Si
1<t<i

O<k<¢-1

/-1
k -k k -k
=|yisiXisi+co Y. ioySeienlim —Co 2 (i siCin | Si
1<t<i+l k=0

0<k</(-1

-1
ko ok
=2zi418i = Co Y (fpySiliey Si
k=0

/-1
k -k
=Zi+18i—Co Z (,'4_1 i
k=0
g

A consequence of the previous result the algebra Hy , can be realized as the subalgebra

of H, generated by G(¢,1,n) and z, zp,..., 2p.

PROPOSITION 14. For cy # 0 there is a unique homomorphism Hy , — H. determined by

1
ui——zi  si—si G~
co

By abuse of notation we denote the image of Hy , by the previous map by Hy .

THEOREM 3.1 (PBW). Theset{uil Ui, ...,uipwll =Sh<--<ip=nwe W} is a C-basis for
Hy .

)

PROOF. By Proposition @ we will prove that the set {z1, 2y, ..., 2y, w|w € W} is a C-basis

for the image of Hy , in H.. For each J = (ji, jo,..., ju) where j; € Zso for all 1 <i < n, we

_ . . J_ N Jje n J _ L ]2
put [JI=ji+jat-+jn @ =21 25 2y, X =x0%

xptand Y/ = y'yt eyt As a
consequence of the relations proved in the previous result we can write each element of Hy ,
in the form

Y Awdw 0.9)

o<|/I=sm
weW
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for some scalars A5, € C and we need to prove that this expression is unique. Suppose that
the expression () is zero, let (J, w) such that |J| = m and maximal with the property A; ,, #
0.
We claim that we can write
d=yd+ Y pkpwyxtw (0.10)
OSII;J,EIﬁIfI] |

for some scalars gz, € C. We prove this by induction on |J]. In fact, by definition we have
z;i = yiXxi + cp¢p; which proves the case |J| = 1. Now let j; a component of J such that j; =1

and let e; = (0,...,0,1,0,...,0) where the 1 is in ith position, then |J—e;|=|J|—1 and

Z=7"¢z

J—e; x]*ei +

0=<|K[,ILI<[J]-1
weW

K L
=y HK,Lw) X W|Z;

=|y/ e Y prLwy xtw | ixi+ cod))
0<|K],ILI<|]1-1

weW
—e; . J—e; K L K . L
=y i+ Y prpwyS wyixityixicopi+ Y. prnwySxtweod;
0<IK}ITI<I7I-1 0<IKLITI<I7I-1
wew wew

by the commutation relations for H, given in Proposition [l we have
x]—eiyl. e yl.x]—ei _ Z Txlyl’

where Tx!y! € H, are polynomials of degree lower than |J| - 1.
Since none of these relations change the degree of elements x and y then the leader term
of the last expression in the equation is /¥’ and every other term has degree at most |J| -1,

finishing the induction. Using this result expression (0I9) can be rewritten in the form

Y Ajwy’ wx! +error term (0.11)

Jl=m

wew
where the error term involves only polynomial with degree at most |J| — 1. From theorem
2 (PBW for the rational Cherednik algebra) we get that A;,, = 0 for all |J| = m, hence a

contradiction. O
Then Hy,;, is isomorphic to Cluy,..., u,] ® CG(¢,1, n) as vector spaces.
PROPOSITION 15. The center of Hy,;, is Cluy, uz,..., un]S" ®C[(1,(2,...,(n]sn.

PROOF. Note that by (ILT) and (IId) we have that Cluy, Uy, ..., u,]%" ® Cl{1,{s,...,{ 15" <
Z(Hy,). By an inductive argument similar to that used in the proof of the PBW theorem one
obtains that a € Cluy, uy, ..., u,]5" ®C[(1,(2,...,Zn]3". See [2] for details. O
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1. Intertwining operators

For 1 <i < n—1 define the intertwining operators 7; by
Co
Ti=8§+———1; (1.1)
Ui = Uj+1
The operator 7; is well-defined on Hy ,-modules since u;—u;+ is invertible on the image
of ;.

PROPOSITION 16. Let M be a Hy,,-module and m € M such that
Wt(m) = (alr---ran)(hlr---,(bn)-

() wt(r;m) = s;(wt(m)) where S, acts on the set of 2n-tuples by simultaneously per-
muting the subindices of a; and b;.
(Ui — Ui — ) (U; — Ujs1 +77;)
(u; —u;)?

@ 2=
B) TiTix1Ti =Ti+1TiTi+1
PROOFE. For (a) we use the operator

(ui—uis1)T; = (Ui — Uj1)S; + 715 (1.2)

instead of (IT) (which is an element of H,) te check that

UiT; = TiUj41 (1.3) Citi =7i(in (1.6)
Uip1Ti =Til; (1.4) Cin1Ti =7;(; 1.7
u;Ti=tiuj, |j—il#l (1.5) (iTti=71ij, |j—il#1 (1.8)

then

Tilip1M=aj1T;im j=1i

UjTim={T;uim=a;T;m j=i+1
Tiujm=a;t;m lj—il#1

and

tilinm={""1m, j=i

(jtim=11:{im={b1;m, j=i+1
T im={%1im,  |j-il#1

then 7;m is an eigenvector with eigenvalue
si(ar, .., an, " (M) = (@1, @i, @y e an, O CPEL R P L9)

For (b) we compute

2
((uy — wi1)T1)° = (W — Ui )T (U — Ui )T
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= (Ui —uir ) (TiU; — TiUi+ )T
=W — Ui ) (Ui T — Wi TH)T;
2
= (U — ui+1) (U1 — U TS
and using (T2) we have that
. . N2 — . . . 2
(= ui+1)7)" = (Ui — Uj+1) i +715)
2
= (U — ui+1) i (Ui — Uir1) i+ (Ui — Wi 1) S0 + 7053 (Ui — Uiv1) i + 705
2
= (U — ui+1) (S U — SiUi1) S + 2(U; — Ui 1) 705 S; + 05
— 2 2
= (U — ui+1) (U1 — Ug) ST + 705
2
= (ui —ujr1)(Uip1 — i) + 715
then
. . . N2 — (17 . . . 2
(i —uir ) (Wi —udt; = (W — Uip1) (W1 — W) + 705
2.2 2, 2
—(u — uir1)°T; = — (U — Uj41)" + 705

2.2 2_ 2

(Ui — w77 = (W — Uj41)” — 15

2= (Ui — ujr1 — 7)) (Ui — Ujs1 +TT;)
(i — uj1)?

1
Using that u; u;1 u; = uj+1u;ui1, part (c) follows by (a long) straightforward calculation. [

From part (b) then 7; is invertible in m in the following cases

(1) b; #bin1
(2) bi=biy1 and ajy1 #a; =4

Let M be a Hy ,-module, M is called u-diagonalizable if it has a basis consisting of si-
multaneous eigenvectors for .
2. Automorphisms of Hy ,
PROPOSITION 17. For each x € C there exists unique automorphisms t, and p of Hy p,
given by
i) =ui+x, 4tli)=Ci, (s =s;
pui) = —un-i+1, PUC)=Cniv1 P(8i) = Sn—i.
PROOE. We write A= C(uy,...,un,(1,...,{n, 81...,Sp—1) for the tensor algebra on this gen-
erators, then Hy ;, =~ A/l where
I=(ujuj—-uju;, foralll<i,j<n
(i¢i—(i¢j, foralll<i,j<n
sisj—sjs;, forj#i,i+1
SiSi+18i — Si+18iSi+1

(iuj—ujl;, foralll<i,j<n
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siuj—ujs; for j#i,i+1
SiUj — Uj+1S; +70;)
To check # is an automorphism, it is enough to check that #(a) € I, for all a € 1. We will
check only the las relation. Note that #(7;) = 7; since #({;) = {;, hence
L (89) b (Ug) — te (Ui 1) B (8) + G () = 8 (U +K) — (U1 +K)S; + 7T
=SiUj+KS;i —Uj+1S;] —KS; +TT;

=SiUj— Ui Si+m; el
In the same way we did for #, we will check that
p:AlI—All

is an automorphism.

o For the first relation

pujuj—ujui) = (—up—ij+1)(—Un-j+1) — (—Up—j+1) (~Up—i+1)
= Up—i+1Un—j+1 — Un—j+1Un—i+1 €1
e For1=i,j=<nthecases p((;(;—{;{i),p(siSit15i —Siv18iSi+1), p({iuj—u;{;) € I and

p(sisj—sjsi),p(sjuj—ujs;) € I for j#1i,i+1 are similar.
¢ Note that

/-1 /-1
plui) = p(z cfc;fl) SD ISR SIS
k=0 k=0
hence

p(siui—uir18;+m;) = p(si)pu) —puiz1)p(s)) +p ;)
=Sp—i(~Up—i+1— (—Up—i)Sp—i + Tp—;
=Up—iSn—i — Sn—ilUn—i+1 7T

=Sp-i(Sp-illp—i — Up—i+1Sn—i + Tp-i)Sp-i €1

then $;,—juy—;j — Up—j+1Sp—i+Tp—i € 1.

O

Both of these automorphisms preserve the group algebra CG(4,1,n) and their restric-
tions to CG(4,1, n) are inner. Given an Hy ,-module M and an automorphism a of Hy , we
write M“ for the Hy ,-module which is equal to M as an abelian group, and with the Hy ,-
action defined by

h-m=a(h)ym forheHy, and me M.

If a=p or a = t, then M? is isomorphic to M as a CG(¢,1, n)-module, since the restric-

tions of this automorphisms to G(¢, 1, n) are inner.
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3. Hy ,-modules via branching for G(¢,1, n)

Let meZsy. Thenforalll<i<nand1l < j=<n-1 there exists amap Hy , — CG(¢,1, m+

n) given by

Ui — dm+i
Sj— Sm+j

Ci— Cmyi

The image of this map is contained in the centralizer Cg/,1,m+n)G(¢,1, m) so that Hy ,
acts on the module
SM = Homego1,m (S*, Res 7 (S1))
for all pairs A, 1 of ¢-partitions, where A is an Z-partition of m + n and p is an ¢-partition of
m. It follows from Young’s orthogonal form that $*'# = 0 unless y < A in which case S*'* has
a basis indexed by the set of standard Young tableaux on the skew diagram A\ p.
Given T € SYT(u) and U € SYT(A\ u) we define T u U € SYT(A) by
T(b), ifbe
TuU(D) = K
Ub)+m, ifbeA\u
Then

MM = Homggr,1,m) (S*, Resi " (8%))

and we define v € S*'¥ by the formula
Yu(vr) = vruy
THEOREM 3.2. S is an irreducible Hy, ,,-module with basis {wy | U € SYT(A\ w)}

Moreover we will see that each u-diagonalizable Hy ,-module can be obtained as one of
this.

Let D < R?> x Z/¢ be a skew shape with connected components D;, ..., Dy. After diago-
nal slides, we may assume that each D; is such that for any (x, y) € D; we have y; € Z and
moreover the set of y-coordinates of distinct D;’s are disjoint. We may choose (non-unique)

ay,...,ak € C and integral skew shapes A1 \ yuy,..., ¢ \ g such that
Di=2;\ ;i +(a;,0)
so that their union is disjoint and a skew shape,

A\[JZL[AI'\[JI'

and so A; \ yg,..., A \ yy are the connected components of their disjoint union A\ y. Then

define
Hi,n

SP =Ind,"" (®; ($11*Hi)1ai)
where A=Hy ,,, ® Hp , ®---® Hy jp, and ny, ..., ny are certain nonnegative integers such that

Zni =n.
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THEOREM 3.3. SP defined as above is an irreducible Hy ,,-module.

In order to prove this result we will see some combinatorial results involving skew shaped
diagrams and tableaux.

Let D be a skew diagram of shape A\ u, for a box b € D with b = (x, y) we define R(b) = y
and C(b) = x, i.e. R(b) and C(b) are, respectively, the row and the column of the box b in
D. Let T be a standard Young tableau in D, define I(T) as the set of pairs (i, j) of numbers

1 <i< j<nsuch that j appears in D in a row strictly above than i, i.e.
I(T):={(i, DIR(T™(@) > R(T7L(j), for 1<i<j<n}

EXAMPLE 13. Let D be the skew shape

D=

and let T be the tableau in D given by

T=|2|56|8

then
I(T)=1{(2,3),(7,8)}

since the box containing the number 2 is in a row above than the box containing the number

3, same occurs with boxes containing numbers 7 and 8.
LEMMA 5. Suppose (i,i+1) € I(T) and s; T e SYT(D) then I(s; T) = s; (I(T)\ {(i,i + D}).

PROOE. Note that (s; T) " (s;(j)) = T~1(j) then R((s; T) "' (s; (j))) = R(T~'(j)), then for (j, k) €
I(T) such that (j, k) # (i,i + 1) we have

R((s; )7 (si()) = R(T'(j) > R(T' (k) = ((s; T) ' (5i(K)))
then s;(j, k) € I(s; T). And (i,i +1) ¢ I(s; T) since
R(s; D~ i+ 1) =R(T'@)>RT i +1) = (s D~ (0)).
O

Let D be diagram with n boxes and let T be a tableau on D, we write rw(T) for the
reading word of a tableau T which is the word obtained by concatenating the rows of the
diagram D, starting from the bottom row in English notation. The row reading tableau of

shape D is the tableau T with reading word 123--- i, this is a Standard Young tableau.

EXAMPLE 14. The reading word of the tableau of the previous example es 13425687. The

row reading tableau in A = (4,3,1) is

1[2]3]
T=[4]5]6]7
8

LEMMA 6. If(i,i+1) ¢ I(T) forall1 <i < n then T is the row reading tableau.
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PROOE. We suppose that T is row reading until the appearance of i, i.e. for all j < i we
have S(T71(j+1) = B(T71(j) or BTG+ 1) =BT () +1
R(T™'(j) = R(T™'(i)) and one of the following

(1) R(T7Y(j) =R(T(j+1)and C(T~L(j+1)=C(T"L(j) +1or

2) R(T'(j+1)>R(T'(j)

Now since (i,i+1) ¢ I(T) then R(T™'(i +1)) = R(T~1(i)) and since T is standard we have
C(T'@)) =C(T G +D).

(1) If R(T~'(i)) = R(T~1(i + 1)) then necessarily C(T~!(i + 1)) = C(T~1(i)) + 1.

) If R(T™YG +1)) > R(T™L(i)) from our assumption of D being row reading until the
appearance of i in this case we have that T~1(i + 1) is the first box in its row. Now
if we suppose that there is a box b on the right of 77! (i) such that T(b) = i + k, for
some integer k > 1 then R(T~'(i+k—-1)) > R(T~'(i)) = R(T~'(i+k)) then (i+k—1,i+
k) € I(T) which is a contradiction and then T~1(i) is the last box in its row. Besides,
there is not any box b in D in a row between i and i +1 (i.e. with R(T') <
R(T™Y(b)) < R(T~1(i +1))) then T(b) = i + k for some k and then (i + 1, T(D)) € I(T).

O

Moreover note that if T is the row reading tableau in D then R(T~'(i)) < R(T~'(j)) for
all1<i< j<n-1then clearly (i, j) ¢ I(T) and I(T) = ¢. If 1 is a row then there is only one

standard Young tableau which is the row reading.

LEMMA 7. Let D be a skew diagram with n boxes. Then given T and T' two standard

young tableaux on D there exists a sequence of simple transpositions s;,, Si, ..., Si, such that
Siy iy Sy (D =T
and s;, Si,_, -+ $i; (T) € SYT(D) foralll1 <k < p.

PrOOE. Without lost of generality we may assume T is the row reading tableau and pro-
ceed by induction on the number #I1(T”). If #1(T') = 1 then T’ is not the reading tableau and
there is exactly a pair (i, j) € I(T'), by Lemma B necessarily j = i +1. Since T is standard then
rw(T") =12---(i—1)(i + 1)i(i +2)--- n then necessarily T7'~1(i) is the last box on a row and
T'~1(i +1) is the first box of the next row, then s;(T’) = T which is standard.

For the general case let T’ € SYT(D) such that #1(T') = [ > 0, then T’ is not the row read-
ing tableau and by Lemma B (i,i + 1) € I(T’) for some 1 < i < n—1 then T'(b) < i for boxes
b such that R(b) = R(T'"1(i + 1)) and C(b) < C(T'"1(i + 1)) and T'(b) > i + 1 for boxes R(b) =
R(T'~'(i+1)) and C(b) > C(T'~'(i+1)). Likely, T’ (b) < i for boxes b such that R(b) = R(T"~'(i))
and C(b) < C(T""1(i)) and T'(b) > i +1 for boxes R(b) = R(T"~1(i)) and C(b) > C(T'"1(i)) then
s;T' € SYT(D) and by Lemma B I(s; T') = s;(I(T')\ {(i,i + 1)}). Thus #I(s; T') = I(T') — 1, and
by induction on s; T’ there exists a sequence s;,, Sjs, ..., ;, of simple transpositions such that

SiySip_y " Sip (S T =T and

SipSipy " Siy (i T) € SYT(D) forall2< k<1



46 CHAPTER 3. THE CYCLOTOMIC DEGENERATE AFFINE HECKE ALGEBRA
then the result follows by indexing s;, = s;. g

Note that this sequence of simple transpositions given in the preceding lemma corre-
sponds to a sequence of invertible intertwiners, and as a consequence of this lemma we can
“connect" every pair of standard Young tableaux of shape D by a sequence of invertible in-

tertwiners. Now we are in conditions to prove Theorem B33.

PROOF OF THEOREM B3. Let n; be the number of boxes of the diagram A; \ y;, and n =
Zf n;.

By Theorem B2 each ShiHi has basis fwylU e SYT(A; \ up)}. Since A\ u=][A;\u; then
the set

{wu ) U € SYT(A\ 1) such that U(b) € {niy +1,...,ni} if be A\ '} @3.1)

is a C basis of ®; $*‘#, where ng = 0.
Note that Hy , can be understand as the free module over the subalgebra Hy , ® Hy ,, ®

-+® Hy, , which by PBW-theorem for Hy ,, has basis indexed by the set
{w|wesnrSp x Sny x -+ x Su } (3.2)

Then the Hy ,-module

D _ Hyp Ai\pi | — A\l la;
§7= IndH[_,,l®Hg,,12®---®Hg_,,k (@S =Hpp ®Hl,n1 ®Hy,p, ®®Hy . @S

has a basis ¢y ® w where yy runs over the set (Bl) and w runs over the set (B2), these pairs
are in bijection with standard Young tableaux of shape A\ .
Let U as in (B0 and w as in (B22) with minimal length (as a word on simple transposi-

tions). For a fixed reduced expression for w =s;, ---s;, the correspondence given by

Sil...si _)Tl'l'“Tl'

p p

is well defined, since the intertwining operators 7; satisfy the braid relations (part (c) in
Proposition MH). Note that wU € SYT(A\ p) and

iy Ti,A®Yy) =weyy +) veyy 3.3)

is an eigenvector with eigenvalue wU, where the length of element v is lower than the length
of w. This gives rise to a basis for SP of eigenvectors of u, now if S” has a nonzero sub-
module, such submodule must contain one of this eigenvectors and by Lemma @ we can
connect a pair of two Young tableaux by a sequence of invertible intertwiners, hence S” is

irreducible. 0

Up to isomorphism, the representation S” is independent of the choices made in its
construction and, since the automorphisms ¢, are the identity in G(¢, 1, n), its restriction to
G(¢,1, n) is isomorphic to She,
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4, Littlewood-Richardson numbers

Assuming /¢ is fixed, then without causing confusion we may write G, = G(¢,1,n) and

introduce the following notation

no_ CGp n _ CG, m+n _ CGm+n m+n _ CGm+n
Ind,, =Indg;", Res,, =Resc;", Indy, )" =Indg "/ and Res,,;," =Res¢q 6.

for the appropriate functors of induction and restriction.

By ®-Hom adjunction and Frobenius reciprocity we have isomorphisms

Homg, (8”,Homg,, (S*), Res'*"(§*)) = Homg,, xc, (S* ® S”, Res"™ " §1)

= Homg,,,, (Ind/"}""(S* © §*), 8"
Then the (cyclotomic) Littlewood-Richardson number cﬁv is given by
¢k, =dimg (Homcm (indjpt (s ©.87), s‘))
Defining
M dimg (Homgn (5", Homg,, (5", Resﬁ*”(s%)))

\p_ A
= Cpy-

we have cf}

If D is any skew diagram such that A\ u may be obtained form D by translating its con-
nected components without merging any of them, then SP = $M\# as G,-modules, and hence
defining

A\
C1]/):Cv H

we have an isomorphism of G,-modules.

Given A= (A%,..., AN, u=O,...,u" ") and v = (*°,...,v‘"1) be ¢-partitions. Note that

S* can be realized as
S =10dG, x Gy s xGy_, (7 @SV @01
where m; = |A;| and G, acts on the Specht module S* via the surjective application CG,, —
CSy; given by
s—s forall se Sy,
{j—¢" forall j.

The Littlewood-Richardson number CXH may be expressed as a product of the classical

Littlewood-Richardson numbers as follows

Now we give the most classical construction to compute the classical Littlewood-Richardson
numbers.

A Littlewood-Richardson tableau on a skew diagram D (for ¢ = 1) is a function T: D —
Z- such that
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(1) The tableau T is column strict in the sense that T(x, y) < T(x, y+1) whenever (x, y), (x, y+

1)e D and T(x,y) < T(x+1,y) whenever (x,y),(x+1,y) € D, and

(2) The row-reading word T T>... T, (obtained by reading the entries from 7 from top
to bottom and right to left) of T satisfies the LR property: for each integer i € Z
and each 1 < k < n, the number of occurrences of i in the sequence T1T»... Ty is at

leas as large as the number of occurrences of i + 1.

The weight of a tableau T is the sequence vy, V»,... where v; is the number of boxes b € D
with T(b) = i. The Littlewood-Richardson coefficient c? is then the number of Littlewood-
Richardson tableaux on D of weight v.

We write fh = C" for the defining representation of G, then the Littlewood-Richradson
numbers arise in the calculation of the tensor products S¥ ® Al (h*) as G,-modules. For A =

(A% AL,...,A"1) an ¢-partition of n we have

where the partition A! transpose of the /-partition A. When # is fixed and clear for the con-
text, we denote by det™! to the one dimensional character of G, acting on A”(h*). Note that
Al (h*) contains the vector v,_;41 A Un—is2 A+ A U, which is fixed by G,-; and transforms
like det™! under G; embedded in G, via the las i coordinates, and is therefore induced from

a one-dimensional representation
A(h*)=Ind%"  (1xdet™h)
Gn-ixGi ’
Now we compute the tensor product of this representation with S as follows

. -1
S'eA'(h*)=SY ®1ndgzﬂ_xci (1 x det) = mdg;fixci (Res”_; ;(S") @ (1 xdet ™)

n—i,i

and hence

Homyg, ($*,$" ® A'(§*)) = Homg, (S*,Ind"_;  (Res”_, .(S") ® (1det 1))

n—i,n n—i,i

~ n
=Homg,_,, (Resn_iyi

(S"),Res”_, (") ® (1 x det ™h)).

n—i,i
Taking dimensions gives
. I * t
dim (Homg, ($*,8" @ A'(h™))) = 3 ¢y cpy
nkn—i
xHi

(4.1)

5. Classification of irreducible u-diagonalizable H, ,-modules

LEMMA 8. Let (ay,...,an,{",...,(P") be a sequence satisfying the property: if i < j with

a;=aj and b; =b; mod/, then there arei <k,m< j with by = by, = b; mod ¢ and
ar=a;+¥, ap=a;—".
Then there is a skew shape D and a standard Young tableau T of shape D satisfying

tet(T7Y@) =a; and BT @) =b;, forl<i<n.
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Moreover, T and D are unique up to diagonal slides of their connected components.

PROOE. We proceed by induction on n. Let £ = 1 then we have the sequence (a;,...,ay).
In this case D has only one component, if n =1 then D has a single box with content a; and
T is the standard Young tableau that assigns to that box the number 1. For n > 1, by induction
we suppose that the sequence (ay, ..., a,—1) possesses a standard Young tableau T’ on a skew
diagram D'. Notice that the condition: “if i < j with a; = a; then there are i < k,m < j with
ar = a; + ¢ and a,, = a; — ¢" implies that for boxes of D’ such that ct(T~'(k)) = a; + 1 and

ct(T~Y(m)) = a; — 1 we have
(T k) =ct(TH@)+1 and (T '(m) =ct(T~1G) - 1.

Then the condition implies that D' is in fact a skew diagram and that D’ possesses an addable
box b with ct(b) = a,,. We obtain T and D by adjoining b to D’ and defining T'(b) = n.

For the case ¢ # 1 then D has ¢ components. We obtain the component D;, by consider-
ing the subsequence (a;,, o i) of (a1,...,ay) such that b;, =---= b,-p mod ¢ and proceed-

ing as before. O

In Section 0 of the next Chapter we have computed explicitly in the cyclotomic rational
Cherednik algebra of type B the skew diagram D and the standard Young tableau 7T men-

tioned in this Lemma.

THEOREM 3.4. Let M be an irreducible u-diagonalizable Hy ,,-module and suppose m € M
satisfies
uim=a;m and (,-m:(bim forl<si<n.
Then there is a standard Young tableau T on a skew shape D such that a; = (ct(T~'(i)) and
b; = B(T™'(i)) for 1 <i < n and M = SP, and moreover T and D are unique up to diagonal

slides of their connected components.

PROOE. For the first part we will check that the sequence (ay,..., an,(bl Vet ,(b") satisfies
the hypothesis of Lemma B. Suppose that there is an index j > i with a; = a; and b; = b;
mod ¢, we claim that j > i+2.

Suppose that j =i +1, then
(@i,¢") = (a1,
and by the relations between u; and s; we have
uisim=(S;ujp1—m)m=s;ujisam—-nam=s;am——fm=a;s;m—-—m (5.1)
Uipisim=(S;u;+wy)m=s;uym+a;m=s;aim+fm=a;s;m+€m (5.2)
Notice that s;m = +m, since sl? = 1. Then if we suppose s;m = m then u;s;m=u;m =
a;m and if s;m = —m then u;s;m = —a; m, both cases leads to a contradiction with (&Z1). We

conclude that s;m and m are linearly independent and the subspace of M generated by m

. a; -/ a; l
and s;m is stable under u; and u;,;. Moreover u; = and ;1 = , then M
0 a; 0 a;
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is not diagonalizable since there exist this Jordan blocks, which is a contradiction and then
j#I+1.

For j =i+2, note that if 7; was invertible then by part (a) of Proposition I8 7;(m) has
eigenvalue

(al,...,a,-+1,ai,a,-+2,...,a,,,(bl,...,(bi“,(hi,(h”z,...,(b”)
with a; = a;;+1 and b; = b;;» which contradicts the previous case. Hence 7; is not invertible,
then necessarily b; = b;+1 and a;4+1 = a; + 4. If a;; = a; + ¢ then s; is acting by 1 on m and
si+1 is acting by —1 on m, which contradicts the braid relation. Analogously if a;+1 = a; — ¢,
s; acts by —1 on m and s;,; acts by 1, contradicting the braid relation again.

Since j > i+2 and the operators 7; and 7 are invertible then by Lemma B there is T and
D as required.

It remains to prove that M = SP. Let T be the row reading tableau and 1, the corre-
sponding eigenvector in S. Let m € M with wt(T,) = wt(m), we will show there exists a ho-
momorphism ¢ : S® — M such that ¢(y,) = m. Given T € SYT(D) by Lemma [@ there exists a
sequence of simple transpositions Siyseer i, such that si, sy T'=To with ;. 85, -5, To €
SYT(D), this produces a sequence of invertible intertwiners 7;,,...,7 iy Choosing p minimal

(as a word in the symmetric group) we define a map given by
(p(rip L THYT) = Tj, = Tj M.

Firstly, this map is well-defined which can be proved by the solution of the word problem
in the braid group since the intertwiners 7; satisfy braid relations. Secondly, it is compatible
with the action of u since commutes with the action 7;. Thus we have produced a non-
zero homomorphism between the irreducible Hy ,-modules SP and M, which finishes the

proof. U

6. The Dunkl-Opdam subalgebra

The Dunkl-Opdam subalgebra of H, is the subalgebra t generated by the elements zy,...,z,

and (4,...,{,.
The map given in Proposition [ is an injection of Hy , into H,. Via this injection u; acts

on fpq by
1 “1,; “1,s
uifpo = C—O(Q(P L)) +1 = (dpp1y — dp-1in-p-ip-1) |~ (et P (@),

PROPOSITION 18. Let L:(A) be a t-diagonalizable H.-module. Then for Q € Tab.(A) fixed,
the span
Lo =Cifpol(BQ) el (M)}

is an irreducible Hy ,,-module.

For a proof of this result we refer [@].
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Main theorem

In order to proof the main theorem of [@] we prove a few results. First, given a skew
diagram D we define a skew diagram D', the reverse, as follows. Twisting SP by the auto-
morphism p of Hy, we obtain another u-diagonalizable module (S”)?, and D’ is the skew

diagram with S2" = (SP)P,

THEOREM 4.1. Let L:(A) be a t-diagonalizable H.-module and let d be a positive integer.
Then as a Hy,,-module, the degree c) + d part of L.(A) is semisimple and isomorphic to the

direct sum
Lc(/l)c/1+d = @ SSC(Q)r
QeTab.(1),IQI=d

PROOF. By previous Proposition L is an irreducible Hy ,,-module. Then there is a unique
(up to diagonal slides of connected components) skew diagram D and a standard Young
tableau T on D with

1. 1 1, —1,:
ct(I1 () = C_O(Q(P H@D)+1 = (dpp-1y = dﬁ(P‘l(i))—Q(P‘l(i))—l))_[Ct(P H@).
It follows from this, the definition of s.(Q) and Theorem B4 that Lg is isomorphic to §5c(Q”
as an Hy ,-module.

To establish irreducibility we use Lemma 7.4 of [8]. This lemma, translated into the no-
tation we use here, shows that given P, P’ with (P, Q),(P’,Q’) € T¢(A) there is a sequence of
simple transpositions s;,, ..., s;, such that the Hy , submodule of L.(1) generated by fpq is
Lg; together with the fact that any Hp ,-submodule of Ly must contain some weight vector
this finishes the proof. O

The following corollary proves the first part of Theorem [LT.

COROLLARY 2. Suppose L.(A) is t-diagonalizable is a CG(¢, 1, n)-module, the degree c) +d
part of L;(A) is

sc(Q)
LeWea® B ()
QeTab:(1),1Q|=d
HEPy,

PROOF. Twisting the representation $%(Q" by the automorphism p of Hy , shws that as
a CG(4,1, n)-module, Lg is isomorphic to $%Q which proves the corollary. O

For a parameter c, each standard module has a basis fpq consisting of eigenvectors for

the Dunkl-Opdam subalgebra t. Each irreducible quotient L.(A) that is t-diagonalizable has

51
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a certain subset of these fp( as a basis; this subset is indexed by pairs (P, Q) of tableaux on A
satisfying the following properties:
(1) Qs afilling of the boxes of A by non-negative integers such that Q(b) < Q(b') when-
ever b< b,
(2) P is a bijection from the boxes of A to the set of integers {1,2,...,n} such that if
b<Db' and Q(b) < Q(V') then P(b) > P(V'),
(3) If bis abox of A and k is a positive integer such that

ct.(b) = dﬂ(b)—k +k

then Q(b) < k, and
(4) If b and b’ are boxes of A and k is a positive integer with k = 8(b) — (b’) mod ¢
and such that
cte(b) —cte(b) =k+lco
then
Q) = Q) +k
with equality implying P(b) > P(b").

We write I'¢(A) for the set of such pairs (B, Q) and define Tab.(A) to be the set of Q such
that there exists a P with (B,Q) € T';(A), so that Tab.(A) is the projection of I'.(1) on its second
coordinate

Tab(A) = m2(T(A)).

For each Q € Tab(A) there is a skew diagram s.(Q) which is unique up to diagonal slides

of its connected components. Theorem B2 and first line of the proof of Theorem BT give an

algorithm determining a standard Young tableau T with
BT @) =BP ' n-i+1)- QP '(n-i+1) (0.1)
and

ct(T7' (@) =ctP ' (n—i+1) - [LCO QP '(n-i+1)
(0.2)
- (dﬁ(P’l(n—Hl)) B dﬁ(P*(n—i+1)—Q(P*1(n—i+1)))))'
Then we define s.(Q) to be the shape of T, which is independent of the choice of P. We
define the degree |Q| of Q by

IQI= )" Qb).

beA
Finally we deduce the second part of Theorem O

COROLLARY 3. Suppose L.(A) is unitary. Let i be a non-negative integer and let y be an

C-partition of n. Then
dim(Ext" (Ac(u), Lc(/l))) =Y e ey

PROOE. The formula follows from the preceding corollary and applying Theorem R and
(Z2m) since L.(A) is unitary. O
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1. Type B examples

Recalling definitions and notation from Chapter B, the cyclotomic algebra of type B is the
cyclotomic rational Cherednik algebra attached to Weyl group of type B with deformation pa-
rameter (c,d) € R? and C" for the defining representation, i.e. the algebra H(. 4)(G(2,1,n),C").
With the notation we introduce in Section B of Chapter P parameters (cp, dp, d;) are related
with the pair (c,d) by ¢ = ¢y and d = dy = —d,. For the remainder of this section we denote
this algebra simply by H,.

For a 2-partition A = (1%, A!) the charged content of a b of A is

d +2ct(b) ifbe A9, and
cte(b) =
—d+2ct(b)c ifbeA!

Then the charged content of A can be expressed

cte(A) = d(A° = IA ) +2¢ Y ct(b),
beA

where |u| is the number of boxes of the partition u. The set of c-admissible tableaux Tab. (1)

consists of all tableaux Q : A — Z( such that

(1) Q(b) = Q(b') whenever b=V,
(2) Q(b) <k if k is an odd positive integer and

d+ctb)c=k/2,
or if k is an even positive integer and
ct(b)c=k/2,

and
(3) Qb)= QW +kif k=p(b)— (') mod2 and ct.(b) —ct.(b') = k+2c.

Define the function s; of the boxes of A as follows, we must distinguish two cases. By

symmetry we may assume A° # @.

Case 1. First assume either that 1! # @ or that A! = ¢ but equation
d+ct(b)c=1/2

does not hold, where b is the removable box of A° of largest content. In this case

we define the c-shifting function s : R? x Z/2 — R? x Z/2 by
1 d
0 0
sc(x,,0) = (x—)Ll, Y=+ 2 T 1) and
1 d
Sc(x, 1) = (x—ﬂ,y—/l%+§+;,0)

where if A’ = ¢ then we interpret /1{ =0.
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Case 2. Now we assume that A! = @ and the equation
d+ctb)c=1/2

holds. In this case we put

Sc(x,,0) =[x~ - +i_ﬂ1
C ,yr - P,y p 2C C’

se(x,y,)=|x +1+d0
c ,yr - yy 2C C’

where p is the length of the second longest part of A°.

Then the skew shape s.(Q) is obtained by applying the kth iterate s* to each box b e A
with Q(b) = k.

The classification of unitary representations is quiet inntricate and we do not state it
here (see [H]).

Now for A € P,, we give a few examples of the indexing sets I'c(1). And given Q €

Tab(,,q4) (1) we will produce the tableau T' determined by (I0) and (I2) and the skew shape
$c(Q).

EXAMPLE 15. For A = (L11,8), the unitary spectrum is given by

d
p d=1/2
N
?X
“,
-
c
c=1/2
(1) Along the line d + c = 1/2 the set T'c(A) consists of pairs (P,Q) of tableaux on A such

that

(1) Q is a filling of the boxes of A by non-negative integers such that Q(b) < Q(b")
whenever b<b'.

(2) P is a bijection from the boxes of A to the set of integers {1,2,...,n} such that if
b<b' and Q(b) = Q(b") then P(b) > P(b").

(3) Q(b) <1 for boxes be A with ct(b) =1.

(4) Q(b1) = Q(by) +2 for boxes by € A% and b, € A} with ct(by) —ct(by) +1 = 1. If
Q(b1) = Q(by) + 2 implies that P(by) > P(by).
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Since A = @ condition (4) does not apply, but condition (3) forces Q = ((0]0]0], @)

sincect(b) =1

A:(DE,(D)

and

re = {((2[1 o). (ol0} o)}

We produce a standard Young tableau T and the skew shape s:(Q) for this pair
by the algorithm obtained before, which is determined by equations (1) and ().
We have

BT 1) =P 2)-QP'(2)=0-0=0
1
ct(T™H (1) = ct(P™ (2)) = = (QP™ @) = (dp(p-12 ~ dpcr-12))
1
=0-—(0-(dp—dp)=0
2c
BT @) =pP~ (1) -QP™ (1) =0-0
1
ot(T ™1 (@) = ctP™ (1)) = o (QP™" (1) = (dp(p1 1y ~ dpcr-217) = Ct(P™ ()

1
=1-—(0-(do—dp)) =1
2c
Then T = (,(25) and s.(Q) = shape(T) = (Dj,(b).

(2) Along the line c = 1/2 the set I':(A) consists of pairs (P, Q) of tableaux on A such that

(1) Q is a filling of the boxes of A by non-negative integers such that Q(b) < Q(b")
whenever b< b'.

(2) P is a bijection from the boxes of A to the set of integers {1,2,...,n} such that if
b<b' and Q(b) = Q(b") then P(b) > P(b").

(3) Q(b) <2 for boxes b € A with ct(b) = 2.

(4) Q(b1) = Q(b2) +2 for boxes by, b, in the same component of A with ct(b;) —
ct(by) +1=2. If Q(by) = Q(b2) + 2 implies that P(b1) > P(by).

Since A does not have any box b with ct(b) = 2 and A' = ¢ conditions (3) and (4) does
not apply. We list some pairs (P, Q) e I'¢(1)
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P Q
(2[1} @) | (o]0} @)
(,®) (’¢)
(112],2)
(211],¢) | (1]1) @)
(211]9) 02,9
(112],9)
(211],9) | (112} 2)
CIN) | (575,
(112}, 9)

First, we will produce the tableau T and the skew shape s:(Q) for the pair (P, Q) =

(21 9). (011, 2)).
BTt ) =P (2)-QP'(2)=0-0=0
1
ct(T™' (1) = ct(P~' (2) - ;(Q(P_l(z)) — (dp(p-12) — dpr-1(2)))
1
=0-—(0-(dp—dp)=0
2c
BT '(2)=pP'1))-QP'(1)=0-1=1 mod?2
1
ct(T' @) =ctP (1) - 7 (QP™' (W) = (dpp-101y) — dpr-2(1y)) = ct(P ' (2))
=1—i(0—(d0—d1)) =1+z
2c c
since d <0 and ¢ = 1/3, ct(T~1(2)) = 1 +3d. Hence (up to diagonal slides of the

box containging 2) the tableau T looks like T = (, ) and then s.(Q) = shape(T) =

0

Now we will produce the tableau T and the skew shape s:(Q) for the pair (P, Q) =
(112}, 2). (012], 9)).
BT ') =pP12)-Q(P'(2)=0-2=0 mod2
1
ct(T7H() =ct(P~1(2) - 72 (QP1(2) — (dpp-12) — dpr-12)))
=2—i(2—(do—do)) S1-io
2c c
BT @) =pP 1) -QP Ay =0

1
ct(T7' (@) =ct(P' (1) - 7 (QP™' (1) = (dpp-11y) — dpr-2017))) = (P~ (2))
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1
=1-—0-(dy—dp) =1
2c

Hence (up to diagonal slides of the box containing 1) the tableau T looks like
T= ( ,(D) and then s.(Q) = shape(T) = (l:p,(z}).

EXAMPLE 16. For A = (CI1,®), the unitary spectrum is given by

,ﬂ‘x\’
o
(o}

c=1/3

(1) Along the line d + ¢ = 1/2 the set T':(A1) consists of pairs (B, Q) of tableaux on A such

that
(1) Q is a filling of the boxes of A by non-negative integers such that Q(b) < Q(b’)

whenever b< b'.
(2) P is a bijection from the boxes of A to the set of integers {1,2,...,n} such that if

b= b and Q(b) = Q(b') then P(b) > P(}').
(3) Q(b) <1 for boxes b e A with ct(b) =1.
(4) Q(b1) < Q(by) +1 for boxes by € A’ and by € A' with ct(by) —ct(by) +1 =1. If

Q(by) = Q(b2) + 1 implies that P(by) > P(by).

Since A! = @ condition (4) does not apply. Note that the ct(b) = 1

-

forcing the value of Q to be 0 in two boxes of A, as follows Q = (, QS). Then a
list of some (P,Q) € T'-(A) is given by



58

CHAPTER 4. MAIN THEOREM

p Q
(loToTo}, @)

(loTo[1], )

(o] ] | o] [eo]
= IS =] (=]
] =] ] [

]
=
]

(MER)

][]
= ]
][]

)
)
)
)
)
) | (0lo]2] @)
)
)
)
)

— —~ | N = | = = —

]
=
<]

We will produce the tableau T and the skew shape s.(Q) for the pair (P,Q) = ((\ 312[1],%),(0]0]1], gz))).
BT 1) =pP'3)-QP'B) =0
ct(T~H (1) = ct(P~'(3) - i (QEPT'B3) = (dpp-13) — dpr-13)) = CtP=1(3)) =0
BT ) =pP'(2-QP'(2) =0
ct(T71(2) = ct(P'(2)) - ZiC(Q(P*I(Z)) — (dpp-12) — dpr-129)) =P (2) = 1
BT'E)=pP' M -QP'1)=0-1=1 mod2
ct(T™'3) = ct(P~' (1) - zic(Q(P-l(m — (dgp-10y) — dpir-101)

=3 (- (d—d)=3-_+2

Cc

1 d
sinced+c=1/2 then ——— =1 and
2c ¢
ct(T™1(3) =2.
Hence (up to diagonal slides of the box containing 3) the tableau T looks like
r=(12, [3]]

and s¢(Q) = shape(T) = (Dj,D)
(2) Along the line c =1/3 the setI':(A) consists of pairs (P, Q) of tableaux on A such that
(1) Q is a filling of the boxes of A by non-negative integers such that Q(b) < Q(b")

wheneverb<b'.
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(2) P is a bijection from the boxes of A to the set of integers {1,2,...,n} such that if
b= b’ and Q(b) = Q(D') then P(b) > P(b").
(3) Q(b) <2 for boxes b e A with ct(b) = 3.
(4) Q(b1) < Q(b2) +2 for boxes by, by in the same component of A with ct(by) —
ct(by) +1=3. If Q(by) = Q(b2) + 2 implies that P(by) > P(by).
Note that A has no boxes b with ct(b) = 3, and boxes by, b, as in the diagram
below satisfy condition (4) since ct(by) =2 and ct(by) =0

A= (] Toi) o)

We list some pairs of tableaux (P,Q) € T';(A)

p Q
[3[2[1] ([o]o]o}, @)

(loT0]1},9)

] e o]
==l [l
ERS

(0]
]
=

(ol1T1} @)

([loTol2], ®)

(0]
=
N

] [<]
= ]
][]

([oT172], ®)

ﬁﬁﬁ,_\ﬁﬁﬁﬁ,_\ﬁﬁ
] ]| =] [l
] ]| [ o]
= RS

(3[2]1 (1[1]1}, )

,,
(0]
N
=

([0T212], ®)

2 883 8 38 38 8 88 8 88

,,
(0]
]
=

The tableau T for the pair (P,Q) = ((\ 3[2]1} %), (0]1]2], (25)) satisfy
BT W) =pP'3)-QP'B3)=0

ct(T™H (D) = ct(P~'3)) - i[Q(P‘l (3)) — (dpep-13)) — dpir-13)))) =0
,3(T_1(2)) = ,B(P_I(Z)) - Q(P_I(Z)) =0-1=1 mod2

1
ct(T712) =ct(P™1(2) - E(Q(P’l 2) = (dpp-1(2)) — dp(r-12)))

1 1 d
- (-(do-d)=1-—+2
20( (do —dy)) 2e T
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BT '@3)=pP 1 (1)-QP'(1)=0-2=0 mod2
-1 -1 1 -1
ct(T™'(3) =ct(P~ (1) - Z(Q(P (W) = (dgp-1q1y) — dpr1)

1 1
=2- -2~ (do—do) =2-~=-1
2c c

Then (up to diagonal slides of the connected components of each component)

the tableau T looks like

.

56(Q) = shape(T) = (DDD)

therefore
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Catalog of Unitary Spectra and graded characters

For the rational Cherednik algebra of type B, we compute the unitary spectrum, i.e. the
values for parameters (c, d) that give rise to a unitary representation of H, for n < 6. For this
we use Corollaries 8.4 and 8.5 in [H], where unitary representations are explicitly classified.
Using the main result of this thesis [T , we compute the graded character for the unitary
representation L.(A) for A a 2-partition of n and parameters ¢ > 0.

Note that if i = 0 then

v,N€Pp, and y € Ppy

hence y = (2,...,8) and the coefficients c,le, Cg)c

ment appearing in Ext is A. For this reason we will omit the column of i = 0 in the tables

. are nonzero if 7 = v = g, so the only ele-

characters.
n=1

A= (0, ). In this case the unitary spectrum is d < 1/2. For d < 1/2 the standard module
is simple. For d = 1/2 the only non-trivial Ext-group is Ext! for u=(g,]).
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A=(11,9).

FIGURE 1. Unitary

spectrum

d=1/2

c=1/2

A=(0,0)

FIGURE 2. Unitary

spectrum

TABLE 1. Character

i=1 | i=2
d+c=1/2| (0.0) |(2.H)
c=12 | (He)

d=1/2 | (@,[1])

c

TABLE 2. Character

i=1
d+c=1/2 (2.5)
—d+c=1/2 (Be)
d-c=1/2 (¢,0)
—d-c=1/2 (C,2)
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A=(111,9).

d=1/2

c=1/3

TABLE 3. Character

i=1 i=2 i=3

d+2e=1/2| (c,0) | (0.H) (szs.@

c=13 | (H9) @,as)

d+e=112 | () | (o)

d=1/2 | (g [11)
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FIGURE 4. Unitary spectrum

c=-1/3

c=1/3

TABLE 4. Character

i=1 | =2
are=e| (39) | (of)
s | (o)
d-c=1/2 | (03,0) | (¢, 010)
c=-13 | ((I11,9)




A=(m0 FIGURE 5. Unitary spectrum
d
(7%%). d=1/2
//\\%
¥y -
%
55) &
3
c
Q:%\\ _%)
%
TABLE 5. Character
i=1 =2
d+2c=1/2 (D,H) (QE)
(3.4 [Fe)+(00) [=.5)
—d+c=1/2 (F.2)
d=1/2 (O0,m)
(-33) | (@oe)+ o)+ (0H) | (Bo)+(eom)
d-c=1/2 (¢,C111)
(~43) (3. 9) + (2.011))
~d-2c=1/2 (., 2)

67
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A=(C111,9)

CHAPTER . CATALOG OF UNITARY SPECTRA AND GRADED CHARACTERS
n=4

FIGURE 6. Unitary spectrum

d+2c=12 d
X(‘\\{@
, d=1/2
(5
i
TABLE 6. Character
i=1 i=2 i=3 i=4
d+3c=1/2 | ((I11,00) (Dj) (D,) (QS,E)
d+2c=112 | (o) | (o) (@ﬁj)
d+c=112 | (o) | (o,H)

d=1/2

c=1/4 (




FIGURE 7. Unitary spectrum

d

N\%

om“’

1%

c=-1/4

c=1/4

TABLE 7. Character

i=1

i=2

d+2c=1/2 (Hj,m]

[BH)

d-c=1/2 | ((I11,0)

(¢,[1T11)

c=1/4 (E:‘,(ﬁ)

)

c=-1/4 | (O11J,9)




70

CHAPTER . CATALOG OF UNITARY SPECTRA AND GRADED CHARACTERS

1=(H e

FIGURE 8. Unitary spectrum

a
S

-1 =2 =3
vz | (o) | B0 | B
ave=12|  ([BH)+(0f]
b | E<-69 | Ba-eE | [+
e | (o) | (i
|
d-c=1/2 (.m) (0.010)
(-39) | ([FDe)+(0m) | (roo)+ (O0m) | (2,00m)
c=-172 [H0) (o)
c=-13 | (s,07D) g




A= (1T10,0)

N=4

FIGURE 9. Unitary spectrum

d
)

71
‘%) d=1/2

~oex?

(%

_ae P~

(A3

TABLE 9. Character
i i=2 i=3
v | () 5] =)
) | @Rl | () () (o) o)
—d+c=12 (Ent)
d=1/2 (0.0
(-44) | (rme)+ (OrT) (munm)
d-c=1/2 (2,CT11)
(-34) | (e + (T0)
~d-3c=1/2 (T e)
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1=(0)

FIGURE 10. Unitary spectrum

TABLE 10. Character

i=1 i=2

d+2c=1/2 (BH) (QE)

—d-2c=1/2 (Bﬂj,qs)
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N=4

1)

A=(

FIGURE 11. Unitary spectrum
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TABLE 11. Character

arec=i2 | (o) (o)
o) | @) | ([Po)+ o (=) | [He)+[+
avresn| (o) (]
d-c=1/2 (O,
) | oo
d-2c=112 (o) (oH5)
(b | EE) o) | (oF) ) o) | (5] ()
aaeeve| () (F0)
—d-c=1/2 (Cr,0)
-4 | oo

(Cro,0) + (O,)

(C,¢) + (o, L)
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N=4

(o)

FIGURE 12. Unitary spectrum

e
e

—

N
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TABLE 12. Character

d+3c=1/2 (D,E)

by o
|
(

avesiz | (s

=z | (Do) (o)
g8 | L) | (o)) Be)
d=172 (El==) (o)




FIGURE 13. Unitary spectrum

N d
> ~
153
2
A\l
N\ =
2 ©
S
Q’x T_)
(<}
N\
\f/
<
d=1/2

c=1/5

~
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FIGURE 14. Unitary spectrum
a

~




A~

FIGURE 16.

0. N=5

Unitary spectrum
a

79



80

A=(C1,0)
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FIGURE 17. Unitary spectrum
d
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. N=5
FIGURE 18. Unitary spectrum

0)

Q
Q
"o =1
- St
] =
o) 8
7N &
A2 Sos

a3 "o 2
£

5
o
wowﬁw —
- 5
=
£ o

1=(FHo)
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82

FIGURE 20. Unitary spectrum

A= (Cr,m)

2
?«wn“t

=]

=

—~io

FIGURE 21. Unitary spectrum

=1
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N=5

H

FIGURE 22. Unitary spectrum

d=-1/2
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A= (I 11,9)
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n==6

FIGURE 23. Unitary spectrum

c=1/6

FIGURE 24.

Unitary spectrum
d

c=1/6



FIGURE 25. Unitary spectrum
d

d=1/2 T

c=-1/5

FIGURE 26. Unitary spectrum
a

~

c=1/6
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r=(HH )

FIGURE 27. Unitary spectrum
a

- d=1/2

~
c=-1/3

c=-1/2Y A
c=-1/4 c=1/4

FIGURE 28. Unitary spectrum
d

d+2c=1/2
d-2c=1/2




. N=6

FIGURE 29. Unitary spectrum

d+2c=1/2

d+c=1/2

d-c=1/2

d+3c=1/2

d+5c=1/2

-d-5¢=1/2

—d+c=1/2
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1=([E0)

FIGURE 30. Unitary spectrum

d
d-2c=1/2
d+4c=1/2
c
—d-4c=1/2
—-d+2c=1/2
A=)
FIGURE 31. Unitary spectrum
d
d-c=1/2
d+3c=1/2
d-2c=1/2
c
-d-3c=1/2
—-d+2c=1/2




A= (: | "D)

FIGURE 32. Unitary spectrum
d

d-3c=1/2
d+3c=1/2

—d-3c=1/2 —d+3c=1/2

FIGURE 33. Unitary spectrum
d

d-3c=1/2
d+3c=1/2

—d-3c=1/2
d=3c=1/ —d+3c=1/2
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A= (C,m)
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FIGURE 34. Unitary spectrum
d

="
x
e
)

[\

—_—
D=
|
D=
Nl

\\1/2

Ty
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