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Introduction

Cellular algebras were introduced by Graham and Lehrer in 1994 in the paper [15] as a framework for study-
ing the non-semisimple representation theory of many finite dimensional algebras. The motivating examples for
cellular algebras were the Iwahori-Hecke algebras of type A, and Temperley-Lieb algebras, but it has since been
realized that many other finite dimensional algebras fit into this framework. For a cellular algebra one has a fam-
ily of cell modules {A(1)}, endowed with bilinear forms (:,-),, that together control the representation theory of
the algebra in question. Unfortunately, the concrete analysis of these bilinear forms is in general difficult, but in
this thesis we give a non-trivial cellular algebra over C for which the bilinear forms (:,-)) can in fact be diagonal-
ized over an integral form of the algebra, thus solving all relevant questions concerning them, and therefore, by
cellular algebra theory, concerning the representation theory of the algebra itself.

Our cellular algebra has two origins. Firstly it arises in the diagrammatic Soergel calculus of the Coxeter sys-
tem (W, S) of type A; as the endomorphism algebra A%, := End(w) of w:= stst--- of length n, where S = {s, t}. An
approach to Soergel calculus of universal Coxeter groups, in particular of type A, has been developed recently by
Elias and Libedinsky in [10], see also [8]. For type A; this approach involves the two-colour Temperley-Lieb alge-
bra but unfortunately the two-colour Temperley-Lieb algebra only captures the degree zero part of Afu, whereas
our interests lie in the full grading on AY,.

The second origin of our cellular algebra is as a certain idempotent truncation NB,_; of Martin and Saleur’s
blob-algebra from [35]. In [33] the algebras A%, and NB,_; were studied extensively and in particular presenta-
tions in terms of generators and relations were found for each of them. Using this it was shown that there is an
isomorphism A, = NB,_; where A%, is a natural diagrammatically defined subalgebra of A%, whose dimension
is half the dimension of AS,. On the other hand, we show in this thesis that the representation theory of A, can
be completely recovered from the representation theory of A%,

Similarly to the original blob-algebra, the diagrammatics for NB,,—; is given by blobbed (marked) Temperley-
Lieb diagrams, although the rule for multiplying diagrams is different. Following [33], we call NB,,—; the nil-blob
algebra, but in fact NB,_; has also appeared in the literature under the name the dotted Temperley-Lieb algebra,
see [42].

An important feature of AE, and NB,,_;, and in fact of all cellular algebras appearing in this thesis, is the fact
that they are Z-graded algebras, with explicitly given degree functions defined in terms of the diagrams. They are
Z-graded cellular in the sense of Hu and Mathas, see [20].

Our main interest lies in the representation theory of A,,. To study this, we construct integral forms A,, and
[Bflf’ , for A%, and NB,_; over the two-parameter polynomial algebra R := C[x, y] and a lift of the isomorphism
AL =NB,_; to Ay = [HSZE/ 1- The integral form A, is in fact already implicit in the setup for Soergel calculus, using
the dual geometric realization of the Coxeter group W of type A;. Under this realization, the parameters x and
y correspond to the two simple roots for W. The integral form for NB,_; is also a well-known object, since it
is simply the two-parameter blob-algebra [EBfl‘f’1 with blob-parameter x and marked loop parameter y. Thus the
novelty of our result lies primarily in the isomorphism between these integral forms, which on the other hand
has the quite surprising consequence of rendering a Coxeter group theoretical meaning to the two blob algebra

parameters for [EBfl'fl, since they become nothing but the simple roots for W.

So, via the above isomorphism, the representation theory of A,, is equivalent to the representation theory of
[EBZE’ |- For several reasons the representation theory of [EBfli/ | is more convenient to handle. Both algebras are cel-
lular algebras with diagrammatically defined cellular bases, but the straightening rules for expanding the product
of two cellular basis elements in terms of the cellular basis are easier in the [Bz'f’l setting. Additionally, there is a
natural Temperley-Lieb subalgebra TL,_; of [EBJ:I'_yl whose associated restriction functor Res is very useful for our



purposes, because Res satisfies some properties which imply a diagonalization process for the bilinear form ¢:,-)
of a cell module in [EBflf 1» and therefore, for the bilinear form of a cell module in Ay,.

The values of the diagonalized matrix associated to the bilinear form are obtained using the Jones-Wenzl
idempotent elements for TL,. The determination of these coefficients constitutes the main calculatory ingredient
of our thesis. Although one may possibly not have expected Coxeter theory to appear in this calculation, the result
turns out to be a nice product of positive roots for W.

This work is partially motivated by the paper [44] in which a diagonalization of the bilinear form for the cell
module for A, is obtained, in fact the results of [44] are valid for a general Coxeter system. Unfortunately, as was
already mentioned in [44], the diagonalization process in that paper does not work over R itself, but only over the
fraction field Q of R, since it relies on certain Jucys-Murphy elements for A, that are of degree 2, and not 0. As a
consequence the Z-graded structure on the cell module for A,, breaks down under the diagonalization process in
[44]. The diagonalization process of the present thesis, however, which is based on the Jones-Wenzl idempotents
that are of degree 0, resolves this problem at least for type A,

After the diagonalization process, we use the results to set up a version of the Jantzen filtration formalism for
the graded cell modules of A, using its bilinear form, and later, to set up a graded sum formula that holds at
enriched Grothendieck group level.

The layout of the thesis is divided in two chapters. Chapter 1 recalls preliminary concepts. In section 1 we
recall the original definition of Jantzen filtration over a principal ideal domain and the sum formula. In section
2 we recall the concept of cellular algebra, cell module and its bilinear form, adding as example TL,. In section
3 we define the Jones-Wenzl idempotent elements JW, in TL, and show several properties that JW, holds. In
the last section of this chapter we define de Soergel calculus algebra A,, in our particular context, its light leaves
basis, and show a non-recursive formula that light leaves hold.

Chapter 2 develops the main content of our work. In section[I]we introduce some notation that shall be used
throughout the thesis and recall two additional algebras that play a role throughout: the blob algebra By and
the nil-blob algebra NB,,. We also recall how each of them fits into the cellular algebra language. In section [2|we
introduce the subalgebra A, of A,, and show the isomorphism [EBflf' | = Ay that was mentioned above. We also
show how the cellular algebra structure on A,, induces a cellular structure on A,, and that there is an isomor-
phism AE_I (1) = A, (v) between the respective cell modules for [Bflf' pand Ay. In sectionwe consider a natural
filtration of ResAE(A) where Res is the restriction functor from [Bz‘f'l-modules to TL,_;-modules. We show that
the Jones-Wenzl idempotents JW; for TL; where k < n—1 can be used to construct sections for this filtration and
to diagonalize the bilinear form ¢, ‘>E—1, aon A%_l (A). In sectionwe prove the key Theorems and that
were already mentioned above. They allow us to give concrete expressions for the diagonal elements of the ma-
trix for ¢, '>E—l, 1 which, as already mentioned, turn out to be products of positive roots a for W. In section |5/ we
give a description of the reflections s, in W that correspond to the positive roots of section[4 Finally, in section
[6] we use the results of the previous sections to give the graded Jantzen filtration with corresponding graded sum
formula.
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CHAPTER 1

Preliminaries

1. Jantzen filtration over a principal ideal domain

In this section we recall definitions and results about the Jantzen filtration, originally defined in [24] for
Verma modules. In this case, we consider a more general and simple version of the Jantzen filtration, follow-
ing [22] and [23], where the construction of the filtration is defined over a principal ideal domain. In this section,
we chose this version of Jantzen filtration because we don’t work over Verma modules in this thesis.

Let R be a principal ideal domain and p € R prime. Let v, the p—adic valuation over R, i.e., v,,(a) = n if p"
divides a but p"*! doesn’t divide a. Let M be a free R—module of finite rank r equipped with a non-degenerate
symmetric bilinear form (:,-). For each non-negative integer n we define

Mn)={meM:(m,M)e p"R}.
From this definition we have the following filtration:
M=MO0O2M1)2M?2)=2...

Now, let be M = M/pM. Then M is a vector space over R := R/pR. So, if we consider M(n) as the image of
i(M(n)) under reduction modulo p, where i : M(n) — M is the natural embedding, then we have the following
filtration of R—vector subspaces:

M=M0)2M(1)2M2)2..
called Jantzen filtration.

For the rest of this section we will need the following definitions and results from Module Theory over a
principal ideal domain.

LEMMA 1.1.1. Let R be a principal ideal domain. Let M be a free R—module of finite rank r, and let N be a
submodule of M. Then:
(1) N is free R—module of rank s<r.
(2) There is a free R—basis {by, by, ..., b} for M and non-zero elements {a,, az, ..., as} such that a)|az|---|as and
{a1b1, az s, ..., asbs} is a free R—basis for N. In other words:
N= @ Ra;b;.
l<is<s
DEFINITION 1.1.2. Let R be a ring. Let M be an R—module. We define the dual module of M as M* =
Homg(M, R).

LEMMA 1.1.3. Let R be a principal ideal domain and M a free R—module of finite rank r. Then, M* is also a
free R—module of rank r.

LEMMA 1.1.4. Let R be a principal ideal domain and M a free R—module equipped with a non-degenerate
bilinear form (-,-). Then the function
¢:M— M"Y
defined by
¢(m) =(m,)
is an isomorphism, where M" :={(m,-) : me M} c M*.

LEMMA 1.1.5. Let R a principal ideal domain. Let M a free R—module of finite rank r and M* its associated
dual module. Let (-,-) a non-degenerate symmetric bilinear form over M. Then there are:

o A free R—basis (e}, ...,e;} for M*
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e Afree R—basis {fi,..., fr} for M
o A set of elements {ay, ..., a;} € R such that

(fi,) = aie}
foreachie{l,2,..,r}.
Proof: Let N = MY, with MV from Lemma Since (-,-) is non-degenerate, then by Lemma we have
that N is a free R—submodule of M* of finite rank r. Additionally, from Lemma there is a free R—basis
B* ={ef,e],...,e;} for M*, where B* has exactly r elements by Lemma and also there is a set of non-zero

elements {aj, ay,...,a,;} < R such that By = {a,e],ae;,...,are;} is an R—basis for N. Now, by Lemma for
each 1 < i <r there is a unique element f; € M such that

O(fi) = aje;.

So, the set Bys = {f1, f2,..., fr} is an R—basis for M because ¢ is an isomorphism. Finally, by definition of ¢ we
have that ¢(f;) = (f;,-) for each 1 <i <r, and then

(fi,) = aje]

foreachl<i=<r. O

REMARK 1.1.6. In the previous lemma the R-elements {a, ay, ..., a,} also satisfy the divisibility relation a|ay|- - -|a;,
because they are given by Lemma

Now, the main result of this section, known as Jantzen sum formula.

THEOREM 1.1.7. Let R be a principal ideal domain and p € R prime. Let M be a free R—module of finite rank
r, equipped with a non-degenerate symmetric bilinear form (-,-) of non-zero determinant D with respect to some
R-basis for M. Let v, M(n), R and M(n) be defined as before. Then the following equality holds:

vp(D) =) dimg M(n).
nx=1
Proof: From Lemma there are:

* Afree R—basis B* ={ej,e;,...,e;} for M*.
o A free R—basis By =1{f1, f>,..., fr} for M.
¢ A set of nonzero elements {ay, ay, ..., a,} < R such that

(fi,) = aje;.
Let B ={ey, ey, ..., e;} be the R—dual basis for M with respect to B*, i.e.,
ejle) =bij
where §;; is the Kronecker delta. Let n be a non-negative integer. First of all, we need to know how M(n) is

generated, and then apply reduction modulo p to obtain a basis for M(n). So, let f € M. Since B is basis for M,
there are elements {cy, ¢, ..., c;} € R such that

= cifi.

i=1
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So,

feMn) o (f,M)cp"R
< (f,e)) ep"R Yi

r

< | Y cifjei|ep"R Vi
j=1
.

o ch(]‘j,ei)ep”}? Vi
j=1
.

o chaje}f(e,-)ep”R Vi
j=1

@iCjajﬁjiEPHR vi
j=1

< cia; € p"R Vi

S vplcia)=zn Vi

S vple)+vpla))zn Vi

e vple)zn—vpla) Vi

Here, we have two possibilities for each c;:

e If n—vp(a;) =0 then v,(c;) 20, and this implies that ¢; € R without restrictions.
o If n—vp(a;) >0 then v,(c;)v=n-vpy(a;) >0, and this implies that c; € p”‘vﬂ(“l’)R.

So, we have

M(n) = @ Rfi® @ pn—vp(ai)fl,’

itn—vp(a;)<0 ivp(a;)>0

and applying reduction modulo p on this equality we obtain that

M= €& Rf,

itn—vp(a;)<0
and this implies that
dimﬁM(n) =#{i:n-vp(a;) <0

With this, we have the following expression for the right-side of the sum formula desired:

dimsM(n) = #li:n—-vy(a;) <0}
1 R 1 P
n= n=

Y #i:n-vy(a;) <0}

n=1

r
Z Vp(ai)-
n=1

;
Let D be the determinant of the associated matrix for (-,-) with respect to B. We show that D = Z vpla).
n=1
Since B is also a basis for M, there is a matrix X = (x; ;) € GL,(R) such that for each j€{1,2,...,r}

r
ej=) x;fe
k=1
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So,
D=det((e,-,ej))

1<i,j<r

r
= det (ei, Z xk,jfk)
k=1

= det i Xk, j (ei’fk))
k=1

1<i,j<r

=det Zr: Xk, j (fk» ei))
k=1

1<i,j<r

.
=det| ) xi; ake,t(ei))
k=1 1<i,j<r

r
= det Zxk,jakék,-)

k=1 1<i,j<r
=det(xi,ja,~)l<_ )

<i,jsr

=

Il
.:‘

Il
—

a; -det (x,‘,j)

1<i,j<r

Il
.:l“

Il
—

a; -det(X),

but det(X) is a unit of R because X € GL,(R). Then, modulo multiplication by units, we have that

;
D= H a;
i=1
and therefore

r (o]

r —
vp(D)=v, (]"[ ai) =Y vpla) =) dimzM(n).
i=1 i=1 n

= =1
O

From the Jantzen sum formula of Theorem [1.1.7| we know that the determinant D of the associated matrix
for the bilinear form (-,-), denoted by M., contains information about how the R-modules M(n) are generated,
and so on, about how the R-modules M(n) are generated. In other words, knowing the associated matrix for (-,-)
we can find values for dimp M(n) and dimﬁm, for each non-negative integer n. Moreover, from Lemma
we have that the elements {a;, ay, ..., a,} correspond to the diagonal of the Smith Normal Form, denoted by M,
of M., that is:

a 0 0 .. 0
0 a 0 .. 0
My =
0 0 0 ... a

So, knowing M, we can find values for dimg M(n) and dimﬁM (n), and then obtain a sum formula.

EXAMPLE 1. Let M be a Z-module with basis {e;, e, e3}, equipped by a non-degenerate symmetric bilinear form
(-,+) with associated matrix

5 -2 7
Moy=| -2 o0 -2
7 -2 1

The Smith Normal Form of M.y is
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1 0
My=|0 4
0 0

© © O

then D = det(My) = 32. If we consider p =2, then v, (D) =
about the Z-modules M(n):

&)l

. Now, seeing M, we give the following information

M@O) =M
MQA)={meM:(m,M)c27}
= Spany{2b1, b, bs)
MQR2)={meM:(m,M)c4z}
=Spany(4by, by, b3)
M@)={meM:(m,M) c87}
= Spany{8b1,2by, b3)
M(k) = {me M: (m, M) c 2€7}
=Spany (Zkbl,Zk_zbg,Zk_3b3> para k >3

where {by, by, b3} is another basis for M obtained after the diagonalization process to get M. Therefore, apply-
ing reduction modulo p = 2 we obtain information about the M(n) modules:

M©O0)=M

M(1) = Spang, (b2, bs)

M(2) = Spang, (b,, bs)

M(3) = Spang, (bs)

M(k) =0 para k>3
where we can verify the Jantzen sum formula:

Y dimzpM(i) =2+2+1=v,(D).

i>0
2. Cellular algebras

In this section we recall some definitions and examples related to the concept of Cellular Algebra, which
was introduced for the first time by Graham and Lehrer in [15]. This concept is fundamental in our thesis be-
cause all algebras considered in this work are cellular algebras, so, to study these algebras from the perspective
of cellularity will be very useful in order to reach our main goal.

DEFINITION 1.2.1. Let A be a finite dimensional algebra over a commutative ringk with unity. Then a cellular
basis structure for A consists of a triple (A, Tab, C), called cell datum for A, such that A is a poset with ordering
given by <, Tab is a function on A with values in finite sets and C : [[c5 Tab(1) x Tab(1) — A is an injection such
that

{C}|s,teTab(A), L€ A}

is a k-basis for A: the cellular basis for A. The rule (C?t)* = C?s defines a k-linear antihomomorphism of A and
the structure constants for A with respect to {C ft} satisfy the following condition with respect to the partial order:
forall ae A we have

aCl =Y rusaCl, mod A<* (1.1
ueTab(1)

where A<* is the k-submodule of A spanned by the set {Cﬁft |s,t€Tab(A) and p < A} and where rysq € k.

In each cellular algebra there are the following modules.
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DEFINITION 1.2.2. Let A a cellular algebra with cell datum (A,Tab,C). For A € A we define the cell module
A(A) as the k-module with basis given by the symbols {C}| s € Tab (1)} and A-action given by the equality

aCl= Y ruCl mod A< 1.2)
ueTab(1)

where 154 € k are the same scalars of Definition[1.2.1] (which not depend of t in the previous definition).
Additionally, a cell module A (1) can be equipped by the following bilinear form.
DEFINITION 1.2.3. Let A a cellular algebra with cell datum (A,Tab, C), and let A € A. Then, for the cell module
A(A) we define the bilinear form (-,-) using the following equality
chch =t chicl, mod A (1.3)
where a, b, s, t € Tab(A).
LEMMA 1.2.4. In Equation the value of (C;l, C?‘) 1 doesn’t depend on the elements a, b € Tab(A) chosen.

Proof: Applying the A-action defined in to the product C Cfb we have that

crel="Y r,cCh mod A (1.4)
ueTab(ty — °©
and by the equality[1.3]we have that
(CHCIA= Tyt (1.5)

and therefore (C;l, C?) 1 doesn't depend of b. On the other hand, applying the anti-homomorphism * on we
have that

cpct =t chicl, mod A (1.6)
but by the product Cgtcgla is
A ~A A A
C,,Coa= > Tusc}, Cua mOd A, (1.7)
ueTab(A)
which implies that
ct,ch, = Fhsch (1.8)
and therefore (C?, C?) 1 doesn’t depend of a. O

The following lemma is a property of the bilinear form (-, -),.

LEMMA 1.2.5. The bilinear form (-,-yy of A(A) is symmetric. In other words,

(€t,chr=<ct.chn (1.9)
forall s, t € Tab(A).

Proof: Let s,t € Tab (A). By Definition we have the equalities

chch =t .chacl, mod A (1.10)
ch ¢t =cl,ch,cl,, mod A (1.11)

for any a,a’,b,b’ € Tab(A). So, if we consider a=b' = r and b = d’ = s then the equalities (I.10) and (L.I1)
implies the following equalities, respectively:
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ctcl =t ch,cl mod A=A 1.12)
ctcl =«ct,ch,cl mod A<M (1.13)

Now, applying the anti-homomorphism * on (I.12) and considering that r* € A<M for all r € A<} we have that

CiCh=(Cl,chacl mod A = (clch) = cl,chy(cl) mod At -

= Cchcl =«cl,chicl mod Ah

Therefore, from equalities (1.13) and (I.14) we have that <C?,C;1) 1= <C?,C§1) 1 O

The previous definitions are abstract. So, for understanding them we consider it necessary to give a classical
example. In this thesis we shall consider several diagram algebras which are also cellular algebras. Possibly the
oldest and most studied diagram algebra is the Temperley-Lieb algebra. It arose in statistical mechanics in the
seventies. In the present thesis we shall use the following variation of it.

Let R=C.

DEFINITION 1.2.6. The Temperley-Lieb algebra TL,, with loop-parameter —2 is the R-algebra on the generators
Uy, ...,Upn—1 subject to the relations

U = -2y, ifl<i<n (1.15)
[U,'[Ulel'ZlUi if|i—j|=l (1.16)
[Ul'lU]'Z[Uj[Ui ifli—jl>1. (1.17)

As already indicated, TL, is a diagram algebra. This fact plays an important role in our thesis, and let us
briefly explain it. The diagram basis for TL, as diagram algebra consists of Temperley-Lieb diagrams on n points,
which are planar pairings between n northern points and »n southern points of a rectangle. The multiplication
D, D, of two diagrams D; and D, is given by concatenation of them, with D, on top of D;. This concatenation
process may give rise to internal loops, which are removed from a diagram by multiplying it by —2. For example,
if we consider the elements

eTLs (1.18)

we have that

(1.19)

The isomorphism between TL, and its diagrammatic version can be reviewed for more details in, for exam-
ple, [26] and [27]. So, under this isomorphism, we have that
i

| :

From now on, simply we use 1 and U; for the diagrams generators of the diagrammatic version of TL,.

1— and U; — (1.20)
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We now return to the cellularity concepts. To make TL, fit into this language we choose the following cell
datum for TL,;:

e k=R

e A=Ay:={n,n-2,...,1} (or A:= A, ={n,n-2,...,2,0}) if n is odd (or even), with poset structure inherited
from Z.

e For A € A, we choose Tab(1) to be Temperley-Lieb half-diagrams with A propagating lines, that is
Temperley-Lieb diagrams on A northern and n southern points in which each northern point is paired
with a southern point.

* For s, 1 € Tab(1) we define C?[ to be the diagram obtained from gluing s and the horizontal reflection of
t (denoted by t*), with s on the bottom. In other words, C?[ = st*. Here is an example of this gluing
process with n =8 and s, £ € Tab(2):

) v vV
(s,t)z(m A | |f\| | ~ A)Hcf,zst*: (1.21)

(~\ N

With the above cell datum selection for TL, we have the following result.
THEOREM 1.2.7. The above triple (A, Tab, C) makes TL,, into a cellular algebra.

Proof: This follows directly from the definitions. O

Now, considering the importance of A ()L) and its bilinear form ¢:,-), for the representation theory of TL,
mentioned in the introduction, we need to describe in another way the bilinear form, or in other words, how the
bilinear form is calculated under the cell datum selected. From now on, we denoted by 1,, the identity on TL,,.

Fix a A € A. First, a property in Tab.

LEMMA 1.2.8. Let s€Tab(A). Then
ss=(=2)"71,. (1.22)

Proof: From the definition of Tab we have that s has "gl arcs and A propagating lines, where arc means pairing

between two southern points of s. Furthermore, the s*s diagram connects each propagation line of s with its own
image under the horizontal reflection. So s*s again has A lines of propagation. On the other hand, the diagram
s*s connects all the arcs of s to its own image under the horizontal reflection, generating a loop for each arc of s.

So, s*s has exactly ”%’1 loops, and therefore

« n=A
sTs=(-2) 7z 1,.
O

Now, a particular description of {-,-); in TL,. For this, we denote coefy, (D) to the coefficient of 1, in the
expansion of D in terms of the cellular basis.

LEMMA 1.2.9. Let s, t € Tab(A). Then (C},Ch ) = coefy, (Cﬂt)

Proof: Let s, t € Tab (A). By Definition we have that

chch =t chicl, mod A (1.23)
for any a, b € Tab ()L), and by cell datum setting chosen for TL, we have from (1.23) that

as*tb* = (C},ch,ab* mod A< (1.24)
for any a, b € Tab (). Now, if we multiply by a* on the left side in and by b on the right side in (T.24), and

applying Lemma |1.2.8| we have that
s*t=(c},c}1) mod A<, (1.25)
because gr € A<* for all q € Tab (1) and for all r € A=A, Therefore, the previous equality implies that (C2, C?) A 1s
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the coefficient of 1, in the diagram s*t, but s*t = CX .. This completes the proof. O

s*r*”

The last Lemma is very useful for calculating values of the bilinear form bypassing its definition. It is im-
portant to say that analogues of Lemma holds for others cellular algebras which we will use in the next
chapter.

3. The Jones-Wenzl elements in Temperley-Lieb algebra

In this section we discuss the Jones-Wenzl elements in Temperley-Lieb diagram algebra TL,, their construc-
tion and some useful properties for our thesis. For this, we consider some notations.

If Dy and D, are two diagrams of TL, we use the tensor product D; ® D, for horizontal concatenation, with
D> on the right of D;. Now, in this case, we consider the following definition of these elements, which was used
in [43].

DEFINITION 1.3.1. Define the Jones-Wenzl elements in TL,, via the following recursion relation:
Jw, =1, (1.26)
and
W, =JW,_1®1; + nT—l (Wpo1©11)Upog JWpo1 ®14). (1.27)

In the diagram representation, we use the standard rectangle notation to indicate JW,, , as follows:

JW, = (1.28)
and
I o o o I I
Janl
| I I I A I | | I I I N
n—-1
JW,, = JW,, 1 + st (1.29)
n
1 e T 1T 1T 1 T 1T« 1 T 1 IW,

These elements have several useful properties for our thesis.

LEMMA 1.3.2. For a positive integer n > 1 the following equality holds:

Wy @ 1)Uy = Uy (JWy-1 ©12) (1.30)
Proof: Direct from definition. O

LEMMA 1.3.3. For a positive integer n we have the following equalities:

JW2 =JW,,, (1.31)
2 n+1
(run(]wn@ll)) = —— U, (W o 1) (1.32)
and
2 n+l
(oW, e11)U,) == —— (W, 8 1,)Uy. (1.33)

In diagrams, equations (1.31), (1.32) and (1.33) are the following equalities respectively:
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TWn I N
| --- 1 [ 1 = IW, , s
IW,, e T 1T 1
T T T 1
Leec 1 1 1
JWn
b IR N
[\ e
_ e
TW,, , (1.35)
IJW,, o o o U
U n+1
¢ o o - " an
[\ — | (1.36)
JW,
T 1

Proof: By induction on n. We only show the proof of equalities (I.31) and (1.32), because the proof of (1.33) is
similar to the proof of (1.32). We start with the initial case n = 1. For the first equality we have that

JWi=12=1; = JW,.
For the second equality, we have that its left side is

2
([Ul U 11)) =(UiLL ® 11)2 = ([U12)2 =U3 = -2U,

and its right side is

1+1
_T[Ul (W1 1) =-2U,1, = -2U);,
therefore, (I.31) and (1.32) hold for n = 1. Now, we assume by induction that
JW2_| =W, (1.37)
and
2 n
(Vs (W1 011)) == U Wy 01,). (1.38)

By the recursion formula from for JW,, and applying the idempotence of JW,,_; we have that
W, 18 11)JW, =JW,, (JW,,_1 ®1;) = JW,,. (1.39)
To obtain (I.32), we consider the following equality from the definition:
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-1
Un (W ©11) = Uy (W51 8 1) + “——Uy ((W,r-1 ©12) Uyt (W51 @ 1) (1.40)

and multiplying by U, we have that

n-1
Un (Iwn ® 11) U, =Uy (]Wn—l ® 12) Up+ T[Un (Iwn—l ® 12) Un-1 (Iwn—l ® 12) Un

) -1
—2U, (W, ® 1) + "T (W1 © 15) Uy, (JW,i_; ® 1).

Therefore, multiplying the last equality by (JW, ® 1;) we obtain

2 -1
(Un (W2 8 11))" = =20, (Wir-1 ©12) (W, 8 1) + T (IW,1-1 ©112) Uy (IWy-1 & 1) (W, 0 11)
( ),(1.. _].
C0EID oy, oW, ®1,) + ”T[Un W,y ® 1) (W, @ 1)
—2U, (W, ®1;) + —”; LU, (W, o 1)

n+1
=- n Un(lwn®11)y

then, by induction, (I.32) holds for every positive integer n. On the other hand:

2

-1
JW2 = (an—l ®1;)+ nT W,_181;)U,; JW,- 1 ®14)

n-—1 n-—1
= (W, 81,)° + — (W@ 1)U, (W, 1) + — Wy 1811)Upy Wy @ 1)

n-1\?
+( - ) W1 011) U1 (JWp1 @ 14) JWpm 1 @ 1) Uy JWym ®14)

2(n-1)

2 2
(OWpo1911)Upog JWpo1 ®14) + (HT) OW,-1914) ([Un—l (W1 @ 11))

(38) 2(n—-1 -1\?( -
(IWn—1®11)+( (nn )+(n ) ( n ))(]Wn—1®11)[Un—1UWn—1®11)

@(Iwn—l®ll)+

n n-1
-1
=(IW,181;) + nT W1 811) Uy JW, 1 ®14)
—JW,,.

Then, by induction, (1.31) holds for every positive integer n.

LEMMA 1.3.4.
UiJW, =JW,U; =0
foralll<i<n.

Proof: By induction on n. We will show the proof of the equality U;JW,, = 0. The initial case is n =2, then i = 1.
In this case,

[ U

_ 1
IW2 | = t 3 (1.41)

1 N
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So,

IW, U+ v,
U W, = U —%O U 1[\+U0'
N N

We assume by induction that U;JW,,_; =0 for all i < n—1. So,

n-1
UidWy, = Ui IWp-1 @ 1) + ——=U; (W1 © 11) Up—y W1 ©11). (1.42)
Here we have two cases. If i < n—2, then U;JW,, =0+ 2-1.0-U,_; (JW,_; ® 1) = 0 by hypothesis. On the

other hand, if i = n —1 then we have that

i=n— n—-1
Ugw, "% ltun_l(lwn_lmlhTun_l (W1 8 1)Uy JW, 81))

1 2
=Up Wp1®11) + nT (Un—l wW,_1e 11))

L33 n-1 -n
Lemm:a [Un—l an—1®11)+_‘
n n-1

Up-1 (JWp-1®14)
=0,
and by induction the equality U;JW,, = 0 holds. The proof of JW,U; = 0 is analogue. 0
LEMMA 1.3.5.
coefyJW,) =1, (1.43)
where coef, JW,,) denotes the coefficient of 1,, when JW,, is expanded in the diagram basis for TL,,.

Proof: By induction on n. The case n =1 is direct because JW; = 1;. Now, we assume by induction that
coef; JW;,_1). So, by definition of JW,, we have that

(1.44)

coef; JW,,) = coef; (

By hypothesis we have that

doesn’t contain the 1, in its expansion

in terms of the basis. If we suppose that D contain the 1, in its expansion in terms of the basis, then the upper
cup and the lower cap in the rightmost side of D must be connected through the rightmost vertical line bewteen
the two JW,,_; elements of D. This fact is illustrated with a blue lines in the following image:

I e o o I
JWn—l

)
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So, if 1,, appears in this diagram D, the n—2 vertical lines in the bottom boundary of the JW,,_; (the JW,,_; in
the south of D) should be connected with the n — 3 vertical propagating lines from the top boundary of the same
JW,,_1 , which is impossible. Therefore, coef; (D) = 0 and by induction the lemma is proven.

Od

REMARK 1.3.6. This lemma implies that JW, is a non-zero element of TL,, because coef; (IW,,) =landl, ¢
Spanc{U,...,Up_1}.

The last three lemmas give us a characterization of the Jones-Wenzl elements. In other words, we have the
following lemma.

LEMMA 1.3.7. Let e be a non-zero element in T, such that
(1) e=e
(2) Uje=eU;=0foralll<1<n.
Then e =JW,,. In other words, JW,, is the unique non-zero element of TL,, that satisfies (1) and (2).

Proof: Let U the two-sided ideal generated by Uy, ...,U,—1. Since e€ TL,, and 1, ¢ U/, then there is a scalar ¢ € C
such that

e=al,+u, (1.45)

where u € U. Now, since e is idempotent by (1) we have that

2
al,+u=(al,+u)” =a’l,+2au+u?

and this implies that a = a?. Therefore, « =0 or @ = 1. If @ = 0 then e = u, and by (1) this fact implies that

e = e? = eu =0, which is a contradiction. Thus a = 1 and

e=1,+u. (1.46)
On the other hand, we have by Lemma that
W, =1,+u/, (1.47)

where u' € U. So, multiplying on the left of (I.46) by JW,, and on the right of (L47) by e we have the following
equalities respectively:
JW,e=JW,1,+JW,,u=JW,

Wpe=1,e+u'e=e,

then e =JW,,.
O
Now, a simple but very useful property of JW,, called usually absorption.
LEMMA 1.3.8. For all m < n the equality
(]Wm ® ln—m) JW, =JW, (1.48)
holds.
Proof: By induction on n. The initial case n =1 is trivial. Now, we assume by induction that
(]Wm‘g’ln—l—m)lwn—l =JW;1 (1.49)
for all 1 = m < n—1. In diagrams the hypothesis is:
| - - | I |
JW, | o |
[ ... 1 = JW, 1 . (1.50)
JW,, e e

So, if m < n we have by definition the following:
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JWn—l
l I | l L 1
JW,, JW, . e
n—1
(]Wm@ln—m)]Wn: - .. ] = | o .. 1 + = IW,_,
w,, W,
| . |
T ... 1 . 1
JW‘NL .o
... 1
l | 1
an—l
Hvooth L | I |
thesi 1.3.3
ypothesis o; emmal W, I %
I Il W, ,
| [
:le’h
and this concludes the proof. O

Finally, we will show another recursive definition for the Jones-Wenzl elements, which will very important in
some calculations of this thesis for getting our main result.

LEMMA 1.3.9. For a positive integer n the following recursive formula holds:

n-1
IW, _ IW, + Z% W (1.51)
T T T T T T 1711 | " ——

where the number j indicates the position of the arc and the initial case is JW; = 1;.

Proof: By induction on n. If n =2 we have from (I.41) that

(1.52)

and the recursive formula (I1.5I) we have that

D=
J’_

then the recursive formula of this lemma holds for n = 2. Now, we suppose by induction that (1.51) holds for n—-1,
i.e., we suppose that

IW,_y = Iw., +y L W, : (1.53)
s T T 1 T 1 jFn-l

So, for JW,, we have
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JWn—l
| I |
def n
- IW,, + o=l
| I IW,_,
| L
J
ARl Nl
W, ce.
| 1 JWos
53 W N n-1 =
B T n +Z n—1
| L 7=l
IW, 1 IW, 1
| I | I
J
et | [ | R |~
emriilas IW,, na —
n J
T 1 IW,_y +;n71 IW,_1
| ! - T 1
J
| | 1 A
n-1 n—1
— IW,_, - j ce
. T 1 —n-1 IW,, 4
[ e oo ] |
J
| »c - | | nflj ‘ ‘ V //
= Iw,., +) " ie . ,
e T 1 J=1 IJW,
e T T 1
and by induction the proof is finished. O

4. Soergel Calculus

To any Coxeter system (W, S), Elias and Williamson associated in [11], a diagrammatic category Dw,s). We
fix S:={s, t} and let W be the Coxeter group on S given by

W= (s t|s*=t*=e) (1.54)

that is, W is the affine Weyl group of type Aj, or the infinite dihedral group with Bruhat order < chosen such that
1 is the minimal element. The definition of D 5y depends on the choice of a realization b of (W, S), which is a
representation ) of W over C, arising from a choice of simple roots and simple coroots, see [11} Section 3.1]. In
[33], the realization h was chosen to be the geometric representation of W defined over C, see [21} Section 5.3],
with coroots a,a; being a basis for ) and roots a;, a; € h* given by

as(a) =2, ai(a))=-2, as(af)=-2, a,(af)=2 (1.55)
that is @ = —a,;. With this choice of realization of (W, S), the symmetric algebra of the dual representation is

R:=8(h*) =Cla;], or simply a one-variable polynomial algebra.

In this thesis, we choose for realization h of (W, S) the dual of the geometric representation. To be precise,
we choose § to be the C-vector space of dimension two, containing an element ay = —a\[’, such that for a basis
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as, a; for h* the relations (1.55) hold. For this choice of ) we have that
R=S(H") =Clas,a;] (1.56)
that is R is a two-variable polynomial algebra.

We consider R to be a Z-graded algebra where deg(a;) = deg(a;) = 2. The action of W on h* is given by the
formulas
Sas=—ag, SAr=a;+2a;, ta;=—a; a;=as+2a;. (1.57)

It extends to an action of W on R and so we have the Demazure operators 9,0, : R — R defined by:

_f-sf _f-tf
05(f) = e 0:(f) = o (1.58)
We have that
Os(ag) =0 (ay) =2, 0Os(ay) =0:(as) =-2. (1.59)

Let us now briefly explain the definition of the diagrammatic Soergel category Dw,s) for our choices. Let exp
be the set of expressions over S, that is words w = s;, s;, - -+ 5i,, in the alphabet S. We consider the empty expression
w =@ to be an element of exp.

DEFINITION 1.4.1. Let (W, S) be as above. A Soergel diagram for (W, S) is a finite graph embedded in R x [0, 1].
The arcs of a Soergel diagram are coloured by either colour red or colour blue, corresponding to the elements of
S. The vertices of a Soergel diagram are of the four possible types indicated below, univalent vertices (dots) and
trivalent vertices where all three incident arcs are of the same colour.

Lt AA

A Soergel diagram has its regions, that is the connected components of the complement of the graph in Rx [0, 1],
decorated by elements of R. For simplicity, we omit the decoration 1 € R when drawing Soergel diagrams.

A vertex of an arc of a Soergel diagram that belongs to the boundary of the strip R x [0, 1] is called a boundary
point. We say that an arc / of D is a boundary dot arc if one of its vertices is a dot and the other one is a bound-
ary point. The left to right reading of the boundary points gives rise to two elements of exp called the bottom
boundary and top boundary of the diagram, respectively.

DEFINITION 1.4.2. The diagrammatic Soergel category Dy,s) is the monoidal category whose objects are the el-
ements of exp and whose morphisms Homp(x, y) are the R-modules generated by all Soergel diagrams with bottom
boundary x and top boundary y, modulo isotopy and modulo the following local relations

- ‘ (1.61)
X
] — (1.63)

f ‘ = ‘ sf  + #agf (1.64)
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Q — (1.65)

where the relations (L.61)—(1.65) also hold if red is replaced by blue.

For f € R and D a Soergel diagram, the product f D is defined as the diagram obtained from D by replacing the
polynomial g of the leftmost region of D by fg. The multiplication D) D, of diagrams D and D> is given by vertical
concatenation with D, on top of Dy, where regions containing two polynomials are replaced by the same regions,
but containing the product of these polynomials. The monoidal structure is given by horizontal concatenation.
There is a natural Z-grading on Dqw,s), extending the grading on R, in which dots, that is the first two diagrams in
have degree 1, and the trivalents, that is the last two diagrams in (1.60), have degree —1.

REMARK 1.4.3. For more details concerning the definition of Dy s) one should consult [33] or the original
paper [11]. Note that apart from the choice of realization of (W, S), the relations appearing in Definition (1.4.2)
also differ slightly from the ones appearing in the corresponding Definition 3.2 in [33]. To be precise, in Definition
3.2 of [33], there is a final relation

fiD =0 (1.66)
where D is any Soergel diagram and f is any homogeneous polynomial of strictly positive degree, multiplied on
the left on D.

DEFINITION 1.4.4. We define D‘E:W' s) 1o be the category obtained from Dw,s) by adding relation (1.66).

REMARK 1.4.5. It is shown in [11] that there is an equivalence between Dy s) and the category of Soergel

bimodules for (W, S). It induces an equivalence between D‘EW s and the category of Soergel modules.

Let now n be a fixed non-negative integer and define w € exp of length 7 via
Ww:=Sts--- (1.67)

such that the first generator of w is s but the last generator depends on the parity of n. We then introduce A, as
follows
Ay :=Endp, ¢ (W). (1.68)

By the definitions, A,, is an R-algebra with multiplication D; D, given by concatenation of D; and D, and
scalar product fD by multiplication of f with the polynomial appearing in the leftmost region of D. Its one-
element is denoted 1, and is as follows

1= (1.69)

For general (W,S) there is a, somewhat unwieldy, recursive procedure for constructing an R-basis for the
morphisms Homp(x, y), for any x, y € exp. It is a diagrammatic version of Libedinsky’s double leaves basis for
Soergel bimodules defined for the first time in [30], and the basis elements are also called double leaves. The
double leaves basis was used, for example, to calculate counterexamples for the Lusztig’s conjecture, see [31] and
[47]. This fact is an example to show the importance of this concept. Now, returning to our context, for W the
infinite dihedral group, there is however a non-recursive description of the double leaves basis that was shown in
[29] and also was used extensively in [33], and that plays an important role in the present thesis.

The double leaves diagram basis elements for A, are built up from top and bottom ‘half-diagrams’, sim-
ilarly to Temperley-Lieb and blob diagrams. Let us explain these half-diagrams, called light leaves, and their
non-recursive description in order to describe the double leaves basis. For this, we need to introduce some com-
binatorial concepts and notations related to subexpressions used in [44] but slightly modified for our selection of
w.
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Continuing with w fixed in (2.21), we define, for all 1 < j < n the element of exp give by

w/ = st---s
— N——
J generators
where s = s if j is odd and s = t if j is even, and where we consider the initial case w® = 1. Also we fix a binary
sequence e = (e, ez, ..., e,), that is, e; € {0,1} for each 1 < i < n, and we define e/ := (e1,e,...,ej) foreach 1= j=<n.
Additionally, for each j € {1,2,...,n} we define
w®/ = 5% 1%5% ... 5% € exp
and
w =502 5% .. 5% e W,
where the last generator in both cases is, again, s = s if j is odd and s =t if j is even. Also we consider the initial
cases
w®=1and w®°=1.

For example, if w = ststs and e = (1,0,1,1,1) then we have the following elements using the above notation:

J we! w!
01 1

1] s s

2 [ s s

3| sTe0sT 1

4 | sTe0sTeT t

5 sTe9sTelsT | ¢s

Now, the pair (w, e) gives rise a sequence of n symbols T = (3, t3, ..., t;) defined by the following rule:

: e j—1 > e, j—1
[j:{ U ifw sp>w (1.70)

D  otherwise.
where s; is the j-th generator of w, that is, s; = s if j is odd and s; = ¢ if j is even.

With the sequences T and e we define the label sequence My, e = {m1, my, ..., m,} by concatenating the sym-
bols of T and e, that is, m; = f;e; for each 1 < j < n. For example, if we consider the previous example with
w=ststs and e=(1,0,1,1,1) then we have the following table for the label sequence My e:

j w1 we'j’lsj tj | ej
1|1 S U|1l
2 sl=5s st Uul|o
3] sT0=5 1 D1
4| sTOsT=1 t U1l
5 10Tl =1+ ts U1

So, in this example we have that M . = (U1,U0,D1,U1,U1).

With this notation, we construct a sequence of morphisms L ; € Homp ( wl, wei ) This is the diagram-
matic construction of light leaves developed in [11] for general coxeter systems, but in this thesis we only need
this construction for W the infinite dihedral group, so, our construction is a particular case of the original dia-
grammatic construction of light leaves. We first let LL,, ¢ be the empty diagram. The hypothesis is to suppose
recursively that L, e, j-1 has already been constructed. Now, and without loss of generality, we suppose that the
last generator of w is ¢ (j even). The, LL, ,; is obtained from LL, ¢ ;-1 by first adding on the right a vertical arc
of colour blue. This arc only depends on the value of m;. There are four cases to consider:

o If mj = UO then the new arc is terminated with a blue dot. In other words, LL, e ; is the diagram
LLy e j-1 with an extra blue dot on the right.
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e If mj = U1 then the new arc is a propagating blue line. In other words, LL ¢, is the diagram LL e ;-1
with an extra propagating blue line on the right.

o If m; = DO then the new arc is a trivalent vertex. In this case, this trivalent vertex is applied to the
rightmost propagating line of L e j—1 which is of colour blue, and the right of LL ¢, j-1, adding a new
blue line.

o If mj = D1 the we proceed as in case DO, replacing the blue trivalent vertex with a blue cap.

The diagrammatic representation of these four case are the following:

UO= | LLyej1 Ul= | LLyej-1

(1.71)

DO= | LLyej-1 Dl= | LLyej-1

So, in each step of this recursion, we call light leaf morphism associated to the pair ( wl,el ) to the diagram
LLy,e,j- In particular, we set Ly e :=LLy e, as the light leaf morphism associated to w and e.

For example, taking again w = s¢sts and e = (1,0,1,1,1), with label sequence My e = (U1,U0,D1,U1,U1), we
have the following light leaves sequence:

j LLye j-1 mj | Newarctoadd | LL,e;

1 | Empty diagram | U1l

I

3 Lo M n
(1) |w n ‘

ol e all

The previous example show the recursive construction of light leaves for a pair (w, e). This procedure implies
a non-recursive construction for the light leaves, but this requires explaining other diagrams.
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By the isotopy relations for Soergel diagrams, we have the following diagram identities

(1.72)

and we in shall in general represent these diagrams as follows

/r' (1.73)
Tl ? .

The diagrams in are called hanging full birdcages. We shall also consider non-hanging full birdcages

that look as follows
eoe (1.74)
Kf '\,

We sometimes omit the word 'full’ when referring to 'full birdcages’. We say that the birdcages in (T.72),
and (1.74) are of colour blue, but shall also allow birdcages of colour red, as follows

cee (1.75)

We further allow degenerate, non-hanging and hanging, full birdcages as follows

I, . (1.76)

We define the length of a full birdcage to be the number of enclosed dots in it, where the birdcages of length
zero are the degenerate ones. A full birdcage which is not degenerate is called non-degenerate. In the following
examples, the first birdcage is of length 4 whereas the last two are of length zero.

tiriri e, I» . (1.77)

We also consider top full birdcages, that are obtained from bottom full birdcages by reflecting through a
horizontal axis.

We now introduce the operation of replacing a degenerate non-hanging full birdcage, in other words a bound-
ary dot arc, by a non-hanging non-degenerate full birdcage as follows

(1.78)
tit tirie tlt
In the notation of [29], a birdcagecage is any diagram that can be obtained by performing the above operation
repeatedly a number of times, for example

(1.79)

AT ATNN AT

With the recursive procedure for constructing a light leaf and the concepts of birdcages we have the following
non-recursive structure for a light leaf construction.
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LEMMA 1.4.6. Let w = sts--- € exp of lenght n€ Z* U {0} and let e € {0,1}". Then the diagram for the light leaf
morphism LLy e have the following structure:

m (1.80)
tin
{ zone A } { zone B }{ zone C }

where the bottom boundary is w and the top boundary is w®". Zone A consists of a number of non-hanging
birdcagecages whereas zone B consists of a number of hanging birdcagecages, but zone C may consist of at most
one non- hanging birdcagecage. If n=0 then LLy,e » is the empty diagram.

Proof: By induction on n. If n = 0 we have, by recursive construction, that LL,,eo is the empty diagram. We
suppose that L, e » has the structure as in (1.80). Now, we show that L1 ¢ »+1 has the same structure.

Without loss of generality, we suppose that the last generator of w is ¢, that is
w= St---t
—_— ——
n+1 letters

. The structure of L e »+1 depends of the last term 11, in the label sequence My,  and the structure of LL e »:

o If my.1 = UO then w®"t > w®". This implies that the last generator of w®" and w®" is s, or w®" = 1.
So, if w®" = s, and by hypothesis, since the diagram LL e, has the structure (I.80), then LL e, has
in the rightmost a red hanging birdcagecage, and by recursive construction, LL e n+1 is LLy,e, with
an aditional blue dot in the rightmost position, on the bottom boundary. Therefore, LL, e ,+1 has the
structure indicated in (1.80), where zone A and zone B are exactly the diagram LL e,, and the zone C is
the new blue dot. The second case is when w®" = 1, which implies that L1, ¢, has empty Zone B and
C, and then LL e »+1 is the diagram LL e, but with an additional blue dot on the rightmost position.

e If m,4+1 = Ul then we have the case m,; = U0 but replacing the extra blue dot with a propagating blue
line.

o If mp41 = DO then w®"t < w®". This implies that the last generator of w®” and w®" is t. Therefore,
LL e n is a diagram where the rightmost letter of its bottom boundary is s and the rightmost letter of
its top boundary is ¢. This means that LL,,e, has in its zone B a hanging birdcagecage in its right-
most position, and also has a non-empty zone C, with a non-hanging red birdcagecage. So, by recursive
construction, LL, e n+1 is the diagram LL, e , with an extra blue trivalent which is connected with the
rightmost hanging birdcagecage in the zone B of LL ¢,» and on the right of the non-hanging red bird-
cagecage of L e 5, enclosing this non-hanging red birdcagecage. So, LL e n+1 has the structure (1.80).
In other words, in this case we have that

Zone C of LLy.en (1.81)

L]
1
1
1
1
1
1
ﬂ_ﬂ_ﬂ'e,n — Zone A of LLyen :Zone Bof LLyen
1
1
1
1
1

and

__ Zone A of LLﬂ,e.n,H: Zone B of LLy e n+1

Zone C of LL, mpty
u—u—y,e,n+l - ; one C o w,en+1 €MPty (182)

e If m,4+1 = D1 then we have the case m;;; = D0 but replacing the extra blue trivalent with a blue cap.



28 CHAPTER 1. PRELIMINARIES

0O

Now, with the previous non-recursive construction for light leaves we can define a non-recursive construc-
tion for double leaves. The hanging birdcagecages in zone B of a light leaves diagram define an element v € W. In
the above example we have v = tst. The double leaves basis of A, is obtained by running over all v < w and over
all pairs of light leaves for A,, that are associated with that v. For each such pair (D1, D,) the second component
D, is reflected through a horizontal axis, and the two components are glued together. The resulting diagram is a
double leaf, for example

zone A} { zone B H zone C }
l

{
2 LY

(1.83)

H  zone C b

The fundamental result concerning double leaves is the fact that they form an R-basis for A,. In fact, a
stronger Theorem holds. Let A, := {v € W|v < w}, endowed with poset structure via the Bruhat order <. For
v e A, let Tab,, (v) be the set of light leaves for Ay defining v in the above sense, and for Dy, D, € Tab,,(v) let
C 1131, D, € Ay, be the double leaf obtained by gluing as above. We now have the following Theorem.

THEOREM 1.4.7. The triple (Aw,Tab, (v),C) defines a cellular basis structure on Ay.

Proof: See and [11]. 0



CHAPTER 2

Graded sum formula for A,-Soergel calculus and the nil-blob algebra

In this chapter we show the content of our work with my thesis advisor Steen Ryom-Hansen.

1. Blob algebras

Throughout we use as ground field the complex numbers C, although several of our results hold in greater
generality. We set
R:=Clx,y]. 2.1)

We consider R to be a (non-negatively) Z-graded C-algebra via
deg(x) = deg(y) =2. (2.2)

The blob algebra was introduced by Martin and Saleur in [35], as a a way of considering boundary conditions
in the statistical mechanical model of the Temperley-Lieb algebra. Since its introduction, the blob algebra has
been the subject of much research activity in mathematics as well as physics, see for example [14], [34], [36],
[38], [39], [40], [41]. In this thesis, we shall use the following variation of it.

DEFINITION 2.1.1. The two-parameter blob algebraB,”, or more precisely the blob algebra with loop-parameter
—2, marked loop parameter y and blob-parameter x, is the R-algebra on the generators Uy,Uy,...,U,_; subject to
the relations

U2 = -2y, iflsi<n (2.3)
U;U;U; =U; ifli—jl=1andi,j>0 (2.4)
U;U; =U;U; ifli—jl>1 (2.5)
UUpUy = yUs (2.6)
U3 = xUp. 2.7)

The nil-blob algebra NI, that was introduced and studied extensively in [33], may be recovered from B;;”
via specialization, that is
NB, = B),” ®zC (2.8)
where C is made into an R-algebra via x — 0 and y — 0. In other words, B),” may be considered a deformation of
NB,,, and in fact this shall be the point of view of the present thesis.

Another interesting specialization of B}’ is 7, defined as 7, := B, ® C where C is made into an R-algebra
via x—1and y— —2. Let Z:= (Up — 1) be the two-sided ideal in 7,, generated by Uy — 1. Then

Tni=TnlT (2.9)
is the Temperley-Lieb algebra from Definition[1.2.6] but defined over C.

Just as is the case for NB,, one easily checks that B~ is a Z-graded algebra.
LEMMA 2.1.2. The rules deg(U;) = 0 for i > 0 and deg(Uy) = 2 define a (non-negative) Z-grading on B, .
PRrROOE The relations are easily seen to be homogeneous with respect to deg. 0

As already indicated in the preliminaries chapter, TL, is a diagram algebra, but B};” are also a diagram al-
gebra. The diagram basis for B, consists of blobbed (marked) Temperley-Lieb diagrams on 7 points, or blob
diagrams on n points, which are marked planar pairings between 7 northern points and »n southern points of a
rectangle, where only pairings exposed to the left side of the rectangle may be marked, and at most once. There
is thus a natural embedding of Temperley-Lieb diagrams into blob diagrams. The multiplication D; Dy of two
diagrams D; and D, is given by concatenation of them, with D, on top of D;. This concatenation process may

29



30 CHAPTER 2. GRADED SUM FORMULA FOR 4 -SOERGEL CALCULUS AND THE NIL-BLOB ALGEBRA
give rise to internal marked or unmarked loops, as well as diagrams with more than one mark. Internal unmarked
loops are removed from a diagram by multiplying it by —2, whereas internal marked loops are removed from a di-

agram by multiplying it by y. Finally, any diagram with r > 1 marks on a diagram is set equal to the same diagram
multiplied by x"~1, but with the (r — 1) extra marks removed. For example, for

\V \V/ W/ (VAR
D, = // , Dy= \\\ (2.10)
(M~ (M A

AN v v
NN

Later on, we shall give many more examples.

we have that

For the proof of the isomorphisms between B),” and its diagrammatic version, one may consult the appendix
of [9] or else adapt the more self-contained proof given in [33]. Under the isomorphism we have that

1— | . | (2.12)
and that
i

|| | o | | MiH | | |...x...| | | (2.13)
The number of Temperley-Lleb diagrams and blob diagrams on 7 points is the Catalan number —5 +1 (2”) and

[Zn ). In particular TL, and B, are free over R of rank

1 (2 2
kTL,, = —( ”) and kB> = ( ”). 2.14)
n+l\n n

From Theorem we have that TL, is a cellular algebra. This result also holds for B;;”. To make B,” fit
into the cellular algebra language we choose:
e k=R
A={Asp:={xn,+t(n-2),...,x1} (or A:=Ap ={xn,+(n-2),...,+£2,0}) if n is odd (or even), with poset
structure given by A < p if || < |p| or if [A| = |u| and A < p. For example, for n = 6 we have

Aig:=1{£6,%+4,+2,0}, 0<-2<2<-4<4<-6<6 (2.15)

e For A € AL, we choose Tab(1) to be blob half-diagrams with || propagating lines, that is marked
Temperley-Lieb diagrams on |A| northern and »n southern points in which each northern point is paired
with a southern point and in which only non-propagating pairings exposed to the left side of the rec-
tangle may be marked.

 For s, 1 € Tab(1) we define C?[ to be the diagram obtained from gluing s and the horizontal reflection of
t, with s on the bottom, and marking the leftmost propagating line if A < 0. Here is an example of this
gluing process with n =8 and s, t € Tab(-2).

YRV,
“’”:(/r\\ Al ~llA m)“v 216
| A AN

With this notation we have the following Theorem.
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THEOREM 2.1.3. The above triple (A.p, Tab, C) makes [Bfl’y into a cellular algebra.

Proof: This also follows directly from the definitions. O

For A€ A, or for A € A, we define #; € Tab(1) to be the following half-diagram

D=\ M e M\ | | (2.17)
12 Eo12 A
and set CA:C?;tA,that is
v VvV
UUsUzk-1= A\ A\ M ifA=0
1 2 k12 )
Cy =+ (2.18)

v U
UiUs - Upp-1)Up WUy -+ Up)UnUs - Uak-1 = N\ /N T /M - ifA<0

1 2 E 12 |\

where k = (n—|A|)/2. Thus C, is an element of TL, or [EBZ'y, depending on the context. With this we can define
the two-sided cell ideals A* and A<* of TL,, (resp. B;”) via

AY:={aCybla,beTL, (resp. By”)} and A" := {aCyb|a, beB;,” (resp. By”) and pu < A}. (2.19)

It follows from Definition that A<} ¢ A} and so A*/A<* is a TL,-bimodule (resp. B} -bimodule). Let
Cj:=Cy + A<*. We define the cell module AT"(A) for T, (resp. AB(1) for B}”) as

AT (1) :=TL,Cy (resp. AB(1) :=B}7Cy) < At/ A<A (2.20)

We now have the following Theorem.

THEOREM 2.1.4. Let ATH(A) be the cell module for TL,. Then AIL (M) is free over R with basis {Cs, | s € Tab(A)}
where Cyy, := Cyq, + A<Y. A similar statement holds for AB(7).

Proof: This follows from the algorithm given in the proof Theorem 2.5 of [33]. O
REMARK 2.1.5. Our definition (2.20) of the cell modules for TL,, and Bf,’y differs slightly from the definition
given in [15] or the Definition but in view of the Theorem the definitions coincide.

2. Isomorphism Theorems

We now come to Soergel calculus. In [33], an isomorphism A, = NB, was established, where A,, is the
endomorphism algebra of a Bott-Samelson object in the Soergel calculus of type A;. We aim at generalizing this
result to an isomorphism involving B];” .

As in the preliminaries chapter, let now n be a fixed non-negative integer and define w € exp of length n via
Ww:=Sts--- (2.21)
such that the first generator of w is s but the last generator depends on the parity of n, and
Ay :=Endp,, s (W), (2.22)
where Dw,s) is the diagrammatic Soergel category of Definition (1.4:2).

As in [33] we introduce certain elements of A,, that shall play a key role throughout. For i = 1,...,n-2, let U;

be the following element of A,,
123 n

l

Ui := (2.23)

!
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and for i =0, set
123 n

|

Uy := (2.24)

I

The following Theorem is fundamental for this thesis.
THEOREM 2.2.1. There is a homomorphism of R-algebras ¢ : [EBfl’f'1 — Ay, given byU; — U; fori=0,1,...,n—2.

Proof: The proof is almost identical to the proof of Theorem 3.4 in [33]. We must check that Uy, Uy,...,U;—2
satisfy the relations given by the U;’s in Definition (2.1.1). The verification of the relations (2.3), and is
done exactly as in [33] whereas relation (2.6), for example for n =4, is verified as follows

l l l
U U U, = [ = I = o = yU; (2.25)
! ) )

and (2.7), for example for n = 4, is verified as follows

l l
Uz = [ = = xUp. (2.26)
| |
This proves the Theorem. (]

Following [33], we now introduce A, < A, as follows.

DEFINITION 2.2.2. Let Ay, be the span in A, of all double leaves with empty zone C, or equivalently, A, is the
free R-module with basis given by the double leaves of empty zone C.

Our next Theorem is an analogue of Theorem 3.8 and Corollary 3.9 of [33], although the proofs of parts b)
and c) of the Theorem are different from the proofs of the corresponding statements in [33], since the algebras
considered in [33] are C-algebras whereas the algebras in the present thesis are R-algebras. Therefore, in the
present article some extra care is necessary since nonzero coefficients of R need not be invertible. Moreover,
the arguments in [33] depend on the linear algebra fact that injective linear transformations f: V — W between
vector spaces V and W of the same finite dimension are isomorphisms. The analogous statement is false for free
R-modules, which is the main reason why the proofs of the present thesis are different from the ones in [33].

THEOREM 2.2.3.
a) The cardinality of double leaves of empty zone C is (2:) and so Ay, is free over R of rank tk A, = kB’ =
)
n’t* _
b) Ay, is an R-algebra. It is the subalgebra of A,, generated by Uy, Uy, ..., U,_2.
¢) The homomorphism ¢ : [Bflﬂ/ 1= Ay, from Theorem induces an isomorphism ¢ : [Bflf' 1~ Aw.

Proof: To show a) we first note that the cardinality of the set of double leaves of empty zone C is given by
Definition 3.7 in [33] and Theorem 3.8 ¢) in [33], and so the statements about A, are a direct consequence of

Definition and (2.14).

In order to prove b) we define A’w to be the subalgebra of Ay generated by Uy, Uy, ..., U,—2 and must show
that A, = A,,. We first show that A/, 2 A,,.
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Recall the diagram C; € B from (2.18). For A >0 we have that

(2.27)
and for 1 <0 we have

3R | eee | &
e | = (2.28)

Tl | I B 4

12 2k +1 n
12 2k +1 n
We also need the diagrams

QWUiUjs2---Ujsar) = | **° (2.29)

i 1+242k n’

Now, multiplying together appropriate diagrams of the form (2.27) and of the form (2.28) we deduce that any
diagram of the form

(2.30)

belongs to A/, where the number of hanging birdcages on the right is at least one. The number of non-hanging
birdcages on top of (2.30) is the same as on the bottom, but we need to break this symmetry, that is, we must
show that diagrams D as in (2.30), but with unequal numbers of top and bottom non-hanging birdcages in zone
A, also belong to A),. Note that the number of top and the number of bottom non-hanging birdcages in zone
A are always of the same parity and so, in order to break this symmetry in zone A, we first give a procedure for
splitting any non-hanging and non-degenerate birdcage in zone in A in three non-hanging birdcages, and still
stay in A),,.

If the non-hanging birdcage is the leftmost one, it can easily be split in three parts via multiplication by Uy,
as illustrated below

NE AN
AT TN A

é
?
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Note that this belongs to A’,. In the non-hanging birdcage is not the leftmost one, we first notice that mul-
tiplication with appropriate U;’s has the effect of ‘'moving’ a dot from one birdcage to its neighbouring birdcage,
as illustrated below in the following two examples.

DY | Y
v AT TR :rmm

$
?
W%ﬁi W% :
AT AT TN AT T3 ATt AT ATl 1T
!

Using this we can also 'move’ any non-hanging birdcage to the leftmost position and then multiply it by Uy,
to split it in three birdcages. Next, we use (2.32) to move the birdcages to the desired positions. The result of this
belongs to A}, and so the symmetry in zone A has been broken.

In fact, once we have the right number of birdcages in zone A, we can use successive multiplications of the

types given in (2.32), to obtain any combination of desired birdcage lengths, as opposed to (2.31) that always
produces degenerate birdcages.

Now in (2.30), we must also break the symmetry with respect to birdcage lengths in zone B. But in order to
break this symmetry we proceed just as we did in the last step for zone A, applying (2.32) successively, adjusting
the lengths of the relevant birdcages until they are as desired.

All in all we have now shown that any diagram of the form described in belongs to A!,, where the
number and the lengths of the top and bottom birdcages in zone A may differ, as may the lengths of birdcages in
zone B.

zone A zone B }

RUEDANETANETA L=l
AT AT TN AT

zone A

(2.33)

Finally, to conclude the proof of A, 2 A,,, we observe that the process, illustrated in (I.78), of replacing
a degenerate non-hanging full birdcage by a non-hanging non- degenerate full birdcage can be realized as the
multiplication on top or bottom with a diagram of the form (2.29). Below we give an example.

m‘rf tieltle ) (2.34)
14

it
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In order to prove the other inclusion A/, < A,, we need to change the argument of the corresponding state-
ment in [33] since it, as already mentioned, depends on dimension arguments in linear algebra (over C).

We first observe that U; € A, for i =0,1,...,n—2. Hence, to show A/, < A,, it is enough to verify that A, is
invariant under left and right multiplication by the U;’s.

Let therefore D be a diagram for A,,. We first choose i > 0 and proceed to give a description of the effect
of multiplying U; below on D, that is we describe U;D in terms of D. Let I;,l; and I3 be the arcs in D that has
bottom boundary points i,i+1 and i + 2 of D, respectively. Without loss of generality we may assume that /; and
I3 are red, and that I, is blue. Recall that an arc [ of D is a boundary dot arc if one of its vertices is a dot and the
other one is a boundary point.

Case 1: This is the case where /; and I have a common vertex in D, or, more generally, that /; and I, are con-
nected in D. We then have that I, is a boundary dot arc. In now follows from the isotopy relations and the
relation Ul.2 = -2U;j, see Theorem that U; D = —2D, since relation implies that the scalar —2 moves to
the left of D. Hence we get that U;D € A,,. Here is an illustration, where we for simplicity leave out the top part

of the diagrams.
AT = Amn =2 AT
Y Y -

m M

Case 2: This is the case where I, is a boundary dot arc, whereas /; and /3 are the rightmost and leftmost arcs of
birdcagecages, respectively. Note that in this situation the bottom boundary points i and i + 1 belong to zone A
of D. We here get that U; D = a;D, where D, is the diagram obtained from D by concatenating horizontally the
two birdcagecages, with an extra dot in the middle. Since D; € A, this case is also OK. Here is an illustration,
once again without the top parts of the diagrams.

?

X X

Case 3: This is the case where I, has a trivalent vertex, whereas /; and /3 are the rightmost and leftmost arcs
of birdcagecages, respectively. In this case we get U;D = D; where D is obtained from D by eliminating I, and
joining the birdcagecages involving /; and I3, with an extra dot in the middle. Once again, we get that D; € A,
and so this case is also OK. Here is an illustration.

Y |\W Y |[\W VW
(ML NN tle] NN (2.37)

v
m

Case 4: This is the case where /; is the leftmost arc of a birdcagecage, whereas I, has a trivalent vertex V. Let B;
be the birdcagecage that lies to the southwest of V and let B, be the birdcagecage that lies to the southeast of V.
Then U;D = D; where D; is obtained from D by joining B; and /; and adding a boundary dot arc to the left of
B;. We have that D; € A,, and so this case is done. Here is an example, without the top parts of the diagrams.

M

Case 5: This is the identical to case 4 except that both vertices of I, are supposed to be boundary points. Let B
be the birdcagecage that lies below l,. Then U;D = D; where D; is obtained from D by splitting I, in two dot
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boundary arcs, and B is joined with [;. Since D, € A,, we are done in this case, as well. Here is an example.

Q)

Case 6: This is the case where a vertex of I is a top boundary point of D. Then /; and I, are the rightmost and
leftmost arcs of two birdcagecages B; and B,. We get that U; D = D, where D; is obtained from D by joining B;
and B; and splitting /» in two dot boundary arcs. Since D; € A,, we have that this case is OK as well. Here is an

example.
m‘m (™ _Tfm- (2.40)

?

(2.39)

Case 7: This is the case where [, is the leftmost arc of a hanging birdcagecage. This case resembles case 6.
We have that /; and I, are the rightmost and leftmost arcs of two birdcagecages By and B». Then we get that
U;D = D; where D, is obtained from D by joining B; and B, and replacing I, by a bottom dot boundary arc. We
have D; € A,, and so this case is OK as well. Here is an example.

?

There are a few remaining cases to consider, but they are all small variations of the cases already studied and
so we leave them to the reader.

We next consider i = 0. Let B be the leftmost bottom birdcagecage of D and let [ be its leftmost bottom arc. If
D is a boundary dot arc, we have UyD = a ;D € A,,. Otherwise we have UyD = a;D; where D, is the birdcagecage
obtained from D by replacing I by a boundary dot arc, and here we also have UyD € A,,. Here is an illustration of

this case.
m K mm ) (2.42)
'y

?

Finally, we observe that the description of the right multiplication DU; is completely analogous to the de-
scription of U; D, and so we have concluded the proof of b).

We now give an alternative proof of A}, € A,,, adapting the proof in [33] and using one of the main results in
(11]. I}et Q be the quotient field of R and let QA,, := Q®g Ay, QA :=Q®r A, jmd QB,”, =QerB,?,. Since Ay,
and B, v 7, are torsion free R-modules, in fact even free, we may view A, and [EBn’f , as R-submodules of QA,, and
Q[Bn |» via the map D — 1 @ D. Similarly, we may view A}, as an R-submodule of QA),, since A, is torsion free,
being a submodule of the free R-module A,,.

Now the inclusion A,, € A, induces an inclusion QA,, < QA),, since Q ®p () is an exact functor, and the
surjection ¢ : [HSx'y — A!, induces a surjection Q[EBx’y — QA!,. Combining this with a), we deduce that QA,, =
QA/, since both are Q-vector spaces of the same dimension (2")

Let us now show A/, € A,. As in the first proof of A}, = Ay, it is for this enough to check that U;D € A,,
whenever D is a light leaves diagram in A,,. Now using QA,, = QA),, we find elements gy € Q such that

UD= ) qiDk (2.43)
DkEAw
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where Dy runs over the light leaves basis for A;,,. On the other hand, as was shown in Theorem 6.11 of [11], the
light leaves diagrams {D;} for A,, form an R-basis for A,,, and so there also exist r; € R such that

U;D= Z a;D;. (2.44)
DIEAW
Comparing (2.43) and (2.43) we deduce that g; € R, and so U;D € A,,, as claimed.

We remark that, in a suitable sense, the alternative proof of b) is equivalent to the first proof, since the argu-
ments in [11], that hold in the setting of a general Coxeter system (W, S), depend on a case-by-case similar to the
one carried out in our first proof.

To prove c) we argue essentially as in [33], although a little extra care has to be exercised since the algebras
are defined over a commutative ring rather than a field. But by (2.14), a) and b) we have that ¢ is a surjective
homomorphism between free R-modules of the same finite rank. On the other hand, R is a commutative ring
with 1 and so indeed ¢ is an isomorphism, as follows from Vasconcelos’ Theorem, see [48]. The proof of the
Theorem is finished. O

Suppose that w = s;, 5, -+ 5;,,. Then we define A, < A, as the subset of all ’tails’ of A, that is

Aw=1{veAylv=sisi,, - si, fork=1,...,n}. (2.45)

Note that w e Ay but 1 ¢ A,,. For example for n =7 we have that w = stststs and so

Ny = {StSLSLS, LSLSLS, SESLS, LSLS, SLS, LS, S}. (2.46)

Let AS, < Ay, be the subset obtained from A, by deleting the last generator of each element of A,,. Keeping
the example n =7 we have AS, = {ststst, tstst,stst, tst,st, t,1}. With this definition we have

A=Ay UAS,. (2.47)

The relevance of A,, comes from the following Theorem.
THEOREM 2.2.4. The triple (A, Tab,,(v), C) defines a cellular basis structure on A,.

Proof: By part b) of Theorem we know that A, is a subalgebra of A, and so the Theorem follows immedi-
ately from Theorem and the fact that for Dy, D, € Tab,,(v) and v € A,, we have that CB] D» belongs to A, if
and onlyif ve Ay,. O

By Theorem we know that [EBZE/ | = Ay and from Theorem and Theorem we know that both
algebras are cellular. It now seems plausible that the corresponding cell modules are isomorphic as well. This is
however not automatic since the cellular structure on a cellular algebra is not unique. Our next aim is to show

that the cell modules are indeed isomorphic.

For this we first need to establish a poset isomorphism ¢ : A, = Ay(,-1). The sets A, and A (,—1) are both of
cardinality n and the respective order relations are both total, so there is in fact a unique choice of v. It is given
by the following Lemma, where I(-) is the usual Coxeter length function on W.

LEMMA 2.2.5. Lety: Ay — Ai(n-1) be the map defined by

w ):{ l(v) -1 if v begins with s (2.48)

—1l(v) if v begins with t.

Then v is an isomorphism of posets. We denote by ¢ the inverse 9 =w =" : Ar(n—1) — Ay.

(The different meanings of the symbol ¢, for example as the algebra isomorphism B);” = A,,, but also as the
poset isomorphism A, (,-1) £ Ay, should not give rise to confusion). For example, if n =7 we have

@(6,-6,4,—4,2,-2,0) = (SLSLSLS, LSLSLS, StSLS, LSLS, SLS, LS, 5). (2.49)

For v € A, we now introduce C, € A,, as the double leaf diagram of the form (2.27) or (2.28) that defines
ve W, that is
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2 £

Cy

(2.50)

¢

1

where the vertical lines below | ¢ 4 in each diagram of (2.50) define v.

We have that C, = ¢(C,) where ¢ (1) = v, that is C, corresponds to the blob algebra element C) defined in
([2.18). Let A” and A=Y be the cell ideals in A,, given by

AV:={aC,bla,be Ay} and A<V :={aC,bla,be A, and u< v} (2.51)

D £

and define the cell module
Aw() = A,C,c AV1ATY (2.52)
where C, = C, + A<". Let D, be the half-diagram corresponding to C,. Then we have the following Theorem.

THEOREM 2.2.6. A, (v) is free over R with basis {ED,D,, | D € Tab, (v)} where ED,D,, :=Cp,p, +A~".
Proof: This follows from the algorithm given in the proof of Theorem [2.2.3] a
We then finally obtain the main result of this section.

THEOREM 2.2.7. Suppose that ¢(A) = v. Then the isomorphism ¢ : [Bfl’fl — Ay induces an isomorphism ¢ :
AB_ (1) — Ay (v) of cell modules.

Proof: Since ¢(Cy) = C, we have that ¢ induces ideal isomorphisms A* = A" and A<* = A<¥ and hence A'/ A<} =
AV/ A<V, But from this we deduce that A,,(v) and AE_I (1) are isomorphic under ¢, as claimed. O

For a general cellular algebra A over k with cell modules {A(1)|A € A} there is a canonical bilinear form (-,-)
on A(A) that plays an important role for the representation theory of A. Let Ag = {1 € A|(:,-)) # 0} and define for
A € Ay the A-module L(A) := A(A)/rad(:,-); where rad is the radical of (,-); in the usual sense of bilinear forms.
It is an A-submodule of A(A) because (-,-), is A-invariant, that is (xy,z); = (x,y*z), for all xe A and y,z€ A(A),
where * is the anttihomomorphism of A given in Definition In the case where k is a field, the .A-modules
in the set {L(1)|A € Ap} are all irreducible, and each .A-irreducible module occurs exactly once in the set, see
Theorem 3.4 in [15].

Let (., -),l‘lfy be the bilinear form on A,,(v) and let (-, ~)E_1 A be the bilinear form on A[E_l (A). Then we have the
following Theorem.

THEOREM 2.2.8. (., -)%_1 1 and (-, -),’;’,V are equivalent under ¢, in other words
@), ), = (s, 1p_ ) fors,te A% (A) (2.53)
where (1) = v.
Proof: A bilinear and invariant form (-,-) on A, (v) corresponds to an A,-homomorphism AE_I(M — AE’_* 1)
where AE;* 1 (A) is the dual of AE_I()L). For Q the fraction field of R and 6 its algebraic closure we set Agfl(/l) =

AE_I () ®z Q. Then Ag_l (A) is irreducible and so by Schur’s Lemma AS—1 A) — Ag'_*l (A) is unique up to a scalar.
Hence (-,) is unique up to a scalar g, that is

<1//(a),w(b)>[5_m = wa, by, for a,be Ay, (1) (2.54)
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but using a = b = C,, one checks that g =1 and so the Theorem follows. O

The purpose of the present thesis is to study the form (.,-)}/,. In view of Theorem we can instead study

the form (-, '>[571 ,» which turns out to be easier to handle.

3. Restriction of A[E(/l) to TL,

As already mentioned, there is an embedding T, < B, which at the diagrammatic level is an embedding
X,y
of Temperley-Lieb diagrams in blob diagrams. This gives rise to a restriction functor Res = Res%in from B),” -
modules to TL,-modules. In this section we study the application of Res on AB(A).
Recall from Theorem that the cell module A[?;(/I) for [EBi'y (resp. AE”‘(A) for TL,) has basis {Estx |s e

Tab(A)}. From now on, if A = 0 we shall identify Est;[ with s so that we consider the basis for AE(A) to consist of
half-diagrams. For example, the basis of the [EBg'y -module A?(l) consists of the following half-diagrams

r\r\lrr\lr\,lr\r\rlm,mly

r\mlrml,mr\l,mlr\, (2.55)

If A < 0 we still identify Em with s, but with the leftmost propagating line marked. For example, the basis of
the [Bg‘y -module A?(—B) consists of the following half-diagrams

~AHLAATLHATHIA,

(2.56)
~HI

Finally, for the TL,-module AT'(1) we once again identify Cs;, with s. Thus, for example the basis of the
TLs-module A;”L(l) consists of the half-diagrams that appear in the first row of (2.55).

In terms of these identifications the action of D € [EB),CL’y (resp. De TL,) on D; € A%(/l) (resp. Dy € AE[L A)) is
given by concatenation with D; on top of D, followed by the same reduction process of extra blobs and internal
loops, marked or unmarked, that we gave for B,” (resp. TL,) itself. If the result of this does not belong to the
span of half-diagrams for AZ(1) (resp. AT (1)), we have DD; =0.

-1
Suppose that 1 € A, and set k := HTH We then define a filtration 0 = 7' (1) ¢ FO(A) ¢ --- < F¥(1) = AB(1)

of AB(1) via

spang{s|s € Tab(A) has i or less blobs} ifA=0

spang{s|s€Tab(A) has i +1 or less blobs}  if 1 <0. 2.57)

Fi) :={

For example, for A as in we have that 7°(A) is the span of the diagrams of the first row, F!(A) is the
span of the diagrams of the first two rows and F2(1) = AZ(1).

The following result is the analogue of Lemma 8.2 from [9].
LEMMA 2.3.1.

a) F'(A) is a TL,-submodule of ResAZ(A).
b) There is a homomorphism of TL,,-modules n; : F*(A) — ASL(IAl +2i) that induces an isomorphism

T FEF T Q) = AT (A +20). (2.58)
Proof: a) follows from the fact that the action of TL, does not produce new blobs. To show b), we use the map
m;i: FY(A) — ATE(IA] +2i) that transforms a marked southern arc to two propagating lines, and removes the mark

on any propagating line. For example, for A?(l) we have that m; transforms the diagrams of the second row of
(2.55) to the following diagrams

AHLTATLTA LA, 259
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As in [9], one readily checks that 7; is a homomorphism of TL,-modules, that induces an isomorphism 7; :
FEAF=Y Q) = ATE(AL +246). O

Our next goal is to construct sections for the 7;’s from Lemma For this we need to use the Jones-Wenzl
idempotent JW,, for TL,, from Definition We recall that the JW,, element satisfies the conditions

coefiJW,) =1 and U;JW, =JW,U; =0forall i =1,2,...,n—1 (2.60)
where coef; JW},) denotes the coefficient of 1 when JW,, is expanded in the diagram basis for TL,,.

Additionaly, important properties of the JW,/s are their idempotency from Lemma as already men-
tioned, and their invariance under vertical reflection as well as horizontal reflection, that is . Furthermore, they
satisfy the following absorption property

Ioo-l I-ool

JW, | N
[---] = JW,, (2.61)
IW,, T T T 1

-1
where m < n, by Lemmal|l1.3.8

We now return to the B;,”-module AZ(1) and its filtration {F(A)}. For i =0, ..., k we define e} € 7'(A) as the
following element

6/1: /\/\...[‘\ /'\/‘\.../‘\| |...| ifA=0 2.62)

that is, the number of blobs on e?” isiifA=0andi+1if A <0. In general, for D any Temperley-Lieb diagram,

we define 1/D as the left concatenation of j vertical lines on D, and we extend this definition linearly to the
Temperley-Lieb algebra itself. For example, for j = n—|A|—2i we have 1/JW)1,; € TL,, which we depict as follows

ifA<0

ee e

1
[ --1 1 1

10\ FTTE I IW 55 (2.63)
T T 1

With this choice of j we define elements fi’1 € Fi(A) as follows

A A anealld

TWina if 120
= (U Wisaiel = TIT Teeel TT Toee 1 2.60)
A Aaneatld
TWinai if 1 <0.
TIT Teeel TT Teee 1

LEMMA 2.3.2. Letm; (F) — AE”‘(IAI + 21) be the homomorphism from Lemma We have that
milel) =mi(fM). (2.65)

Proof: We show that if D # 1 is any diagram appearing in the expansion of JWjy,»; then (1/ D)e;1 e Fi7L,
where j = n—|A| - 2i, from which the proof of the Lemma follows since kern; = Fi=1(1) and coef; JWpj+2i) = L.
To prove this claim we first consider A = 0. Any D # 1 in the expansion of JW),,,2; contains at least one arc
connecting two northern points. If that arc only involves blobbed arcs in (2.64), illustrated with red below, or
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only involves vertical lines in 1llustrated with blue below, then (1/ D)67L has strictly less blobs than e or
has strictly less propagating llnes than el ¢, proving the claim in these cases.

- ﬂr::i..::!......

If the arc involves both the blobbed arcs in (2.64) and the vertical lines in (2.64), then either we will be in the
previous case or there will be a, possibly dlfferent, arc that involves the last blobbed arc and the first vertical line
in (2.64), illustrated with blue below. But then (1/D) e? has a vertical blobbed line and is zero in AE()L), finishing

the proof of the case 1 = 0.
ﬂﬂ ﬂ /'\/‘\/‘\\J || 2.67)
DT Teeel T Teee T

The case A <0 is shown in a similar way. O
We now define the TL,-module S;(A) via
SiM):=TLuf < F' (). (2.68)

(2.66)

Recall the bilinear form ¢, )B aon AB(/I) In terms of half- diagrams D, D, for AE(A), we have that (D,Dl)E 1
is given by expanding D* D, in terms of the diagram basis for [EB| A and taking the coefficient of 1 if A > 0, the
coefficient of @ if A =0 and the coefficient of Uy if A < 0. For example, for (-, -)?1 we have

<r\/’\ |’r\/’\ |> =coet| O O
51

On the other hand, a similar description of the bilinear form ¢-,-)}" on A;-(1) was given in Lemma m
With this notation we can now prove the following Theorem.

=-2xy. (2.69)

THEOREM 2.3.3.
a) We have (ej.t.)*TTI]_nfi;L =0 forj<i.
b) We have (F'~1(2),S;(A)E | =o0.
c) We have S;(A)nF=1(1) =0
d) The TL,-modules S;(A) and AJ“(|A| +2i) are isomorphic.

Proof: To show a) we must check that the following diagram is zero for every diagram D for TL,,.

1 )
AAcen AAA L]
ﬂ ﬂ ﬂ IW 5\ 2i
o1 1e-el [0 J1 feeel TT Jee-] (2.70)

D
J

Let a:=n—|A|l—2i+1 and consider all possible cases for the line L leaving the a’th northern point of D,
indicated with blue in (2.70).

If L pairs a with a northern point of D which is located to the right of a, then L is a northern arc and so we
get immediately by that is zero. If L pairs a with a southern point of D which is located strictly to
the right of a, then the area to the right of L has strictly more northern than southern points and so there will be
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a northern arc to the right of a. We then conclude once again by (2.60) that (2.70) is zero. This is the situation
indicated in the figure below.

1 7
AAceA AAA L]
ﬂ ﬂ ﬂ JIW 52
Il feeel 11T JI Jeeel JT Jeee T =0. 2.71)
_/

a

\WAVEDVIAAVAVAAV \E/v...v | |...|
J

If L pairs a with a southern point which is located either directly below or to the left of a, then it will be a left
endpoint of one of the southern arcs of D, since the parities of the numbers of northern and southern points of
D to the left of L must be the same. If the right endpoint of that arc is connected to a northern point of D, then
once again by we get that is zero, so let us assume that it is connected to a southern point of D via a
line A;. That southern point must be a left endpoint of an arc below D since otherwise the number of southern
points below A; would be odd. If the arc is unmarked and its right endpoint is joined to a northern point of D,
we get once again by that is zero, so let us suppose that it is joined to another southern point of D via
a line A,. Repeating the previous argument, the right endpoint of A, must be the left endpoint of an arc whose
right endpoint, in case the arc is unmarked, is connected by a line A3 to another southern point of D. Repeating
this argument, we produce a series of southern lines A;, Ay, ..., Ak, that finally ends up in either an endpoint of
one of the blobbed southern arcs below D, or in an endpoint of one of the vertical lines below D. But since j < i
we then conclude that not all northern points of D to the right of a can be endpoints of propagating lines, and
so we conclude by that is zero. Below we indicate the argument.

ces IW 542

[T Teeel T 1T 11 deeel T 1T Teee 1 =0. 2.72)
o i~

J

Finally, if L pairs a with a northern point of D to the left of g, the argument is essentially the same as in the
previous case. We indicate it as follows

ﬂﬂ ﬂAmmmmmwAHJ

IW 5\ 42i

Il Jeeel T 1 1] Jeee]l T 1T Jeee | =0. (2.73)
UU...U UU...U \Ejv.oo\;/ | |...|

To show b), we first observe that, as a TLL,-module, F:~1(A) is generated by {ef | j < i}, as follows from Lemma
In view of this, b) follows from a) and the definition of (-, -)5 10

We next show c). Suppose that there is s € S;(A) n Fi~1(1) \ {0}. To get the desired contradiction, we first
claim that the restriction of ¢, ')[’B; 0 F i=1(1) is non-degenerate. Indeed, any diagram in F~!(A) can be viewed

as a diagram for ATL(IA]), decorated with certain blobs, see for example 2.55) and @2.56). For D a diagram for
Fi=1(1) we denote by TL(D) the associated diagram for AE[L(IM), obtained by removing the blobs. Then via the
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specialization x =1, y = —2 given in (2.9), we have that

(<D.DO%A) = T, TLD (2.74)

as one checks from the definitions. Since (-, )T is non-degenerate, we now deduce from (2.74) that also the

LAl
restriction of (-, -)E , to Fi1) is non-degenerate, as claimed. Hence, for s € S;(A) N Fi1(A)\ {0} there exists an

s1 € F'71(A) such that (s, s1)® | #0, which is in contradiction with b). This proves c).
To show d) we consider the composition
fi:SiM € FLA) — FLIF ) = ATt (A +21) (2.75)

where the last isomorphism is given in Lemma In view of Lemma [2.3.2} we get that f; is surjective. On
the other hand, the kernel of f; is S;(1) N F~!(1) which is zero by c), and so f; is also injective. The Theorem is

proved. O
COROLLARY 2.3.4. Set as before k := % Then, with respect to (-, )n Iy there is an orthogonal direct sum
decomposition of Res AB(1), as follows
ResAZ(1) =S,V @...®Sk(A). (2.76)
Proof: Combining Lemma [2.3.2]with ¢) of Theorem [2.3.3] we get that
ResF (1) =S;: (M e F () 2.77)
and the Corollary follows by induction on this formula. O

The Corollary allows us to diagonalize ¢, 5B ) s follows. The restriction of (-, )B to S;(A) defines a TL,,-
invariant bilinear form on S;(1) which by Schurs Lemma, arguing as in the proof of Theorem [2.2.8} must be

equivalent to (-, )n 20 that is for s, t € S; (1) we have that

(s, t)% =¢i(x,y) (ﬁ(S),ﬁ(mE[ﬁmzi (2.78)

for some c;(x,y) € R. On the other hand, by our choice of ground field C, we have that (-,-) 't is equivalent

n,|A|+2i
to the standard bilinear form on AE[L(IJLI +2i) given by the identity matrix. In other words, there is an R-basis
FL e [l for ATM(IA] +2i) such that

<fk’fl Ymiatszi = Okt 2.79)
where 6, is the Kronecker delta. Combining (2.78) and (2.79) we then conclude that also (-,-)E , can be diag-
onalized. To be precise, there is an R-basis B = {bl,...,bm} for A[E(/l) such that the matrix M2, (x,y) = M2 :=

B B .
(<bi’bf>",7t)i,j:1 " for ¢,-),, , has the following form

,,,,,

co(x, Y)1g, 0 0
B 0 ally - 0
My = : : N : (2.80)
0 0 ck(x,y)Idk

where d; = dimATt (A +2i) and Iy, is the d; x d;-identity matrix, whereas the 0’s are 0-matrices of appropriate
dimensions.

4. Determination of c;(x, y)

The purpose of this section is to calculate the c;(x, y)’s from (2.78) and (2.80). This is the key calculation of
the thesis. Quite surprisingly, the result turns out to be given in terms of nice expressions involving the positive
roots for W.

For i=1,2,..., we define ay;, a,,; € b* via

ayi=ix+(@-Dy=ias+(-Day, ayi:=iy+(@-Dx=ia;+({-1as. (2.81)
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By our choice of realization for W, the following formulas for ay,; and a,,; hold, as one proves by induction

using (1.57).

Axpic1 = (50 as,  aypi =150y, aypic =) T ay, axpi=s(t9)  ay. (2.82)

For a general Coxeter system (W, S) with realization ) we define a root f € h* to be any element of the form
B =wa where we W and a € h* is a simple root. The formulas in 2.82) show that {+ay,;, +a);1i=1,2,...} is the
set of all roots for W, with ay; = x = as and a); = y = a, being the simple roots.

With this notation we can now formulate the following Theorem.

THEOREM 2.4.1.
a) Suppose that A =0 and that fi" is as in ([2.64) but with j =0, that is fl.’1 = f]? where

12 poLo2 A
fl= IW. (2.83)
RN
1 2 n
Then we have that
1
(f]?;f]?)%,l = m (axJH-Z X A+3°"" ax,/l+k+1) Ay1 Ay Ay (2.84)
k

where n =2k + A. (Note that the right hand side of (2.84) contains k factors a,,; for consecutive l’s, and
also k factors @y, for consecutive l’s. For k =0, it is set equal to 1. Note also that (Z) =dim AE(A) ).
b) Let ci(x,y) be as in (2.78) and (2.80). Then up to multiplication by a nonzero scalar in C, we have that
Ci(X,)) = (@x a2 Ux 43" ax,lﬂ'ﬂ)ay,l Ayo- Ay, (2.85)
(where, as before, the product is set equal to 1 if i =0).
Proof: We first prove a). For simplicity, we set S := ( ka, f]?)E' , and must therefore show that fi ) satisfies the

formula given in (2.84). By definition Sy , is the coefficient of 1, or the coefficient of @, if 1 >0 or if A =0, of the
following diagram

1 9 i 1 2 A
AN
JW (2.86)

UU...U oo

For example, in view of (1.52) we have that

Bro=| JW,| = O+ % = J:y+%y2 — %aw@ay,l, (2.87)

\/

We claim that i ) satisfies the following ‘deformation’ of the Pascal triangle recursive formula

kz(ay,k)z

e IR (2.88)

1
B1o= 7 Fx20y1, Bor1=1, Bra=Prr-1+

From this the proof of the formula (2.84) in a) follows by induction on N := k + A as follows. The basis of
the induction N =1 is immediate from (2.87) and the definitions, so let us assume that (2.84) holds for N —1 and
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check it for N, using (2.88). We get
1

")

(ax,/1+1 AxA+2° " ax,ﬂ+k) Ay1Ay2- Ay

Bra=

kz(a:y,k)2

n(n—1)({7})

—~

(ax,/l+2 Ay A+3° " ax,]t+k) Ay1Qy2 Ay -1

) (2.89)
Fod+l Ky (axa Ay pik) Ayl @ Ak
2 - As2 Gy 1y dy,
(6)  nm-p@zy )T T
= m (nax,/1+1 + ay,k) (ax,7L+2 e ax,/1+k) Ay1Ay2- Ay -
On the other hand, using n =2k + A we get that
nayae1tkaye=Q2k+ a1 +kay,
=QRk+A) A+ Dx+Ay)+k(ky+ (k-1x)
2.90
=A+(A+k+Dx+A+K)y=A+k)axrik+1 (2.90)
=(n-k)axrik+1-
Inserting this in the last expression of we get that
1
Bra= m (@xn+2 Xxae3 A k1) Qy1Qy2- Ay k (2.91)
k

proving the inductive step.
In order to prove the claim (2.88) we first introduce the following diagrammatic notation for Sy )

1 k1 A
AN e ]
Bra = JW,, Do . (2.92)
VNN T
where the numbers above the diagram indicate the cardinalities of the arcs and the vertical lines. We next recall
the following recursive formula for calculating JW,,, from Lemma1.3.9}

n-1
Iw, - IW, vy W, (2.93)
T T T T T 1 T 11|

where the number j indicates the position of the arc. Let us use it to show the recursive formula (2.88) for Sy ;.
Concatenating on top and on bottom with the blobbed arcs, the first term of (2.93) becomes

A

1 Eo1
NN e
IW, 4 P P = Bra-1- (2.94)

We next consider the contribution to S 1 from the terms of the sum in (2.93). We first observe that con-
catenating on top and on bottom with the blobbed arcs, only the terms in the sum in (2.93) where j < 2k can
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contribute to f, ) since otherwise the concatenation has the form

2k +1 J
7
1 k
avYaryavYa' 2.95)
IW,._4

VNN e ]

in which the j’th northern point is connected to another northern point.

We next consider the contributions for j =1,3,...,2k — 1. Apart from the coefficients, they are of the form
indicated below (in the cases j =1 and j = 3).

(2.96)

Sy .

an 1

S AvA A | = "I "I

and are in fact all equal to y g’ ., Where Jil i1 is the diagram

1 p_11
AAAL ] L] ]

IW,_, "*Qrﬁ--j};}ff (2.98)
T ST T T T

In these diagrams, the dashed lines once again refer to the summands of the Jones-Wenzl elements where
the points are connected as indicated.

We then consider the contributions for j = 2,4,...,2k — 2. They are all of the form indicated below (for j =2

b

JWn 1

AWK W, UI | = "I "I
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P22y ..

JWi 1 T
- vvl |---‘| | I

and are all equal to xf8_, where §_, is as before in (2.98). Finally, for j = 2k there is no contribution since the
corresponding diagram is as follows

NN 22N

JWn 1

T "I "I

Summing up and taking into account the coefficients 3 appearing in (2.93) we get from all this that

(k—Dx+ky ,

k
Bia=Piar-1+k Bir=Bia1+ ;ay,kﬁ}m. (2.102)

We are therefore faced with the problem of calculating ﬁ/k , thatis

11 A
AT L] 1]
IW,_, el (2.103)

T T T T T T 1

. . : !
For this we first observe that by the symmetry properties of the Jones-Wenzl idempotents, we have that f kA
is equal to

1 A
A A A IR

B = IW, . (2.104)

WAWETAWAL |" T T 1

We now expand JW,,_; in (2.104) using (2.93). The first term of (2.93) does not contribute to (2.104) so let us
consider the contribution of the j’th term of the sum of (2.93), where arguing as in (2.95) we see that only j <2k
can contribute. Once again, there is a dependency on the parity of j. If j =1,3,...,2k—1 the contributions are of
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the form indicated below (for j = 1,3 and disregarding the coefficients)

Vi

(2.105)
IWis R
VNG e T
1 O k
W Db
SN
and are in fact all equal to yf_1,1. Similarly, for j =2,4,...,2k —2 we get contributions of the form
Do oo (2.107)
IWo 00 F
NSNS T
. : - . . (2.108)
I
NS

all equal to xf;_1,2. Once again, there is no contribution for j = 2k. Hence, taking into account the coefficients

—L-, we get that

k
Biep = —— WrkPr-1a- (2.109)

Combining (2.109) and (2.102) we arrive at the promised recursive formula (2.88) for the i 1’s. This proves
a). The proof of b) is immediate from a) and the definitions. O
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Using Theorem we can now calculate the matrix ME, 1 for (., -)[S, 1 see (2.80). We illustrate it on M[Sﬂfl.
Recall that the diagram basis for AE(I) is given in (2.55) and so we get from the Theorem that

I5 0 0
M2 =[0 axsayils 0 2.110)
0 0 Ay 30540y 10y2]0

where the 0’s are 0-matrices of appropriate dimensions.

We now consider the situation where A < 0. We have the following Theorem.

THEOREM 2.4.2.
a) Suppose that A <0 and that fl.’1 is as in (2.64) but with j =0, that is fl.)L = fk)L where

1 9 i 1 2 |A|
At ]
fl= IW,, (2.111)
[ 10 Feeel 1T 1 eee
1 2 n
Then we have that
1
<f;?’f1?>[5,g = (T) (@1 @x2 A er1) Ay 144 A p2404) - Ay s 4] (2.112)
k

where n =2k +|Al. (Note that the right hand side of (2.84) contains k + 1 factors a,,; for consecutive ls,
but k factors a,;, for consecutive I's. For k=0, it is set equal to a,, = x. Note also that (}) = dim A% (2)).
b) Let c;(x,y) be as in [2.78) and (2.80). Then up to multiplication by a nonzero scalar in C, we have that

ci(%, ) = (@1 Qx2 - A1) Ay 1412 Ay2414 Ay il (2.113)
(where, as before, the product is set equal to x if i = 0).
Proof: The proof is essentially the same as the proof of Theorem We leave the details to the reader. O

Let us illustrate Theorem on M2 | and MP_,. Recall that the diagram basis for AB(-1) is obtained from

(2.55) by marking the leftmost propagating line of each diagram, whereas the diagram basis for A?(—S) is given
in (2.56). We have

Ayl 0 0
B x,145 B ax,ll4 0
MS,—I = 0 (Zx,lax'zay,zh 0 , MS,—3 = 0 Ay 1@y 411 . (2.114)
0 0 Ax1®x2Ax30y20y31 LAY

5. Characterization of c;(x, y) in terms of Bruhat order on W

We saw in the Theorems [2.4.1] and that c;(x,y) has a factorization in terms of roots for W. In this
section we describe the reflections in W that correspond to these roots. It turns out that these reflections can be
described nicely in terms of the Bruhat order on W.

Let § = wa be a root for W where «a is a simple root. Then we define the reflection sg € W associated with
via the formula
Spi= Wsqw " (2.115)
where s, € S is the generator associated with a. It is shown in section 5.7 of [21] that sg only depends on §, not
on the particular choices of w and a such that = wa.

For our W, the reflections sy ; and s,,; for the roots ay,; and a,; are given by the formulas of the following
Lemma.

LEMMA 2.5.1. Let ay; and ay,; be the positive roots for W introduced in (2.81) and let sy,; and sy; be the
associated reflections, fori =1,2,... Then we have that

syi=(60"ts, sy =t (2.116)

PROOF. This is immediate from (2.81) and the definitions. O
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We now have the following Lemma.

LEMMA 2.5.2. Letve Ay, and let A := (V) € Ayn—1) Where ¢ : Ay, — Ai(n—1) is the function defined in Lemma
n-1-]A

2.2.5 Set k= TH

a) Suppose that A = 0. Then the set of reflections sq in W satisfying v < sqv < w is exactly

{Sx,/1+2’ Sx,A+3r " Sx,)L+k+1} U {Sy,l’ Sy,Zr ) Sy,k} (2.117)

obtained by transforming the roots of the factors of (2.84) to reflections.
b) Suppose that A < 0. Then the set of reflections sq in W satisfying v < sq v < w is exactly

{85,100 Sx,20 5 S k41 U LSy 14140 Sy2+4140 7+ Sy k+1AL} (2.118)
obtained by transforming the roots of the factors of ([2.112) to reflections.

PROOEF. Let us prove a). Since A = 0 we have that v begins with s and that A = [(v) — 1. Viewing v as a 'tail’ of
w, see (2.45), there are k instances in w of s to the left of v and also k instances of ¢ to the left of v. Multiplying
v on the right of the reflections sy,1, sy2,-+- ) Sy k gives the tails from these t’s, as illustrated below in for
n=20and 1 =9
v
Q:ststst.stsltlststststst

Sy,1V

Sy,2V

5y 50 (2.119)

Sy,4U
Sy,5v

and multiplying v on the right of the reflections sy 112, Sx,1+3, ***» Sx,1+k+1, gives the tails from the s’s, upon delet-
ing the last generator of w, as illustrated below

v
w:ststststlstlststststst

Sx,110

Sx,120

2.120
Sx,13V ( )

Sx,14V

Sx,150

These products all satisfy the conditions v < s, v < w of the Lemma, and one also checks that they are the
only ones satisfying the conditions. This shows a), and b) is shown the same way. 0

6. Graded Jantzen filtrations and sum formulas

In this final section we study the representation theory of A, and its specialization AE, = A, ®r C, where
the R-algebra structure on C is given by mapping a; and @ to 0. Note that A€ has already been studied in the
literature, in fact for general (W, S) for example in [44] or in [40].

As already mentioned, A,, is a cellular algebra and hence also AE, is a cellular algebra, with cell modules
A () = Ay(y) @R C for y € Ay,. Moreover, as already indicated, A,, and AY, are Z-graded algebras with degree
function deg given in (1.4.2). In fact they are graded cellular algebras, that is they fit into the following definition
first formulated by Hu and Mathas, see [20].

DEFINITION 2.6.1. Suppose that k is a commutative ring with identity and that A is a k-algebra which is
cellular on the triple (A, Tab, C). Suppose moreover that A is a Z-graded algebra via A = ®;cz A;. Then we say that
A is a Z-graded cellular algebra if for each A € A there is a function deg: Tab(A) — Z such that for s,t € Tab(1) we
have that Cst € Adeg(s)+deg(t)-
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We shall in general refer to Z-graded cellular algebras simply as graded cellular algebras.

The same degree function deg that was used for A,, also makes A,, and AY, into Z-graded cellular algebras.
On the other hand, to make the blob-algebras B)” and NB,, fit into Definition we use the function deg:
Tab (A1) — Z given by

2{number of blobs in ¢} ifA=0

2{number of blobsin t}+1 ifA<0 2.121)

deg(?) : Tab(1) — Z,deg(t) = {
where Tab(A) refers to blob half-diagrams as in the paragraph prior to equation (2.16). Thus, when viewing Tab(A)
as the basis elements for A(1) as in and (2.56), the function deg assigns degree 1 to a blob on a propagating
line, and degree 2 to a blob on a non-propagating line.

For A a graded cellular algebra over k we let . 4-mod be the category of .A-modules which are free over k with
finite basis consisting of homogeneous elements. For M in .A-mod we define its graded rankrk; M € Z|q, g~ '] via

rkyM:= Y rtkM;q’ (2.122)
i€z
where rk M; is the number of basis elements for M that have degree i.

We shall use the notation A8 and 48" when referring to A, and AS as graded cellular algebras and sim-
ilarly, for v € A, we shall use the notation A%) (v) and Aﬁf’c(v) for the graded cell modules for A5 and Aﬁ,r'c.
On the blob-algebra side, we shall use the notation BS Y and NBS' for B),” and NB,,, when viewed as graded
cellular algebras, and shall for A € A, use the notation Aﬁr'[B(A) and A%r’B’C (1) for the graded cell modules for
BS""Y and NBS'.

The proof of Theorem mainTheoremSection3new shows that [Eﬁiff’y = A%" and so also I\I[Elif’li1 = Aﬁ,r'c. Recall

the map ¢ : Ay(z-1) — Ay from Lemma Then, similarly, the proof of Theorem shows that Af:?(/l) =
A% (v) where (1) = v and so also Aif?’ = Aﬁ,r'c(v). However, for v not belonging to the image of ¢, that is

for ve AS,, see (2.47), we need to work a little bit to get an analogous description of Afur(v) and Aﬁ,r’q:(v).

For A a graded cellular algebra and M = &;czM; a graded .A-module we define the graded shift M[k] of M as
the graded .A-module given by

MIk] = ®;czM[k]; where M[k]; := M;_. (2.123)

The first part of the following Lemma has just been mentioned, but we still include it for later reference. The
second part of the Lemma essentially says that the v’s in A¢, do not give rise to 'new’ cell modules for A% .

LEMMA 2.6.2. Suppose that w = w,s', that is s' is the last S-generator of w.

a) For v= () we have that AS) (v) = Aflf[?(/l).

b) Forve A, set vy :=vs', that is l(v)) = [(v) + 1. Then AS (v) =AY (v = AEEB

1 M[1] where @A) = v;.

Proof: As mentioned, we only need to prove b). Let D; be the following diagram

oA
D= Tt ‘ ‘ I (2.124)
oo A

(where we suppose that s’ is blue). For any diagram D for A8] (v;), we define f(D) := DDy, that is f(D) is obtained
from D by multiplying on top with D;. Then f induces an R-isomorphism A, (v1) = A, (v) which is also a module
isomorphism since left multiplication commutes with right multiplication. But D; is of degree 1, and so we get
that f: A% (v1) — A% (v)[-1] and hence A%) (v1)[1] = Aé] (v). Combining this with a) we obtain b). O

LEMMA 2.6.3.
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a) Suppose that A € Ay -1y with A =0. Then

n-1-7A
T2 .
kg ABR () =1k A8 P = Y kATt (A +20) g7 (2.125)
i=0
b) Suppose that A € Ay (,—1) with A <0. Then
rky AE" (1) = 1k, A8"PE (1) = grk, A8"P (). (2.126)
Proof: This follows immediately from Lemma|[2.3.1 O

For A € Ay(n-1) let {b1, by, ..., by} be the R-basis for AB_| (1) obtained from #:80) and Theorem ifA=0
or from Theoremlf A <0. According to these Theorems (b;, b; )n 11 is a product of positive roots for W and
so {by, by, ..., by} consists of homogeneous elements since (-, '>Ef is homogeneous. The degree of b; is equal to
number of roots appearing in (b;, b))% _, ; according to Theorem 2.4.1|and

Let now a be a positive root for W. We then introduce the following B Y -submodule of Aif?(/l)
AT ={ae Agr[B(/l) | divides (a, b)® _yp forallbe Agr[iB()L)} (2.127)

gr,a

From the above remarks we have that A}, (1) is a free over R with basis

{b;| a is a factor of (b;, b,-)n_m}. (2.128)

The proof of the following Theorem is a compilation of the results from the previous sections.

THEOREM 2.6.4. Supposing that v = ¢(A) and that v < s, v < w we have that
rky A8"T () =1k AY) (sa ) [ (sqv) = L()]. (2.129)

Otherwise, if v < sqv < w is not satisfied, we have A8 ”f()t)

Proof: Let k := %’A Let us first consider the case where A = 0 and a = a,,; for some i = 1,2,...,k, hence

= t(st)'"!, see Lemma|2.116, By Lemma we have that Agr’?(/l) =A%) (v). The distinct roots ax] and ay,;
are irreducible and unassociated elements of R and so it follows from the description in Theorem [2.4.1] of the
matrix ME_I , in (2.80) that

k
ey AE"E () = Y 1kATE (A +2/)g% = g% Z kALY (A+2i+2))g” (2.130)
j=i j=0
Using Lemma and Lemma[2.2.5| we get that is equal to
Ptk AB"P (A +20) = P ek A8TY (<A - 20) = ¢ ik A8 (1(51)' ) = g7 ik A8 (54 0). (2.131)

But v begins with s since A = 0 and so the last expression of (2.131) is rk, A8 (s v)[1(sqv) — I(v)] which shows
the Theorem in this case. For an illustration of s, v, see (2.119).

Let us now consider the case where still A = 0, but a@ = @ 3+1+; and hence s4 = (st)yM1s, see Lemma [2.116
Then a appears in the same blocks as ay,; did in the previous case, and so we get from (2.130) and (2.131) that

rky A8"T (1) = q* kg AY) (1(s1) 7 v) = ¢Prkg AS) (1)) (2.132)

where we used Lemma and b) of Lemma [2.6.3] “ 3| for the second equality. On the other hand, writing v = us’
with I(u) +1 = I(v) we get from Lemma[2.5.2]and b) of Lernma- 2| that

rky A (sqv) = 1k A ((s) 1) = qrk, AS) (5D v). (2.133)
Comparing and (2.133) we get

tkq AP () = g7 kg A (s ) = 1k AS) (50 0)[1(5 V) — [(V)] (2.134)

which shows the Theorem in this case as well. The remaining cases of the Theorem are proved with similar
techniques. O
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Our next aim is to generalize Theorem to Agwr(v). This is immediate if v € A, since in that case v € im ¢,
whereas for v € A€, we have to work a little bit. For a a positive root we first generalize (2.127) in order to get a
graded submodule Aﬁ,r'a(v) of Aﬁ,r(v).

A8 () :={a € A (v)| a divides (a, b}y, for all be A (v)}. (2.135)

We then have the following Theorem.
THEOREM 2.6.5. Let a be a positive root for W. If v < s, v < w then
tky A8 () =1k AY) (50 1) [1(sq V) — ()] (2.136)
and otherwise AS"® (v) = 0.

Proof: As already mentioned, if v € A,, the result follows immediately from Theorem [2.6.4] so let us assume that
v e AS,. As before we write w = w, s', where s’ is the last S-generator of w and set v; = vs'. Then I(v1) = I(v) +1
and v; € Ay. Let D be a diagram basis element for A, (v). Then D has nonempty zone C and we define D; to
be the diagram basis element for A, (v;) which is obtained from D by making the last non-hanging birdcage,
corresponding to zone C, hanging. Then D — D, is a bijection between the diagram basis for A, (v) and the
diagram basis for A, (v1). On the other hand, using the definition of the bilinear forms we have that

(D,Cy,, = v(@')(Dy,C1)yy (2.137)

where o’ is the root corresponding to s’ and so the matrix for (-,-)z’,v has the diagonalized form v(a’ )ME—1 1
where A = ¢(v1). We now assume that A = 0 such that ME_l ) is given by Theoremﬁ One then checks that
v(a) = ay)+1. Moreover, the set of reflections s, in W satisfying v < s, v < w is the union of s, 3.1 with the set of

reflections s, satisfying v; < sqv1 < w, and hence, in view of Lemma it is equal to

{Sx,1+1 Sx,A+2) SxA+3> S A+k+13 U LSy,1, Sy2,+, Sy i} (2.138)
which is exactly the set of reflections obtained by transforming the roots of the factors of the diagonal elements
of of v(oc’)MEf_1 , to reflections.

Let us now show (2.136). If a is a factor of a diagonal element of ME_l ), we are reduced to the previous case
treated in Theorem as follows

tky A% (1) = grkg A" (V) = grkg A (sqv1) [1(sqv1) — 1(v1)] = kg AY) (s V) [1(sq V) — (V)] (2.139)

N
where we used Lemma for the last step. On the other hand, if @ = a, 1,1 we have that sqv; = v and so we
get

tky A8 (v) = qrkg A8" | (1) = 1k AY) (s V1) [L(sa V) — 1(V)] (2.140)
which shows ([2.136) in this case as well. The cases where A <0 are treated with similar techniques. O

A%%(v) is free over R and hence we get immediately a specialized version of Theorem m
COROLLARY 2.6.6. Defining Agwr'a'c(v) = Af,,r’“(v) ®g C we have that
rky A8 (1) =tk A8 (54 ) (5 v) — L)1, (2.141)

The definition of A%"* (v) in (Z.135) is reminiscent of the Jantzen filtration for Verma modules. To make this
analogy even stronger we let R; := C[x] and define Aﬁ,r’x(v) = Af,,r(v) ®p R; where R; is made into an R-module
via a; — x and a; — x. Then {AS*(v)|v € A} are graded cell modules for AS)™ := A% ®z R;. In R, all the roots

ay,; and ay,; are non-zero scalar multiples of x and so we define for any k=1,2,...
AP (0) = {a e A8 (v) |xF divides (a, b)Y, for all be A% (1)} (2.142)

A8KEC () 1= (A8 (1)) (2.143)
where 7 : A8 (1) — A8 (1) ® r, C is the quotient map: here C is made into an R;-module via x — 0. Then

Aﬁ,r'c(v) 2 A‘Lgur'l'c(v) 2 Aﬁ,r'z’c(v) D... is a filtration of graded submodules of Aﬁ,r'c(v) and we have the following
Corollary to Theorem [2.6.5

COROLLARY 2.6.7.

a) Aﬁ,m:(v)/Aﬁ,r'l'C

(v) is irreducible or zero.
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b) The following graded analogue of Jantzen’s sum formula holds

Yk A8 = Y 1k A8 (sq ) [1(sqv) — L(V)] (2.144)
k>0 v<?a>y05 w

where a > 0 refers to the positive roots of W.

As pointed out in the introduction, analogues of ungraded Jantzen filtrations with associated sum formulas
exist in many module categories of Lie type and give information on the irreducible modules for the category
in question. But although graded representation theories in Lie theory have been known for a long time and
would be very useful for calculating decomposition numbers, to our knowledge graded sum formulas have so far
not been available. The virtue of Corollary[2.6.7]is to show the possible form of graded sum formulas in graded
representation theory.

It should be noted that in the present NB,,-situation, the irreducible modules can be read off from Theorem
and Theorem and are in fact Temperley-Lieb cell modules. See also [39] for a different approach to
this.

We believe that the equalities in Theorem [2.6.5[and Corollary are valid on module level, but have so far
not been able to prove so. But in the remainder of the article we indicate how to generalize them to enriched
Grothendieck group level. The methods for this are essentially generalizations to the graded case of the methods
in [44], where the corresponding ungraded case is treated.

Let A be a graded cellular algebra over C. Let (A-mod), be the enriched Grothendieck group for A, that
is (A-mod), is the Abelian group generated by symbols (M), for M running over the modules in (A-mod),
subject to the relations (M), = (M), + (M), whenever there is a short exact sequence 0 - M; - M — M, — 0
in (A-mod),. The grading shift in A —mod induces a grading shift in {(A-mod), via (M) ,[k] := (M[k]), and so
we get a Zl[q, q‘l]—structure on A-mod via (M), +{(N)4:=(M & N), and qk(M>q = (M) 4kl

The following is a natural generalization of the definition of a cellular category, see [50], to the Z-graded case.

DEFINITION 2.6.8. Letk be a commutative ring with identity and let C be ak-linear Z-graded category, that is
for objects m, n in C we have a decomposition

Hom¢ (m, n) = @;ezHome(m, n);. (2.145)
Suppose that C is endowed with a duality *. Then C is called a Z-graded cellular category if there exists a poset A
and for each A € A and each object n in C a finite set Tab(n, 1) which is decomposed as Tab(n, ) = U;czTab(n,1);
together with a map Tab(m, ) x Tab(n,A) — Hom¢(m, n), (S, T) — CQ”T, satisfying CQT € Hom¢(m,n)i4+j if S €
Tab(n,A); and T € Tab(n, A) ;. These data satisfy that (C},)* = C}¢ and thar

{CngIS € Tab(m, A), T € Tab(n, A), A € A} is a homogeneous k-basis for Homg(m, n) (2.146)
and for all ae Homc(n, p);, S € Tab(m, A1), T € Tab(n, 1)
aCir= Y ral8,8C)  mod A} (2.147)

S’ETab(p,MHj
where A" is the span of{Cngu <A, SeTab(m,w), T € Tab(p, w)}.
This following simple fact was already mentioned in [44], in the ungraded case. Let C be a graded cellular
category and let A be a finite subset of the objects of C. Define End¢(A) as the direct sum
Endc(A) := &, ne aAHome (m, n). (2.148)
Then End¢ (A) has a k-algebra structure as follows

of if feHom¢(m, n), g € Home(n, p) for some m, n, p

g.f::{ 0 otherwise (2.149)

and, in view of (2.145) and (2.147), this is a graded k-algebra structure. Moreover, we have the following Theorem.

THEOREM 2.6.9. Let C be a graded cellular category and let A be a finite subset of the objects for C. Define for
A € A the set Tab(A) := UpyeaTab(n, A). Let for S € Tab(A), T € Tab(A) the element C§T € End¢(A) be defined as the

inclusion of C ng € Hom¢(m, n) in End¢(A). Then these data define a graded cellular algebra structure on End¢ (A).
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Proof: Just as in the ungraded case considered in [44], this follows immediately from the definitions. O

For a general Coxeter system (W, S), it was shown in [I11] that the diagrammatic Soergel categories Dy s) and
DECW s)» see Definition and Remark are graded cellular categories in the sense of Definition

Let us indicate the ingredients that make the categories D(y,s) and D((CW, s> see Definition and Remark
fit into Definition for our choice of (W,S). In case of Dyy,s), we use for k the ring R, and for the
objects and morphisms we use the objects and morphisms given in Definition[1.4.2] For the poset A we use W
itself, endowed with the Bruhat order poset structure. For w € exp starting with s and in reduced form, that is
w = w, we use for Tab(w, v) the set of birdcages Tab,,(v). For w € exp starting with ¢ and in reduced form, we
use for Tab,, (v) the corresponding set of birdcages Tab,, (v). For w € exp a general object in D, s) not in reduced
form, we use the general light leaves construction from [11]. Since we do not need the details of this construction
we skip it at this point. In case of D‘(EW] ) We use the same ingredients as for D), except that for k we replace R
by C.

Let us now fix a finite subset Wy € W of W such that ve Wy,u < v = u € W, that is Wy is an ideal in W.
For each z € Wy we let z be its (unique) reduced expression. We then set W := {z| z € W} < exp and define

87 ._ 38n.C . _
AWO :=Endp, s (W,) and AW0 = EndDéchs) (Wy). (2.150)

Note that in this setup we recover the graded cellular algebras A8, and A'ﬁf’c by taking Wy := {w}.

We now have the following Theorem, which is our main reason for changing to the categorical setting.
THEOREM 2.6.10. A‘;;(;C is a graded quasi-hereditary algebra over C.

Proof: The proof of Theorem 8.5 in [44], corresponding to the ungraded setting, carries over to the present graded
setting. 0O

Let AS‘;O (v) and A%C(V) be the graded cell modules for A% and A'SV"ZC. There is an R-module decomposition

A% () = zew, AE (1) (2.151)
where we use z instead of w to indicate that z may begin with s as well as . There is a similar decomposition for

A%C(v). Let ¢, ‘)zvo be the bilinear form on A‘afo (v). It is orthogonal with respect to the decomposition in (2.151).
Mimicking what we did for A%, (v) we choose @ a root for W and define for A%)® (v) via

NS (W) :=1{ae A (v)|a divides (a,b)," for all be A% (1)} (2.152)
and set
A%a‘c(v) = H(A%a(l/)) (2153)
where 7 is before. Following [44], we define for z € W, projection maps ¢, as follows
@z (A}%;C —mod), — (Air’c —mod)g, (A%C(y»q — (A§"C(U)>q (2.154)

and arguing as in [44], we get the following compatibility at Grothendieck group level

QAW g) = (A" W) (2.155)

We have natural homomorphisms of Z[g, g~']-modules

tkiwy g (A5 —mod)y — ZIq, g7, (Mg — 1k M
(2.156)
rky g 1 (AE"C —mod), — Z[q, g1, (M), — 1k, M.

Let ®: (Aﬁvr(;c —mod)g — ®zew, Z[q, g~'1 be the Z[g, g~']-homomorphism whose z'th coordinate is equal to
the composite map rk; 4 o ¢ .. With this notation we have the following Theorem.

THEOREM 2.6.11. ®: (A%C —mod)y; — @EEEOZW’ q‘l] is an isomorphism of Z[q, q‘l] -modules.
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Proof:  Since (A%C —mod), and ®zew, Z[q, q~'] are free Z[q,q ']-modules of the same rank, it is enough to

show that @ is surjective, by Vasconcelos’ Theorem once again, see [48]. Let f =} ;ew, fz € ®zew, Zlq, g~ '] and

choose fz nonzero and z, minimal with respect to this condition. The z,’th component of @((A%C(zonq) is

1kzy,q (A2 (20)) = 1 and so the z'th component of d)(fgo (Aﬁvr(’)c (z0))g) is féo' On the other hand, the z’th com-

ponent of @(A%C (20)) is 1k 4 (A, (20))4 which is nonzero only if zo < z. Hence, we can use induction on f —

CD(fEO(A%C(zo))q) and get that f € im®, as claimed. O
We can now prove the promised Grothendieck group extension of Corollary[2.6.6]

COROLLARY 2.6.12. For ve Wy we have A%a’c(v) =0 unless w=s,v>v. If w=s,v>v then
<A§Vﬁ;“'c(v)>q = <A§V’f(sa V[L(sqv) = 1(W)])g- (2.157)

Proof: We apply @ to and check that both sides are equal. Using and Corollary[2.6.6| we get that
the z’'th component of the left hand side is rkq Afr’c(sa V)[I(sqv) — I(v)] which by definition of ® coincides with
the right hand side. We then use Theorem [2.6.11]to conclude the proof. O

Finally, the Grothendieck group extension of Corollary is proved with the same techniques, upon chang-
ing the ground ring for the category Daw,s) from R to R;. The cell modules for Dy s) are called A%x(v) and we
define for k=1,2,...

ASPEX () = (a € A5 () [(a, by, € xF Ry for all be A5 ()} (2.158)
and set e .
A3 W) = A ). (2.159)

Mimicking the proof of Corollary[2.6.12| we then have the following generalization of Corollary[2.6.7]
COROLLARY 2.6.13. The following graded analogue of Jantzen's sum formula holds:

YA W= Y A5 (e isav) — 1)) . (2.160)

k>0 a>0
V<SqUsSWw
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