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CHAPTER I

Introduction

1.1 Introduction and definitions

In this thesis a class time-delayed reaction-diffusion equations is investigated:

(1.1)  w(t,x) = uge(t, ) — f(ult,z)) + /OOO/RK(S,w)g(u(t —s,x — w))dwds,

where z € R is the spatial variable, ¢ is the time, f,g € C(R,,R;) and the non-
negative K € L'(R; x R) meet some additional natural conditions. These equations,
with appropriate f, g and K, are widely used to model many ecological and biological
processes, where wave phenomena are observed and which depend not only on the
present state but also on some past occurrences (see, e.g. [8, 20, 21, 27, 28, 29, 36, 42,
47, 49]). The nonlinear g is referred to in ecology literature as the birth function and,
for example, the biological interpretation of w is the population density of mature
species. The main goal of this work is to study the existence, uniqueness (up to
translation) and minimal speed of propagation of positive traveling wave solutions
for some equations of the form (1.1), in the case where ¢ is non-monotone.

Aiming to develop a more general theory and motivated by recent studies by C.
Goémez and S. Trofimchuk (see sections I11.2 - TI1.4 which are included here for the

completeness), we propose also renewed version of the Diekmann-Kaper theory (DK



theory for short) of a non-linear convolution equation:

(1.2) o(t) = /Xd/uL(T)/RK<S,T)g(QO(t— s),T)ds, teER,

Our version of DK theory allows to consider new types of models which include e.g.
the nonlocal KPP-Fisher equations (with either symmetric or anisotropic disper-
sal kernel), nonlocal lattice equations and delayed reaction- diffusion equations; to
include the critical case (which corresponds to the slowest wavefronts) into the con-
sideration; to weaken or to remove various restrictions on kernels and nonlinearities,

including the subtangential Lipschitz condition |g(u) — g(v)| < ¢'(0)|u — v].

Definition I.1. A travelling wave solution of equation (1.1) is a solution of the form
u(z,t) = ¢(x+-ct), where ¢ is the wave speed. In the event that (1.1) has two spatially
homogeneous equilibria u; and uy ((u(x,t) = u; and u(z, t) = uy are constant solution
of (1.1)) with u; < us and the profile ¢ of the wave satisfies the boundary conditions
¢(—00) = uy and @¢(+00) = ug, the travelling wave solution is called a wavefront. If

¢ is bounded and satisfies ¢(—o0) = uy, is called semi-wavefront.

Example 1.2. Consider the logistic equation
(1.3) w(t,x) = u(t,z)(1 —u(t,x)), u>0, r€R.

We recall that the classical solution u(z,t) = ¢(x + ct), is a wavefront for (1.3), if
the profile function ¢ is positive and satisfies ¢(—oc) = 0, ¢(+00) = 1. Note that ¢

is solution of equation c¢'(t) = ¢(t)(1 — ¢(t)) (see figure 1.1).

Definition I.3. Equation (1.1) is the monostable type if has only two non-negative

spatially homogeneous equilibria u; = 0 < us.
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Figure 1.1: An example of a profile ¢ of equation (1.3) with ¢ = 2 and ¢(0) = 106.

1.2 Results achieved

The results can be grouped into several parts: below we give a brief description

of each of them.

1.2.1 On existence and uniqueness of wavefronts solution for local reaction-diffusion
equations with delay

First, we begin our study by taking in (1.1) f(u) = u and K(s,w) = §(s—h)d(w),

with h > 0. Then equation (1.1) reads as

(1.4) u(t, ) = gy (t, ) — u(t,z) + g(u(t — h,x)), r € R.

In this case, we suppose that (1.4) is monostable and our main result says that for
every fixed and sufficiently large velocity ¢, the positive wavefront ( traveling front)
u(t,x) = ¢p(x + ct) of (1.4) is unique (modulo translations).

If we take h = 0 in (1.4), we obtain a monostable reaction-diffusion equations
without delay. The problem of existence of travelling fronts for this equation is quite

well understood. In particular, for each such equation we can indicate a positive real



number ¢, such that, for every ¢ > ¢,, it has exactly one travelling front u(z,t) =
¢(x+ct). Furthermore, equation (1.4) does not have any travelling front propagating
at the velocity ¢ < ¢,. The profile ¢ is necessarily a strictly increasing function. See,
for example, Theorem 8.3 (ii), Theorem 8.7 and Theorem 2.39 in [24].

However, the situation will change drastically if we take h > 0. Even at the
present moment, we are far from proving similar results concerning the existence,
uniqueness and geometric properties of wavefronts for delayed equation (1.4). This
despite the fact that the existence of travelling fronts in (1.4) was intensively studied
for some specific subclasses of birth functions. E.g. see [21, 40, 47, 53, 58] and
references wherein. Certainly, the so called monotone case (when ¢ is monotone on
[0, k]) is the one for which the most information is available. But so far, even for
equations with monotone birth functions very little is known about the number of
positive wavefronts (modulo translations) for an arbitrary fixed ¢ > ¢,. In fact, at the
time we started our research there were very few theoretical studies devoted to the
uniqueness problem for equation (1.4) and its non-local extensions. To the best of
our knowledge, the first uniqueness result for a non-local version of equation (1.4) has
been proved by [49], who have extended an integral-equations approach (see [14, 48])
to scalar non-local reaction-diffusion equations with delay. Besides the work by [49],
the uniqueness was established for small delays in [6] and for a family of unimodal
piece-wise linear birth functions (i.e. tent maps) in [52]. Since ‘asymmetric’ tent
maps mimic the main features of general unimodal birth functions, we are able to
prove the uniqueness of positive wavefront for delayed equations with the unimodal

birth function satisfying the following assumptions

Assumption 1.4. The steady state y1(t) = k > 0 (respectively yo(t) = 0) of the



equation
(1.5) y'(t) = —y(t) + g(y(t — h))

is exponentially stable and globally attractive (respectively hyperbolic) (see Definitions

1.4 -I1.8).

Assumption I.5. g € C'(R.,R,), p:= ¢ (0) > 1, and g"(s) exists and is bounded
near 0. We suppose that g has ezxactly two fized points 0 and k > 0. Set (5 =

maxsepo,x 9(5), we assume that g(s) > 0 for s € (0,(].

Example 1.6. If we consider g(s) = pse™®, s > 0,p > 1 in (1.5), we obtain the
Nicholson’s blowflies equation, where y is the size of an adult population. Is easy to
see that g satisfy assumption 1.5 with £ = In(p) and ( = 1 (see figure 1.2). Moreover,

we will prove in Section 4.9 that the steady states 0 and « satisfy assumption 1.4.

06
1
25

S

Figure 1.2: ¢g(s) = pse™®, p=5.

We established the following result developed in Chapter IV (see also [4]):

Theorem 1.7. Assume 1.4, 1.5. Then there exists a unique (modulo translations)

positive wavefront of equation (1.4) for each sufficiently large speed c.



Notice that the wavefront, whose existence and uniqueness is established in The-
orem [.7, may be non-monotone. For other results concerning the existence, unique-
ness and oscillation properties of a non-monotone wavefront for equation (1.4), see
[53]. We would like to mention also the asymptotic formulas given in Chapter IV:
these formulas explains why the differential equations describing the wave profile is
singular at € := 1/¢ = 0 and the solutions admits an asymptotic expansion which
are uniform in small e. These formulas were generalized and then used in [22] for

the case of multi-dimentional systems of nonlinear reaction-diffusion equations.

1.2.2 Existence of wavefronts solution for non-local reaction-diffusion equations with
delay

Our second goal is to extend some previous results concerning the existence and
uniqueness of wavefronts to non-local situation. We are interested in the particular

case when f(u) = v and K(s,w) = (s — h) K (w) with h > 0, equation (1.1) reduces
(1.6) ur(t, ) = uge(t, ) —ult,z) + / K(x —w)g(u(t — h,w))dw, = € R,
R

where K satisfies [, K(w)dw = 1, [, K(w)e*dw € R, for every A € R. Here,
we establish the existence of a continuous family of fast positive wavefronts u(t, )
= ¢(x + ct) of equation (1.6). We also prove that the fast wavefronts are non-

monotone if ¢'(k)he ™ < —1.

Example 1.8. Consider the gaussian kernel K, = \/4;”76_52/40‘, a > 0, then

Jz Ko(w)dw =1 and

1 2 €a>\ 2
Tweed gy = ey e R, AeR
e e w e u €I, or ever € X.
/R Vira Vira Jr Y

Before our research, the problem of existence of wavefronts for equation (1.6) was
considered in [20, 28, 36, 37, 40, 47, 49, 51, 54, 55] by means of different methods. In

the mentioned papers, a typical existence result requires several conditions on ¢ (in



particular, monotonicity of g was assumed in (36, 37, 47, 49]) and K (for example,
even/gaussian kernel was considered in [28, 36, 37, 40, 47, 54, 55]). Note that, the
so called non-monotone case (when the restriction gy, is not monotone) seems to
be considerably more complicated than the monotone one. Its systematic study has
started very recently in [20, 40, 52] (see also [51] for some further references).

An interesting approach was proposed in [20], where the Lyapunov-Schmidt reduc-
tion was used to study systems of delayed reaction-diffusion equations with non-local
response. In the case of equation (1.6), the approach of [20] requires the existence
of a positive heteroclinic solution ¢ of (1.5). Under certain conditions imposed on ¢
and h, the authors of [20] succeeded to establish the existence of a smooth manifold
M of fast traveling fronts. In some sense, this M is generated by the mentioned
heteroclinic ¢ of (1.5). However, the main result of [20] does not answer the question
about the presence of positive wavefront solutions of (1.6) in M when ¢ := 1/c # 0.
We recall here that only non-negative solutions to (1.6) are biologically meaningful.

For establish the existence of positive traveling front solutions of (1.6) we suppose

(I.4) and

Assumption 1.9. g € CY(R,R,), p:= ¢ (0) > 1, and ¢"(s) erists and is bounded

near 0. We suppose that g has exactly two fized points 0 and k > 0.
Below, we present our main result developed in Chapter V (see also [1]):

Theorem 1.10. Assume 1.4 and 1.9. Then there is ¢, > 0 such that equation (1.6)
has a continuous family of positive wavefronts u(t,x) = ¢.(x + ct), ¢ > c.. These
wavefronts are mon-monotone if ¢'(k)he"™ < —1. Moreover, ¢.(s) is oscillating

about r if ¢'(k)he" < —1 and K(s) has a compact support.



1.2.3 Uniqueness of semi-wavefronts for non-local reaction-diffusion equations

In order to prove the uniqueness we study in [2] the uniqueness of semi-wavefronts
for a class more general of equations. When g is a Lipschitzian function differentiable
at 0 and f is strictly increasing, we prove the uniqueness (up to translations) of
positive semi-wavefront solutions for equation (1.1). The uniqueness result is proved
for all speeds ¢ > ¢,, where the determination of ¢, is similar to the determination of
the minimal speed of propagation. We present a new result concerning the uniqueness
(up to translation) of semi-wavefronts for non-local reaction-diffusion equations (1.1).
In the case, when K(s,w) = 0(s — h)K(w) and f(u) = du, equation (1.1) was
analyzed in [29, 36, 42, 47, 49]. If f(u) = Bu?, then equation (1.6) reduces to the
model studied in [27].

During the last decade, the existence and uniqueness of the traveling wave so-
lutions u(t,z) = ¢(x + ct) for equation (1.1) have been investigated in a series of
papers. Let us mention here [1, 20, 21, 37, 40, 51, 54, 55] where the existence problem
was approached by means of different methods and assuming different conditions on
f, K and g. Remarkably, the aspect of uniqueness appears to be considerably more
complicated than the existence part of the problem. In fact, a very few theoreti-
cal studies have considered this important question. As far as we know, the list of
references includes only several contributions: [4, 6, 19, 49, 52, 55, 59]. It should
be noted that all these publications suggest the following heuristic principle: ”The
existence of semi-wavefronts implies their uniqueness” which was justified for only
the important cases (however, always under strong technical restrictions imposed
on the nonlinearities f,g). In fact, none example of multiple of traveling waves for
equation (1.1) can be found in the literature. In many cases it was possible to prove

the existence of waves while their uniqueness (or non-uniqueness) was left as an open



problem. For example, it is well known (e.g. see [51]) that equation (1.6) with the
unimodal continuous birth function g has semi-wavefronts for each ¢ > cy, where
(no necessary optimal) speed cy is defined as the minimal value of ¢ for which the

characteristic equation

22 —cz—d +p#6_“h/ K(w)e *dw =0, with py = sup @,
R s>0 S

has at least one positive root. This value of cy is optimal (equivallenty, cy is the
minimal speed of propagation) if px = ¢'(0). However, the uniqueness of semi-
wavefronts for (1.6) was proved only in several special cases (listed below) and almost

always assuming that

Assumption I.11. g : R, — R, s a Lipschitzian function differentiable at 0:
(1.7) |9(s1) — g(s2)| < Llsy — saf,  s1,82 20,
for some L >0, g(0) =0 and g(s) >0 if s > 0.

The above mentioned special cases are the following ones:

(i) For monotone g satistying (1.11) with L = ¢’(0) and for the Gaussian kernel K,

Thieme and Zhao [49] proved the uniqueness of fronts to (1.6) for each ¢ > c4.

(ii) For a family of non-monotone unimodal piece-wise linear birth functions satisfy-
ing (I.11) with L = ¢’(0) and when K = §(w), Trofimchuk et al [52] established

the uniqueness of fronts to (1.6) for each ¢ > c.

(iii) Following the approach of [49, 15], Wu and Liu [59] proved the uniqueness of

wavefronts to (1.6) when L = ¢/(0) in (I.11) and K = 6(w), for each ¢ > c4.

(iv) For g satisfying (I.11) with L = ¢’(0) and even K, the uniqueness of the traveling

wave of (1.6) for each ¢ > cx was proved by Fang and Zhao in [19].
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(v) Also [6] can be applied to (1.6) that proves the uniqueness of fronts in the

particular case when h = 0, K(s) = %e_%l, g € C*R), 7 is sufficiently small

and ¢ belongs to some specially defined compact interval.

It is worthwhile to mention that the main ideological and technical ingredients in the
proofs of uniqueness in (i), (iii), (iv) are due to the seminal paper [15] by Diekmann
and Kaper. In fact, the uniqueness statement of [59] is a direct consequence of [15,
Theorem 6.4].

In any case, condition L = ¢’(0) is essential in constructions [15, 19, 49, 59] and
can not be omitted or weakened within the framework of [59]. However, as it was
shown recently in [4] (as part of this thesis), the global Lipschitz condition (I.11)
with L = ¢/(0) is not necessary to have the uniqueness in (1.6) with h > 0. It was
proved in [4] that each sufficiently fast front solution of (1.6) with K(w) = §(w) is
unique. In order to establish this, a small parameter € = 1/c was introduced and the
Lyapunov-Schmidt reduction in a scale of Banach spaces was realized.

Here, the main result extends further the result of [4]. In particular, as a direct
application of Theorem 1.16 below, we obtain that semi-wavefront solution of equa-
tion (1.6) with the Lipschitzian birth function g is unique (modulo translation) for
each fixed ¢ > c,, where (no necessary optimal) speed c, is defined as the minimal

value of ¢ for which the characteristic equation
22 —cz—d+ pe " / K(w)e *dw = 0,
R

with p, = esssup,. |¢'(s)| has at least one positive root. Clearly, p» < p. so that
¢x > cy. In the particular case when g is differentiable on Ry and |¢/(s)| < ¢'(0), s >
0, we get ¢, = cx in complete accordance with [19, 49, 52, 59].

Let us list now the additional conditions imposed on f, K and define the critical
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velocity c,:

Assumption 1.12. f € CY(R,R,) is strictly increasing, f(0) = 0 and f'(0) <
g'(0).

Assumption 1.13. For every A\, € R the non-negative K € L'(R, x R)

/ /K(s,w)e’““wdwds is finite and / /K(s,w)dwds = 1.
o Jr o Jr

Assumption I.14. There are Q)¢ > 0 and 6§ € (0,1) such that ¢'(s) ezists on [0, €]

and

() - O+ o)) < @st, se e

Definition I.15. The speed ¢, := ¢ (L,infs>q f'(s)) > 0 is defined as the minimal

value of ¢ for which the characteristic equation

(1.8) xo(z,¢) == 2% —cz — igg f'(s) + L/ / K(s,w)e >+ duds = 0.
5= 0o JR

has at least one positive root. The speed ¢, is defined similarly from the equation

(1.9) Xo(2,¢) == 2% — cz — f'(0) + ¢/(0) /000 /R K(s,w)e >+ duds = 0.

Now, we are ready to state our main result developed in Chapter VI (see also [2]).

Let A1(c) < Aw(c) be the positive roots of associated characteristic equation to (1.6).

Theorem 1.16. Assume I.11 - 1.14. Then for each fized ¢ > ¢, equation (1.6) has
at most one (modulo translation) positive semi-wavefront solution u(t,x) = ¢(x+ct).
Furthermore, ¢(t — ty) = exp(Ai(c)t) + exp((Ai(c) + 6)t)o(1l) as t — —oo for some
0 > 0 small and ty € R.

1.2.4 Upper and lower bounds for the minimal speed of propagation

We give constructive upper and lower bounds for the minimal speed of propagation

of traveling waves for equation (1.6) with K even. It is known [55] that for various
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systems modeled by equation (1.6), the minimal wave speed ¢, coincides with the
spreading speed. Therefore, it is important to study the effects caused by the delay
and other parameters (depending on specific models) on ¢,, cf. [36, 44, 47, 53, 55].
Another aspect of the problem concerns easily calculable upper and lower bounds

for ¢,. In particular, in the recent work [57], Wu et al. give several nice estimations

_ g2
1 es/4oc

T and o < h. However, the approach of [57] depends

for ¢, when K,(s) =
heavily on the condition o < h and on the special form of K which is the fundamental
solution of the heat equation. In the present work, we use a completely different
idea to estimate the minimal speed for general kernels and without imposing any

restriction on h. We note that this construction of upper and lower bounds for the

minimal speed can be applied to speed c,.

1.2.5 General theory

Finally, we present an abstract setting for our problem. It allows generalization of
the Diekmann-Kaper theory of a nonlinear convolution equation. Using our frame-
work we prove the uniqueness of semi-wavefronts to a broad family of monostable
equations.

For better understanding of our exposition, we include here several results ob-
tained by C. Gémez and S. Trofimchuk. These results are presented in sections

I11.2-111.4 and form a part of our joint paper [3].

1.3 Organization of the thesis

The thesis is organized as follows: Chapter II contains the basic definitions and
preliminaries results obtained for a scalar delay differential equations. Chapter III
is where we prove the uniqueness of semi-wavefronts to a broad family of monos-

table equations which can be written as a nonlinear convolution equation. Chapter
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IV contains studies of the solution of a reaction-diffusion equation with local delay
(1.4). Following [21], we realize the Lyapunov-Schmidt reduction in a scale of Banach
spaces and we obtain an alternative proof of the existence of positive wavefronts, see
Theorem IV.12. In Chapter IV, we show that there exists exactly one wavefront for
each fixed fast speed, this wavefront may be non-monotone. Chapter V is where the
existence of positive fast wavefronts of the reaction-diffusion equation with non-local
delay (1.6) is proven. In addition, in Chapter V, we obtain that this wavefront may
to oscillate about the positive equilibrium. In Chapter VI we analyzed the unique-
ness the semi-wavefronts solution of (1.1). Chapter VII is devoted to the estimation

the minimal speed of propagation of positive traveling wave solutions of (1.6).



CHAPTER II

Preliminaries

2.1 Introduction

Suppose h > 0 is a given real number, R, is an 1-dimensional linear vector space
over the reals with norm | - | and C' := C([—h,0],R,) is the Banach space of con-
tinuous functions mapping the interval [—h, 0] into R, with the topology of uniform
convergence. We designate the norm of an element ¢ € C by [¢] = sup_, <o |0(s)|.
Ifoc e Ri7>0andy € C([—o — h,o + 7],Ry), then for any t € [o,0 + 7|, we let
y; € C be define by y,(0) = y(t +6), —h < 0 <0.

Now, consider the scalar functional equation defined by

(2.1) y(t)=—y@) + ), y=0,

where f : C'([—h,0],R;) — Ry is a continuous functional which takes closed bounded
sets into bounded subsets of R,. Below, we give some definitions and results obtain-

ing the existence and properties of heteroclinic solutions of (2.1).

Definition II.1. Suppose that (2.1) is the monostable type, with non-negative equi-
librium u; < uy. Then a heteroclinic solution of (2.1) is a solution ¢(t) such that

converges to u; as t — —oo and to uy as t — +oo.

Definition I1.2. A function y is said to be a solution of equation (2.1) on [c—h, c+7]

if y € C(lo — h,o+ 7],Ry) and y(t) satisfies (2.1) for all ¢t € [o,0 + 7]. For given

14
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o € R, ¢ € C, we say that y(o, ¢) is a solution of equation (2.1) with initial value
¢ at o if there is 7 > 0 such that y(o, ¢) is solution of (2.1) on [0 — h,o + 7] and

Yo (t) = ¢(t) for all —h <t <0.

Definition I1.3. If y is a solution of equation (2.1) on [0 — h, a),a > o, we say that
g is a continuation of y if there is a b > a such that ¢ is defined on [0 — h,b) and

coincides with y on [0 — h,a). For more details see [31, Chapter 2].

Definition I1.4. Suppose that (2.1) is of the monostable type. Then the positive
steady state uy of (2.1) is exponentially stable if there are k,~,0 > 0 constant such
that if ¢(t) is solution of the equation (2.1) with |¢(to) — ua| < d, then |p(t) — ug| <

ke~ for all t > t,.

Definition I1.5. Suppose that (2.1) is the monostable type. Then the positive
steady state uy of (2.1) is globally attractive if all solutions ¢(t) of the equation (2.1)

converges to ug as t — +00.

2.2 Heteroclinic solutions of scalar delay differential equation

In this section we start by showing an existence result of heteroclinic solution
of equation (2.1) obtained in [21, Section 2]. We suppose that equation (2.1) has

exactly two steady states y;(t) = 0 and y»(t) = k.

Lemma I1.6. Let f : C([—h,0],R,) — Ry be a continuous functional which takes
closed bounded sets into bounded subsets of R,. Assume further that every nonneg-
ative solution of (2.1) admits a unique extension on the right semi-axis. If f(0) =0
and f(k) = k > 0 and y2(t) = Kk attracts every solution of (2.1) with nonnegative
and nontrivial initial function, then there exists a positive complete (that is defined

over R) solution ¢ of (2.1) such that ¥(—o0) = 0 and ¥(+00) = k.
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Proof: See [21, Theorem 5]. OJ

Lemma I1.7. Suppose that p > 1 and h > 0. Then the characteristic equation

(2.2) z=—1+pexp(—zh), z€C

has only one real root 0 < A < p—1. Moreover, all roots A € R,\; € C, j =2,3,...

of (2.2) are simple and we can enumerate them in such a way that A > Ry = RA3 >

Proof: Set H(z) = z+ 1 and G(z) = pexp(—zh), z € R. Observe that H(0) =
1 < G(0) and G is a decreasing function and is strictly convex. Hence, there exists
a unique A > 0 such that H(A) = G()A). Since A = —1 + pexp(—Ah) we have
A>—1+np.

Now let ¢(z) = z 4+ 1 — pexp(—zh), z € C. Since 9 is analytic, then the set of
zeros of 1 is numerable and since 1'(\;) = 1 4+ hpexp(—A;h) # 0 for all A\; € C root
of (2.2), all roots A, \;, j =2,3,... of (2.2) are simple. Finally, from the inequality
RN + 1 < pexp(—RA;h) we get that these roots we can enumerate them in such a
way that A > RAs =R 3> .... O
Everywhere in the sequel, \; stands for a root of (2.2). Notice that we write A instead

of )\1.

Definition II.8. The trivial equilibrium of (2.1) is called hyperbolic if the roots of

the characteristic equation (2.2), have nonzero real parts.

Now, we give a uniqueness result of heteroclinic solution of equation (2.1) for

Lemma I1.9. Assume 1.4, 1.9 and let X be as in Lemma II.7. Then (1.5) has a

unique (modulo translations) positive heteroclinic solution 1. Moreover, ¥(t — tg) =
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exp(At) + O(exp((2A — 0)t)), t — —oo and YP'(t — tg) = Aexp(At) + O(exp((2A\ —

d)t)), t — —oo, for each § > 0 and some t, € R.

Proof: See [21, Lemma 8|. J

2.3 Uniform permanence of wavefront

Definition I1.10. Equation (1.5) is said to be uniformly persistent if there exists a

positive number m such that lim inf y(¢) > m for every solution y # 0 of (1.5).

t——+o0
In this section we give a result obtained in [38] showing that the equation (1.5) is

uniformly persistent under hypothesis 1.9.

Notation II.11. Suppose that g satisfies 1.9. Set (; = max e 9(s), we assume

that g(s) > 0 for s € (0,(a]. Set A :=sup{a € (0,x/2] : ¢'(s) >0, s€[0,a)}.

Observation I1.12. It should be observed that assumption 1.9 implies the existence
of a positive ¢; < min{g(¢z), A} such that g((1) = minger, ¢, g(s). Notice that
9([¢1,¢2]) C [¢1,¢). Without restricting the generality, we may also suppose that

SUPg>o 9(5) < G2 (see figure 2.1).

The following lemma shows the uniform permanence of wavefront of (1.5). The

proof is given in [38, Theorem 3.6(a)] and [53, Lemma 4.3].

Lemma I1.13. Assume 1.9. If y #Z 0 is a non negative bounded solution of equation
(1.5), then

G < liminf y(t) < lmsupy(t) < Go.

t——+o0
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G2

Figure 2.1: An example of birth function g

2.4 Small solutions for equations

Definition IT1.14. A small solution y at t = —oo is a solution for some equation, by

example of equation (2.1), such that

lim eMy(t) =0 forall k € R.

t——o0

Small solutions that are not identically zero are called nontrivial.
We need the following lemma in Chapter VI:

Lemma I1.15. Ify is a non trivial solution of the linear asymptotically autonomous

homogeneous equation

Y (t) = —y(t) +p(t)y(t — h), p(—=o0) =p > 1,
where P € C(R,R), then y is not a nontrivial small solution.

Proof: See [21, Lemma 8|. [J
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2.5 Asymptotic behavior of solutions for linear equations with delay

We consider the homogeneous equation
(2.3) y'(t) +y(t) +py(t —h) =0,
and the characteristic equation associated given by £(\) := A + 1 + pe " = 0.

Definition I1.16. Let A be such that {(\) = 0. We say that the function z € C'(R,R)
is an eigensolutions of (2.3) corresponding to A, if z(t) = e p(t), where p(t) is any

polynomial, and z satisfies equation (2.3) (see [41]).
Lemma I1.17. Let y : R — R be a solution of equation
(2.4) y'(t) +y(t) +py(t —h) = f(1),

for some f: R — R, and p € R. Assume for some real number a < b that y(t) =

O(e=®) and f(t) = O(e™®), t — +oo. Then for every § > 0, we have that
y=2(t) +O0(e "t - too,
where z is an eigensolution of (2.4) associated to the roots \; of (2.2) such that
A €{-b< R\ < —a}
Proof: See [41, Proposition 7.1]. O

2.6 Oscillations of the linear scalar delay equations

Definition I1.18. Let ¢ be a continuous function defined on R. The function ¢ is
said to oscillate about p € R, if for every ¢t > t; there exists a point ¢; > ¢ such that

o(t1) = p, for some t, fix (see figure 2.6).

The first aim in this section is to show a fundamental result for the oscillation of

all solutions of equation

(2.5) y() +y(t) +ayt—h) =0, ¢ eR.
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Lemma II.19. Assume that h > 0, ¢ € R and let y : R — R be a solution of

equation (2.6). Then the following statements are equivalent
1. Every solution of equation (2.6) oscillates.
2. The characteristic equation z + 1+ qe™*" = 0, z € C, has not real roots.

Proof: See [30, Theorem 2.1.1.]. O

1.4

1142

Do =

041 .

Figure 2.2: Oscillating wave solutions, see [52].

Now we show a sufficient condition for the oscillation of all solution of the linear

differential equation with asymptotically constant coefficients:

(2.6) y'(t) +y(t) + Q)y(t — h) =0,
where @ € C(R,R,) such that lim;_, . Q(t) = q.

Lemma I1.20. Assume that h > 0 and q € R. If every solution of the limiting
equation

y'(t) +y(t) +qy(t —h) = 0.

oscillates, then every solution of equation (2.6) also oscillates.



Proof: See [30, Theorem 2.4.1.]. O
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CHAPTER III

General theory

3.1 Introduction

The main goal of this chapter is to develop a variant of the fundamental Diekmann-
Kaper theory (DK theory for short) of a nonlinear convolution equation [15] for the

scalar integral equation

olt) = /X dy(r) / K(s,7)g(plt — ), 7)ds, tER,

in the case when the nonlinearity g is of the monostable type and the averaging kernel
K can be asymmetric in the first variable. Here (X, 1) will denote a measure space
with finite measure p, K(s,7) > 0 will be integrable on R x X with [, K(s,7)ds >
0, 7 € X, while measurable g : Ry x X — R, ¢(0,7) = 0, will be continuous in ¢
for every fixed 7 € X. In the case when X is just a single point (i.e. #X = 1) and
1(X) = 1, equation (1.2) coincides with the nonlinear convolution equation from
[15].

There are various motivations to study the above equation, mainly from the theory
of traveling waves for nonlinear models (e.g. reaction-diffusion equations with delayed
response [4, 49, 51, 55|, equations with non-local dispersal [12, 9, 13, 34], lattice
systems [18] etc). It should be noted that only a few of these models take the simplest

form with #X = 1 of (1.2). But even when sometimes they can be written down as

22
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equation (1.2) with #X > 1, the lack of a general theory obligates to repeat, at least
partially, some ideas and constructions from the seminal work [15]. Hence, the first
goal of this paper is to show that the ideology of [15] can be extended to include much
broader class of equations than it was initially expected. We are making here the
first step to create such a general extension. The further generalizations of (1.2) can
be undertaken to include some other interesting applications (for example, equations
with distributed delays as in [18, 19]). We would like to mention here [25] where
a criterion of the existence and uniqueness of monotone fronts in the KPP-Fisher
delayed reaction-diffusion equation was established within the framework of another
extension of DK theory. Nevertheless, we do not pursue this direction in our current
work.

In a biological context, ¢ is the size of an adult population, so we consider only
non-negative solutions of (1.2). Due to the possible applications, it is convenient
to call bounded non-negative continuous solution ¢ : R — R, a semi-wavefront to
equation (1.2) if ¢p(—o0) = 0 or ¢(+00) = 0 [24]. We observe however that it suffices
to consider only the situation when ¢(—o0) = 0, since the case ¢(+00) = 0 can be
easily transformed to the first one via the change of variables ((t) = ¢(—t), which

sends (1.2) into

)= [ du(e) [ Katsimlglcte = 5).m)ds, te R,
X R
with Ki(s,7) = K(—s,7). We would like to emphasize that semi-wavefronts are
generally non-monotone, see [21]. On the other hand, it is well known that the
monotonicity of waves is very helpful for analyzing their properties. For instance,
wave uniqueness sometimes is established only within a subclass of monotone waves,
e.g. cf. [13, 25, 55]. In a similar line, we mention here that some wave properties (e.g.

uniqueness) in monostable dynamics in general does not hold without assumption of
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their non-negativity, see [4, 20].

Actually the uniqueness aspect will be central in our research, where we fully
agree with Chen and Guo [10, p. 126] in that "it seems that uniqueness of traveling
waves for discrete monostable dynamics is largely open”. So as in [15], after assuming
the existence of a non-trivial semi-wavefront to (1.2), we will study its asymptotic
behavior at infinity that sometimes will allow us to conclude about its uniqueness (up
to a translation, observe that our equation is translation invariant). Here, similarly
to other works using asymptotic expansions at infinity, we will work with the first
positive eigenvalue of the linearization of (1.2) at zero, thus our analysis also excludes
from the consideration so called ”pushed” fronts [16, 24]). Similarly to [15], the
existence of semi-wavefronts to (1.2) is not studied here.

As a by product of this strategy elaborated by Diekmann and Kaper, we are
able to establish a non-existence result as well as asymptotic properties of the kernel
K which proved to satisfy exponential convergence estimates (Mollison’s condition
[13]). Here the fulfillment of the Mollison’s condition means that the characteristic

function

(3.1) X(z) = 1—/Xg,((),T)d,u(T)/RK(S,T)G_ZSCZS,

is well defined for all z from some maximal non-degenerate interval J (which can be
open, closed, half-closed, finite or infinite). One of the crucial results of the paper
says that, under rather mild assumptions on g, K the presence of a semi-wavefront
v, p(—00) = 0, guarantees the existence of a minimal positive root A\; to (3.1).
Next, as it is well known the DK uniqueness theorem does not apply to the critical
(minimal) fronts when x(\;) = x’(A;) = 0. To overcome this difficulty in the case

of a nonlocal analogue of the KPP-Fisher equation (and in the case of its discrete
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counterpart as well)
(3.2) w=Jxu—u+g(u), r€R, g(0)=9g(1)=0, f>0on (0,1),

Carr and Chmaj in their influential paper [9] achieved an important extension of the
DK theory. Assuming that J is even, compactly supported and that ¢'(s) < ¢'(0), s €
(0,1), g(s) = ¢'(0)s+0O(s?), s — 0+, they showed that the minimal wavefront o (x +
cot) to (3.2) with profile 0 < ¢(s) < 1, s € R, is unique up to translation. Carr and
Chmaj’s work has motivated the second goal of our research: to get an improvement
of the DK theory that includes the critical case. Theorem II1.23 below gives such an
extension for general model (1.2). In special case of equation (3.2) our result requires
less assumptions on J and f than [15] does. In particular, J can be asymmetric and
non compactly supported, see Section 6.1 for more details. This agrees with the
initial idea of Kolmogorov, Petrovsky and Piskunov [34] who interpreted J(x)dx as
the probability that an individual passes a distance lying between x and x + dz. By
Theorem II1.23, the continuous birth function f is supposed to be differentiable at
0, with g(s) = ¢’(0)s +O(s'T®), s — 0+, for some o > 0, and to meet the obligatory

9, 15, 18, 49] subtangetial Lipcshitz condition of the DK uniqueness theorem:
(3:3) l9(s) —g(t)] < g'(O)|t — 5], 5,2 =0.

The necessity of condition (3.3) could be considered as a weak point of the DK
theory, cf. [4, 10, 13, 24] For instance, as it was established recently by Coville,
Dévila and Martinez [13], neither (3.3) nor ¢'(s) < ¢’(0), s € (0,1), is necessary to
prove the uniqueness of non-stationary monotone traveling fronts to (3.2). Instead
of that, it was supposed in [13] that generally asymmetric J € C'(R) is compactly
supported with J(a) > 0, J(b) > 0 for some a < 0 < b, while g € C*(R) has to

satisfy ¢'(0)g'(1) < 0, g(s) < ¢'(0)s, s > 0, and g € C"* near 0. The proof in
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[13] follows ideas of [12] and is mainly based on the sliding methods proposed by
Berestycki and Nirenberg (see [12, 13] for a nice state-of-art overview about (3.2) as
well as for the further references). The above discussion explains our third goal in
this thesis: to weaken various convergence and smoothness conditions of DK theory,
and especially condition (3.3). The related improvements can be found in Theorems
[I1.23 and II1.28. In the latter theorem, we remove condition (3.3) by assuming
a little more smoothness for g and exploiting the absence of zeros for x(z) in the
vertical strip \; < Rz < A, (see Lemma II1.12). Incidentally, Theorems I11.28 justifies
the following principle for monostable equations which seems to be rather general:
"fast positive semi-wavefronts are unique (modulo translation)”. In the last section
of this chapter, we apply this principle to reaction-diffusion equations with delayed
Mackey-Glass type nonlinearities to improve the uniqueness result of [4].

Finally, we observe that our approach to equation (1.2) differs from the methods
used by Diekmann-Kaper and Carr-Chmaj in many key points. Even if the logical
sequence of results here basically is the same as in [15], our proofs, starting from
the deduction of Mollison’s condition, are essentially different. In particular, we use
neither the Titchmarsh theory of Fourier integrals [15, 18] nor the powerful Ikehara
Tauberian theorem [9, 13, 55] in order to obtain necessary asymptotic expansions
of solutions. We have found more convenient for our purpose the use of a suitable
L?—variant of the bootstrap argument (as this one described by Mallet-Paret in [41,
p. 9-10]).

The main uniqueness results of this chapter are stated as Theorems I11.23, I11.28.
We apply them to nonlocal integro-differential equations (Section 6.1), nonlocal lat-
tice systems (Section 6.2), nonlocal (Section 6.3) and local (Section 6.4) reaction-

diffusion equations with discrete delays. We would like also mention here a short
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proof of Theorem I11.2 (concerning the Mollison’s condition) and Theorem II1.9 (pro-

viding a non-existence result).

3.2 Mollison’s condition and the exponential rate of convergence

In this section, we consider general equation convolution type

(3.4) wmzéwmémew—awawa

where measurable g : R x R x X — R, is continuous in the first two variables for
every fixed 7 € X. We will suppose additionally that, for some measurable p(7) > 0

and 0 > 0, 5 <0, it holds
(3.5) 9(v,s,7) = p(1)v, v € (0,6), s<5, T€X.

Example III.1. If we consider g(v,s,7) = pve ¥, v > 0,p > 1, is easy to see that g

satisfy assumption (3.5) with p(7) =1 and ¢ > 0 small.

First, we present a simple proof of the necessity of the following Mollison’s con-

dition ( ) for the existence of the semi-wavefronts:

(3.6) / / K (s, 7)p(T)dp(T)e **ds is finite for some z € R\ {0}.

Theorem II1.2. Let continuous ¢ : R — [0,400) satisfy (3.4) and suppose that

p(—00) =0 and p(t) Z0, t <t for each fizred t'. If (3.5) holds and

(3.7) [ [ Kt mpridsdnt) € (1,00),

then fi)oo o(s)e " ds and [, [ K(s,7)p(T)du(r)e **ds are convergent for an appro-

priate T > 0. Furthermore, supp K N (R, x X) # (.

Remark 111.3. Looking for heteroclinic solutions of the simple logistic equation =’ =
—Bz+x(14 [ —x) with 8 > 0, we obtain an example of (1.2) where supp K N (R_ x

X) = 0 under conditions of the above theorem.
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Proof: Since the support of K generally is unbounded, we will truncate K by

choosing integer N such that
N
K= / / K(s,7)p(1)dsdp(t) > 1, and 0 < p(t) <6, t < 5— N.
X J-N
Integrating equation (3.4) between ¢’ and ¢t < § — N, we find that

/tlt p(v)dv > /Xd,u(T) /_]]VV K(s,T) /tltg(gp(v —8),v — s, 7)dvds
> /XP(T)du(T) /z]\; K(s,7) /t/tgp(v — s)dvds

= [ stnutn) [ wGso [ t's+ [+ [ etoyius,

from which

, t'<t<s5—N.

/t@(v)dv B Sy [ 51K (s, T)p(r)dsdp(r)
y - fX ijN K(s,7)p(T)dsdu(t) — 1

Hence, the increasing function
t
3:5) v = [ ets)ds
is well defined for all ¢ € R and
N
0 2 [ pdu(r) [ K(s,mult = s)ds 2 it = N), <5 N,

b -N

Consider h(t) = 1(t)e™" where k = ™, cf. [9]. For all t < 5§ — N we have
1
h(t — N) =t — N)e =N < Ew(t)e*”*teVN = h(t)

and v = Nlnx > 0. Hence sup,,h(t) < oo and ¥(t) = O(e), t — —oo. After

taking z € (0,7) and integrating by parts, we obtain

/ t p(s)e™"ds = Y(t)e ™ + / ; W(s)e P ds

—00
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that proves the first statement of the theorem. Finally,

(1) = /X dyu(r) /R K (5,7)e g (¢ — s,7)ds,

where ¢ (u,7) :== [ g(p(s),s,7)ds > p(1) [ ¢(s)ds, u < 5—N. The latter yields

5—N 5-N
/ e "(v)dv = / du(T)/e”K(s,T)/ e "Ny (v — s, 7)dvds >
X R -

— 00 [e.9]

/X p(7)du(r) / : e K (s, 7)ds / iN e~ Tah(v)dv

where

(3.9) K_(z) := /Xp(T)d,u(T)/ e K(s,7)ds <1, (note that 1(s) >0, s € R),

—00

so that

K_(0) = /X p(7)du(r) / Ooo K(s,7)ds <1 < /X p(7)du(T) /R K(s,7)ds

which completes the proof of the theorem. [

Remark 111.4. Suppose that |g(¢(s),s,7)] < C where C' does not depend on s, 7.
Then

ot +h) —p(t) < C / Ko(s + ) — Ka(s)|ds

since Ko(s) := [, K(s,7)du(r) € Li(R) and the translation is continuous in L;(R)
[17, Example 5.4]. Thus ¢(t) is uniformly continuous on R. It is easy to see that the
convergence of the integral ffoo ©(s)ds < oo combined with the uniform continuity of
¢ gives p(—o00) = 0. In this way, [°_ ¢(s)ds < oo implies that [°_ e ¢ (s)ds < oo
for small positive x.

Remark 1I1.5. The non-negativity of g is an important restriction of the Theorem
II1.2. This assumption, for instance, does not hold for non-monotone solutions of
the KPP-Fisher equation. However, it can be easily checked that this condition can

be omitted in the case of K having bounded support (uniformly in 7 € X).
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Now, let ¢, K, g, % be as in Theorem II1.2. Set

0 = [ e=oe)ds, K = [ [ Ksprautrie s,

and denote the maximal open vertical strips of convergence for these two integrals
as 0y < Rz < 74 and o < Nz < 7k, respectively. Evidently, 04,0 < 0 and
Yo, Yk > T > 0. Since ¢, K are both non-negative, by [56, Theorem 5b, p. 58],
Yo, VKOs, Ok are singular points of ®(2), K(z) (whenever they are finite). A simple

inspection of the proof of Theorem III.2 suggests the following

Lemma III.6. Assume ¢, g, K are as in Theorem II1.2. Then ox < 04 < vy < VK-

Furthermore, K(vs) is always a finite number.

Proof: For all z € (0,7,), t <0, we have

w0 = [ e <ot [ oo

o0 —00

so that fi)oo Y(s)e”**ds < oo for each 2’ € (0,74) and, due to (3.9), we get

K_(2) = /X p(7)du(r) / ’ e K (s,7)ds < 1

—0o0
for all z € (0,74). Hence, using the Beppo Levi monotone convergence theorem, we

obtain that K£_(v,) < 1. As a consequence, K(7,) is finite and vx > 7,. O

Corollary II1.7. Assume that

F—=VK —

lim / / K (s, /)p(r)dp(r)e—ds = +oo.
RJX
Then 74 is a finite number and vy < V.

3.3 Abscissas of convergence

In this section, we consider the abscissas of convergence for the bilateral Laplace

transforms of K and bounded non-negative ¢ satisfying ¢(—o00) =0, ¢(t) 0, t <t
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for each fixed t’, and solving our main equation

(3.10) o(t) :/Xdu(T)/RK(s,T)g(gp(t—s),T)ds.

Now we are supposing that the continuous g(-,7) : R, — R, is differentiable at 0

with ¢’(0+,7) > 0 for each fixed 7. Then the non-negative functions

Af (7)== sup g(u,7)7 A; (1) := inf g(u,T)’ 0>0, 7€ X,
ue(0,6) U ue(0,6) U

are well defined, measurable, monotone in ¢ and pointwise converging:

+ !
Jim A (7) = g/(0+,7).

The characteristic function x associated with the variational equation along the

trivial steady state of (3.10) is defined by

) i=1— /R /X K(s,7)¢ (04, 7)du(r)eds.

It is supposed to take a negative value at z = 0: x(0) < 0.

Example IT1.8. Consider X = {7}, u(X) =1 and g(v,71) = pve ", v > 0,p > 1.

Since ¢'(0+,71) = p is easy to see that x(0) =1—p <0

Since condition (3.5) is obviously satisfied with p(7) = A5 (1) and

61i%1+//Ks7' T)dp(T ds—//KST "0+, 7)dp(T)ds > 1

by the monotone convergence theorem, all results of Section 2 hold true for equation

(3.10). Furthermore, we have the following

Theorem IIL.9. Assume x(0) < 0. Let ¢ : R — [0,+00) be a semi-wavefront to
equation (3.10). If o(—o0) =0 and p(t) Z0, t < t' for each fized t', then x(z) has

a zero on (0,7x] C RU {4o00}.
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Remark 111.10. 1) If p(4-00) = 0 then a similar statement can be proved. Namely, in
such a case x(z) has a zero on [0k, 0). 2) It should be noted that Theorem III.9 also
provides a non-existence result: if x(x) < 0 for all x € (0, vk then equation (3.10)

does not have any semi-wavefront vanishing at —oc.

Proof: For real positive z € (0,74) we consider the integrals

B(z) = / e (s)ds, G, 7) = / e*g(io(s), 7)ds, K(2,7) = / K (s, 7)ds.

R R R

Since ¢ is non-negative and bounded, and since ¢’(0+, 7) > 0 exists, the convergence
of G(z,7) (for positive z) is equivalent to the convergence of ®(z). Applying the

bilateral Laplace transform to equation (3.10), we obtain that

(3.11) (I)(Z):/X/C(Z7T)Q(Z,T)dﬂ(7').

Obviously, I, G, ® are positive at each real point of the convergence.
Let us prove that x(z) has a zero on (0,7k]. First, we suppose that ®(v,-) =

lim, .., ®(2) = co. In such a case, we claim that

Q

. (2,7)
1
zHl»ryl(,:f @(z)

= g,(O’T)'

Indeed, let Ts be the rightmost non-positive number such that ¢(s) < 6 for s < Tj.

Then

Ts Ts Ts
)\5/ ezsgo(s)dsg/ e *g(e(s),m)ds < )\j{/ e *p(s)ds,

—0o0 —00 — 00

e **(g(p(s),7) + ¢(s))ds <

/ - SUPer (9(#(8), 7) + ¢(8)) .1y

As a consequence, for each positive § > 0,

As < liminfM < lim sup M <\,
T L TP
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that proves our claim.

Now, by using the Fatou lemma as z — 74— in

/){K(Z,T)gq()?;;)du(T) =1,

we obtain
1= x(0) = [ KT O 7)dn() < 1.
Therefore x(v4) > 0, and since x(0) < 0 we obtained the required assertion.
Hence, we have to consider only the situation when ®(v4) = lim, .., ®(z) > 0is

finite. Since ¢(t) # 0, t < ¢’ for each fixed ', in such a case vy, < co. Due to Lemma

I11.6, the value KC(7,) is also finite. Set
C(t) :==p(t)e™ ™ Ki(s,7):=e "K(s,7), where 7 :=,.
Then, for ¢t < T5 — N, we have from (3.10) that ffoo ((v)dv =

/t o(v)e " dy > /Xdu(T) /_]; Ki(s,7) /t g(o(v — 8),7)e " duds >

—00 —00

/Xdﬂ(f) /zxg(T)Kl(s,T) /;((v—s)dvdsz

( /X du(r) /_ (VK (s,7)ds) / o,

N —00

Suppose now on the contrary that the characteristic equation

x(z):=1- /R/XK(s,T)g’(O—i-,T)du(T)e_szds =0

has not real roots on [0,7,]. Then x(0) < 0 implies x(7) < 0. As a consequence, in

virtue of the monotone convergence theorem,

lim /Xdu(T)/ A (T)Kq(s,7)ds =1 — x(y) > 1.

6—0+,N—+o0 _N
Hence, for some appropriate 6, N > 0, increasing function £(t) = ffoo ((s)ds satisfies

E(t) > ks&(t— N), t < Ts — N with ks > 1. Arguing now as in the proof of Theorem



34

I11.2 below (3.8) we conclude that the integral ffoo ((s)e=** converges for all small

positive z, contradicting to the definition of 4. U

Remark TI1.11. It is clear that x(z) is concave on (o, vk ), where x”(z) < 0. Since
x(0) is negative, x can have at most two real zeros, and they must be of the same
sign. We will denote them (if they exist) by A\; < A.. Under assumption of the
existence of a semi-wavefront ¢ vanishing at —oo, x has at least one positive root

A Finally, it is clear that x is analytical in the vertical strip Rz € (0, k).

Notation At this stage, it is convenient to introduce the following notation:

Aq, if A, exists,
)\TK —

YK, otherwise.

Lemma II1.12. Equation x(z) = 0 does not have roots in the open strip ¥ := Rz €

(N, Aric). Furthermore, the only possible zeros on the boundary ¥ are \j, A,

Proof: Observe that if x(zp) = 0 for some zy € ¥, then x(Rzy) > 0 since x is

concave, x(\;) = 0 and Rzp € (A, min{\,, 7k }). On the other hand,

1—|//Ks7‘ (04, 7)du(T Sz‘)ds|<//K$7‘ (04, 7)dpu(r)e*®0ds

and therefore y(Rzp) < 0, a contradiction. Now, if x(\; + iw) = 0 for some w # 0
then similarly
= XA +iw) = [x(N +iw)| < x(N) =
so that
/R/X K(s,7)g (04, 7)du(m)e (1 — cosws)ds = 0.

Thus K (s,7)(1—cosws) = 0 for almost all 7 € X, so that K(s,7) =0 a.e. on X xR,

a contradiction. [
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3.4 A bootstrap argument

The main purpose of this section is to prove several auxiliary statements needed in
the studies of the asymptotic behavior of solutions ¢(t) at t = —oo. Usually proofs of
the uniqueness are based on the derivation of appropriate asymptotic formulas with
one or two leading terms (at ¢ = —oo as in [9, 15, 18, 55] or at t = 400 as in [25]). As
we have mention in the introductory section, our approach is based on an asymptotic
integration technique often used in the theory of functional differential equations, e.g.
see [32], [41, Proposition 7.1] or [22]. Thus, we use neither the Titchmarsh theory
of Fourier integrals [50] nor the powerful Ikehara Tauberian theorem [9, 15]. First
we will apply our methods to get an asymptotic formula for the integral ¢ (t) :=
ffoo ¢(s)ds. Since v € C'(R) is strictly increasing and positive, this function is
somewhat easier to treat than the solution ().

Everywhere in the sequel, we continue assuming all conditions of Section 3 on

v, K, g,x. We also will use the following hypotheses:

Assumption II1.13. v, < vx and, for some measurable C(1) > 0 and o, 0 € (0, 1],

1g/'(0,7) — 9(7;’ T>y < C(rue, u e (0,0),

(3.12) ((x) := C(1)K (s, 7)e” **dsdu < 400, x € (0,vk).

X xR
Example I11.14. Consider X = {r}, u(X) =1 and g(v,7y) = pve™",v > 0,p > 1.
Since ¢”(0+, 1) exists and is bounded, we have that |¢'(0, 7)u — g(u,7)| < Cu? for
all small v > 0 and C' > 0. Moreover, if we choose the heat kernel K,(s,7) =

(4ma) Y2 exp (—s%/(4a)), then we obtain that ((z) = Cetola?

Assumption II1.15 (EC,). For every xz € (0,p), p < 74, there exists some positive
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C, such that
(3.13) 0<p(t) < O™ t<0.

There are several situations when the fulfillment of Assumption III.15(EC,) can

be easily checked:
Lemma II1.16. Condition II1.15 is satisfied in either of the following two cases:
(i) ¢ € C'(R) and the integral [, e™**¢'(s)ds converges absolutely for all z € (0, p);

(ii) (cf. [15]) p < 4 and there exist measurable dy,dy, didy € L*(X), such that

0 < K(s,7) <di(r)e”, seR, 7€ X,

(3.14) lg(u, 7)| < do(T)u, u>0.

Proof: (i) For each = € (0, p) we have that

t ¢ t
o(t) —/ ©'(s)ds —/ e (s)e ™ ds < 6“/ e 8| (s)|ds =: Cpe™.

(i) Since p < 74, the integral [, e "¢(s)ds converges for all z € (0,p]. If z €

(0,p], t <0, then
p(t)e™ < p(t)e ™ = / dp(T) / K(s,m)e e =) g(p(t — s),7)ds <
X R

C’::/Xdl(T)dg(T)du(T)/Re_pscp(s)ds, teR. O

The following simple propositions will be used several times in the sequel:

Lemma II1.17. Assume that h(s)e ** € L'(R) for all x € [a,b]. Then

H(z,y) = / h(s)e ™ ¥ds, y € R
R

is uniformly (with respect to y € R) continuous on |a, b].
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Proof: Take an arbitrary € > 0 and let N > 0 be such that

/ |h(s)le **ds < 0.5e, z € [a,b].
R\[~N,N]

Since e’ is uniformly continuous on compact sets, there exists § > 0 such that |z, —

xo| <0, s € [-N, N] implies |e=** — e~2°| < 0.5¢/|h|;. But then
N
|H(z1,y) — H(x2,y)| < 0.5¢ —|—/ |h(s)||e™** — e ™%|ds < e, y € R. O
-N

Corollary II1.18. With h as in Lemma II1.17, we have that lim, .. H(z,y) = 0

uniformly on x € [a,b).

Proof: Due to Lemma III.17, for each ¢ > 0 there exists a finite sequence a :=
Top < X1 < Ty < --- < &, =: b possessing the following property: for each z there
is ; such that |H(z;,y) — H(z,y)| < 0.5¢ uniformly on y. Now, due to Riemann-
Lebesgue lemma, lim, .., H(x;,y) = 0 for every j. Therefore, for all j and some

M > 0, we have that |H(z;,y)| < 0.5¢ if |y| > M. This implies that
|H<:C7y)‘ < ‘H(xjay) - H(x,y)\ + |H<:Cjay)‘ <6 ‘y’ > Mz e [a>b]7

and the corollary is proved. [J

As we know, the property p(—o0) = 0 implies the exponential decay ¢ (t) = O(e*)
at —oo for each z € (0,v,4). It is clear also that ¢ (t) = O(t) as t — +o0. Hence, for
each fixed z € (0,74), we can integrate equation (3.10) twice, to find that W(z) :=

Jp €72 (v)dv satisfies

U(z) :/Xd/L(T)/RK(S,T)eZS/ReZ(”S) /vS g(p(u), 7)dudvds =

— 00

/Xdu(T)/RK(s,T)e—zs/Re_zv /_;Q(SO(U),T)dudvds:
(/X d”(T)/RK(S’T)g’(O,T)ests) /Resz(v)varR(Z)’ here
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R(z) Z:/Xd,u(T)/RK(S,T)e_ZSdS/Re_zv /;(g(ap(u)ﬂ')—g,(O,T)(p(u))dud’U.

Therefore x(2)¥(z) = R(z). Set now

(2, 7) i /R G (v, P)dv,  Go,7) = / " (gleo(w), 7) — g0, )p(w) el

—00

Lemma II1.19. Assume (3.14), I11.18 and II1.15(ECy,. ) for some small 2¢ € (0, vx—

Ye). Then given a,b € (0,74 + ae) there ezists p > 0 depending on ¢, a,b such that
B(2,7) < p(7)/]2] == p(C(7) + da(7) + ¢'(0,7)) /|2, Rz € [a,b] C (0,74 + ac).

Proof: For x := Rz € (0,7, + ae), v <0, we have

eI <0 [ (pw) e < e CeC(rve

—00

so that e™™|G(-,7)| € L*(R) N L3(R). After integrating by parts, we obtain

N . zN —zN
[ et i = CENAN G

N z

1 / e (glp(u),7) — ¢'(0, 7)p(w))du.

< J-N

This yields

| / &G (v, 7)dv]| = |—i,| / e (g(ip(u), 7) — ¢'(0, 7)p(w))du] <

2|

L (CSC(T) / e~ Re=29u (1) du + 0|0 (¢'(0, 7) + do(7)) / emzudu) .0

—00 0

Corollary II1.20. In addition, assume that [,  K(s,7)p(T)e”**duds converges for
all x € (0,7k). Then x(v4) = 0 and, for appropriate 1 >0, m € R and k € {0,1},

and continuous r € L*(R),

Y(t+m) = (a—t)Fert 4 et (t) t € R.
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Proof: Set z := x + 1y. For a fixed 0 < < 74 + ae we have

R()| = | /X (2, 7) /R K(s,7)e—"dsdp| < |—i| /X o(7) /R K(s, 7)e"dsdyi,

so that R(z) is regular in the strip 0 < Rz < 7, + ae. Thus we can deduce from
U(z) = R(z)/x(z) that v, = 7, (e.g. see [15, Lemma 4.4, the definition of ~,, is
similar to that of 74) must be a positive zero of x(z) and ¥(v,) = co. It is clear
that R(z + ¢-) is also bounded and square integrable on R (for each fixed z). Take
now ', v” such that 0 < ' < 7, < 7" < 74 + ae. Then we may shift the path of
integration in the inversion formula for the Laplace transform (e.g. see [41, p. 10])

to obtain

1

] oo 2t vt too
P(t) = —/ e (2)dz = —Resz:%e R(2) + S {/ e“tal(s)ds} ;
., -

270 oy _ioo X(2) 271 o

where the first term is different from 0 and a;(s) = R(v" +is)/x(y” + is) is square
integrable on R. Here we recall that, by Corollary III1.18, lim, .. x(z + iy) = 1
uniformly on x € [y/,4"]. Since x"(z) > 0, =z € (0,7k) , for some m € R we get
Yt +m) = (a —t)kert + e "r(t). O

It should be noted here that depending on the geometric properties of g, the value
of 74 can be minimal (the case of a pulled semi-wavefront [16, 24]) or maximal (the
case of a pushed semi-wavefront [16, 24] ) positive root of x(z) = 0. Observe that,
due to the monotonicity of ¢, we can also use here the Ikehara Tauberian theorem

[9]. However it gives a slightly different result.

Lemma II1.21. Assume all conditions of Lemma II1.19 excepting vy < vi. If

1~ xa(zo) = /R /X K (s, 7)da(F)dp(r)e—ds < 1,

for some x € (0,7k), then 4 coincides with the minimal positive zero N; of x(z).
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Proof:Since dy(7) > ¢'(0,7), we obtain that zg € [A\, \;x] and A, < yx. Case I:
Yo < k. Then, by Corollary II1.20, we have x(75) = 0 so that v, € {A\, A}

Suppose that 4 > A, this implies zy < 7, = A,. We have

U(z) = (/ du(r /K 5, 7)do(7)e zm)/ e (v)dv + Ra(2), where

Ri(z) /du /K 5,7) ZSds/ / — do(7) () dud,

or, in a shorter form,

(3.15) X1(2)¥(z) = Ry(2).

It is clear that zp = 74 = A\, > \; implies immediately that ¢’(0,7) = da(7) a.e. on
X and that x1(z) = x(2), R(z) = Ri(2). As we have seen in the proof of Corollary
I11.20, this guarantees that Ry (zy) is a finite number. Of course, Ry (zo) is also well
defined if xy < 4. Now, it is clear that R(x¢) < 0 because of g(u, ) < dao(T)u, u >
0. We claim that, in fact, Rq(zo) < 0. Indeed, otherwise g(u, 7) = da(T)u, u > 0, for
almost all 7 € X that yields do(7) = ¢'(0, 7) and R4 (z) = 0 leading to a contradiction:
U(z) =0 and ¢(t) =

Now, from R4 (x¢) < 0, ¥(xg) > 0, x1(x0) > 0, we deduce that ¥ must have a pole
at z9g = 74 < vx. But then xi1(75) = x(75) implies x1(2) = x(2), R(z) = Ri(2).
Hence, \; < A, = 29 < vx and 4 = x is a simple pole of W. Therefore we can
proceed as in the proof of Corollary II1.20 taking 0 < 7' < 75 = A\, < 7" < v5 + e

to obtain
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contradicting to the positivity of 1.
Case II: v4 = vx. Since 9 < 7 = 74 and Rq(xp) < 0, we similarly deduce from
(3.15) that xo is a singular point of ¥(z), a contradiction. O

3.5 The uniqueness theorems

To prove our uniqueness results we will need more strong property of ¢ than
the merely convergence of [, e **¢(s)ds for all Rz € (0,7,) (even combined, as
in Section 4, with Assumption III.15(EC,) for some small ¢ > 0). This property,
assumed everywhere in the sequel, is Assumption IIL.15(EC,,). The nonlinearity g
is supposed to satisfy the Assumption I11.13

The following assertion is crucial for extension of DK theory on the critical case
X(A) = X'(A) = 0.

Lemma II1.22. Suppose that, for some a,b > § > 0, continuous v : R — [0,1)

satisfies v(t) = 1+ O(e™), t — —o0, v(t) = O(e™™), t — +o0, and

o(t) < /R N(s)o(t — s)ds,

where measurable N(s) > 0, s € R, is such that

/ N(s)ds =1, / sN(s)ds =0, /N(s)e‘”sds < oo, forall |z| <4.
R R R
Then v(t) = 0.

Proof: First we observe that, without restricting the generality, we may assume

that v € C*(R) with the finite norm [v]c2 := sup,eg ;o [0 (s)]. Indeed, if we set

t+1
w(t) ::/ v(s)ds, t € R,
t

then w € C'(R) has the same properties as v, |w'(t)] < 1, t € R, while v(t) = 0

if and only if w(t) = 0. For instance, if v(t) < ce”® for t > ty3, b > 0, then
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w(t) < ce b fol e bds < ce7® t > tq. Furthermore, w'(t) = v(t + 1) — v(t) behaves
as O(e™) at —oo and as O(e™™) at +oo.
Applying the same procedure to w once more, we obtain the desired smoothness

property of v with v/(t),v"(t) satisfying
(3.16) V'(),0"(t) = O(e™), t — —o0, V/(t),v"(t) = O(e™™), t — +o0.

In any case, the bilateral Laplace transform V' (z) of v(t) is well defined in the vertical
strip —b < Rz < 0.

Set now
f(t) = / N(s)v(t — s)ds —v(t) >0,
R
It follows from this definition that 0 < f(¢) < 1 — v(t) and therefore f(t) =
O(e™), t — —oo. Additionally, using (3.16), we obtain, for j = 0,1,2 and some

positive C,C" > 0,
/N(s)|v(j)(t —s)lds < C/ N{(s)eX=9)ds = C’ei&/ N(s)eT%ds =: C"e*?t
R R R

Thus we can conclude that the Laplace transform F(z) of C*smooth function

f(t), |flez < 00, is well defined in the strip —0 < Rz < §, where we have

Cpq

Hence, we can apply the Laplace transform to the equation

v(t) + f(t) = /RN(s)v(t — s)ds,

to obtain that

V(Z) = j\%’ <Rz < 0,
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where the Laplace transform N(z) := [, e **N(s)ds of N is an analytical function

in the strip |Rz| < J. Observe also that
NO) =1, N(0)=0, N"(0)= / 2N (s)ds > 0.
R

Now, since V(z) is analytical in the strip II := {—J < Rz < 0}, the function
F(2)/(N(z)—1) has the same property in II. On the other hand, for an appropriate
§" € (0,0) the quotient F(z)/(N(z) — 1) defines a meromorphic function in II" :=
{=0 < Rz < ¢'}, with a unique singularity (double pole) at z = 0. Note that Lemma
I11.12 is used at this stage. Since the Laplace transform V of v € C*(R) is integrable
along each vertical line inside of II, we may apply the inversion formula to get, for

arbitrarily fixed ¢ € (=6,0), r € (0,9),

B 1 c+i-00 GZtF(Z) B 6ZtF(Z) 1 r+1-00 6ZtF(Z>
=51 W RN T N

) —1 " 2
Next, observe that if f(¢) = 0 then also F(z) = 0 so that v(¢) = 0. Therefore the
only case of the interest is when f(s’) > 0 at some s’ € R that implies F'(0) > 0.

Now, in such a case, we have that

r4i-00 2t
€ F<Z> rt dS t
[ wat <et [ g sact ek

while a direct calculation shows that

€ZtF(Z) B 2F(O) F’(()) B 2F<O)N///(O) .
NiE) -1 N”(O)t+N”(O) 3N (0))2 cAt+ B, A>0.

Res,—g

In consequence, as t — —o0,
v(t) = At + B+ O(e"), with A,r >0,

which contradicts to the boundary condition v(—oc0) = 1. O

Now we are ready to prove our first uniqueness result:
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Theorem I11.23. Assume II1.15 (EC,,) excepting 7y < vk as well as Assumption

II1.18 and suppose further that x(vyx—) # 0,

(3.17) l9(u, 7) — g(v,7)| < g'(0, 7)Ju— 0], u,v 2 0.

(3.18) /Xd,u/RK(s,T)g'(O,T)ds € (1,400) (equivalently, x(0) < 0).

Then equation (3.10) has at most one bounded positive solution ¢, p(—o0) = 0.
Furthermore, vy coincides with the minimal positive zero N, of x(z) and such a

solution (if exists) has the following representation:
ot +m) = (a — t)keNt + QD (t) with continuous r € L*(R),

for some appropriate m € R, 6 > 0. Here k = 0 [respectively, k = 1] if \; is a simple

[respectively, double] root of x(z) = 0.

Remark 111.24. By Lemma II1.21, the above assumptions exclude the existence of
pushed semi-wavefronts, the same lemma also guarantees that v4 = A\; and conse-

quently 74 < vx. Theorem II1.23 holds also when x(yx—) = 0 but x'(yx—) < 0.

Proof:  Step I: Asymptotic behavior at —oo. It is clear that equation (3.10) can

be written as the linear inhomogeneous equation
(3.19) o(t) = /Xd,u/RK(s,T)g’(O,T)gp(t —s)ds+D(t), t € R,
where all integrals are converging and
D(t) = /Xd,u/RK(s, (ot — $),7) — g0, 7)p(t — ))ds < 0, t € R.

Take C(7),0,((z) as in Assumption III.13 . Observe that without restricting the

generality, we can assume in Assumption II1.13 that (14 «)7, < vk. Since equation
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(3.10) is translation invariant, we can suppose that ¢(t) < o for t < 0. Applying the

bilateral Laplace transform to (3.19), we obtain that

We claim that, due to conditions III.13 and III.15( EC,,), function © is regular in

the strip P = {2 : Rz € (0, (1 + a)v,)}. Indeed, we have

D(r +1iy) = /Re_iyt[e_“D(t)]dt.

Given z := Rz € (0, (1 + a)vs), we will choose 2’ sufficiently close from the left to

Ve to satisfy —x + (1 + a)a’ > 0. Then

+o0o
le ™ D(t)] < e {/ C(1)dp K (s, 7)CLtoedta)z (t=s) g 1
X

t

+2|90!oo/xg'(0,7)du/_; K(s,r)ds] <
g/(U,T)du/_too K(S,T)d8:| =:

X

efmt |:e(1+a)m/tcv;/+a<<(l+a)xl)+2|¢’m/

et |:6(1+oc):c’tA1 + 2|§0|oo/

t
g'(0,7)dp / K(s,T)e_(lw)f”lse(”a)“ds} <
X —00

N4, 4 9] (1= (1 + a)a))] =: Ape T+ R

Since clearly D(t) is bounded on R, the above calculation shows that e **D(¢)
belongs to L*(R), for each k € [1,00] once x € (0, (1 + a)v,). As a consequence, for
each such fixed x the function v, (y) = ©(z +i-y) is bounded and square integrable
on R.

By our assumptions, x(z) is also regular in the domain 3, while

D(z)
x(2)

D(2) =

Y

is regular in Rz € (0,7,) and meromorphic in PB. In virtue of Lemma II1.12, we
can suppose that ®(z) has a unique singular point 7, in P which is either simple or

double pole.
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Now, for some z” € (0, ,), using the inversion theorem for the Fourier transform,

we obtain that for an appropriate sequence of integers N; — +o00

1 " +iN; a2t
o(t) = — lim / ¢ Q(Z)dz

2mi j=too Jon_in,  X(2)

almost everywhere on R, e.g. see [41, p. 9-10]. Next, if € (74, (1 + a7y)) then

g .
" +iN zt@ Z r+zN x—iN x+1N zt@ Z d . ezt@(z)
— 2miRes, =, ———.

z'—iN Z z! —iN z!+iN Z X(Z)

Since, by Corollary II1.18,

lim max  ([D(z)| + |1 = x(2)[) =0,

J—+00 z€[x £iN; x+iNj]
we conclude that, for each fixed t € R

xiiNj zt
lim ()

4 dz = 0.
=+ Jongin,  X(2)

Therefore

D (z2) e“"’t/ eiytbz(y)d

—— = = :
x(2)  2m Jr x(z +iy)
It should be noted here that ®(7,) < 0 since otherwise D(t) = 0 implying x(z)®(z) =

p(t) = —Res.—,

D(z) = 0 so that ®(z) = 0, a contradiction. Since

D(z) _ e'D(v)
X(2) X' (7¢)

Res.—, , it AN < Ay

e'D(z)  2e7! ( ) X" (7e) ) .
Res,— = D + 3 - , it A=A
?ox(z) X(e) (%) () <%)3X”(7¢) :

we get the desired representation.

Step II: Uniqueness. By the contrary, suppose that 1, ¢, are two essentially

different solutions of (3.10) in the sense that ¢1(t) € {pa(t + s), s € R}. Due to
Step I we can suppose that (1, s have the same main parts of their asymptotic

representations:

0;(t) = (a; — t)Fere’ + e (1), r; € LA(R).
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Therefore w(t) 1= @a(t) — @1(t) = ee™ip(t), t € R, r € L*(R), in the case of
N < A and w(t) = (ag — ap)et + e ™tr(t), ¢ € R, r € L*(R), in the case of
A=A, Set
wt)i= [ lel)lds
t—1
it is clear that w € C'(R) is bounded and has bounded derivative on R, in fact,

0 < |w'|oo, |W]oo < max{|¥1]oo, |P2]eo}. Furthermore, if \; < A, then
¢ t ¢
w(t) = |/ ee sy (5)ds| < e(7¢+5)t/ r(s)|ds < e+t / r2(s)ds,
t—1 t—1 t—1
so that w(t) = e#t?o(1) at t = —oc0. Now, if \; = A, we know that
w(t) = ae™ot + sty (t),
where we can suppose that a > 0. Therefore
—ee (1)) < fw(t)] — ae™t < O (1),
so that, in view of the above estimation of w(t), we get
|w(t)| = ae?@t + Dot (1), with |r(t)| < |r(t)],

t 1 oY
w(t) = / |lw(s)|ds = Mewt + 6(7¢+5)t0(1)’ t — —00.
t—1 e

We have the following:
wit) = /X dy() / K (s,7)(g(galt — 8),7) — gla(t — ), 7)ds,

w(t)] < /X ¢/(0, 7)du(r) / K (s,7)|w(t — 3)|ds,

/tjl jw(u)|du < /Xgl(o,T)d,LL(T)/RK(S,T) /; lw(u — s)|duds,

and, finally,

(3.20) w(t) S/}(g’(O,T)dM(T)/RK<S,T)w(t—S)dS.
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Case I (noncritical). If x'(A;) # 0, then x(7') > 0 for some 7' € (74,75 + ). After

multiplying the both sides of (3.20) by e™"* and setting v(t) := w(t)e™"t, we find

that

o(t) < /R ( /X g'(o,T)K(s,T)e—W’Sdu(T)) ot — s)ds.

Since v(t) > 0 and v(£oo) = 0, there exists a finite ¢, such that

V(tm) = |v|eo = maxv(s).

seR
But then v(t,) < ([ (0, 7)du(r) [ K(s,7)e™ ' ds) v(ty), forcing 0 = v(ty,) =
v(t) = w(t) in view of x(v") > 0.
Case II (critical). Now, if A\, = A, we set v(t) := w(t)e ¢!, to conclude analo-

gously that v(—o0) = a(l — e™7%) /~,, v(+00) =0,

o(t) < /R < /X g'(o,T>K(s,7)e%8du<7)> ot — s)ds.

Since in the sequel we will work only with the last linear inequality, we can assume
that 0 < v(t) < 1 = sup,.gv(s) for all t € R. If v(f) = 1 for some finite rightmost ,

then

1= o) < /R ( /X g’(o,T)K(s,T)e—wdu(T)) o(f — )ds —:

/R N(s)o(f — s)ds < /X (0, 7)dp(r) /R K(s,T)e "%ds = 1,

which implies that N(s)v(f — s) = N(s) a.e. and v(t — s) = 1 for all s such that
N(s) > 0. Now, since [, N(s)ds = 1, [, sN(s)ds = 0, there is a subset of R_ of
positive measure where N(s) > 0. This means that # does not possesses the property
to be the rightmost point where v(f) = 1, a contradiction. Thus we have to analyze
only the case when a > 0 and 0 < v(t) < 1 = v(—o00). It is easy to check that in

such a case, v(t) and N meet all the conditions of Lemma II1.22. In particular, since
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V6 < VK, there exists 6 > 0 such that
/ N(s)e™ds =1— x(7p —x) < oo for all |z] <.
R

Hence, v(t) = 0, a contradiction. [
Next, we will consider the situation when the subtangential Lipschitz condition
of Theorem II1.23 is not satisfied. In such a case, we still are able to prove the

uniqueness under somewhat stronger hypotheses:

Assumption II1.25. Fither one of the following conditions holds
’g(ua T) - g(va 7-) - gI(O>T)(u - U)’ < C(T)|u - U’lJra’ u,v € (07 U)a

g/ (u,7) — ¢'(0,7)| < C(r)u®, u € (0,0), (ie gecC"0,0]),

for some o, 0 € (0, 1] and measurable C(7) > 0 satisfying (3.12). Furthermore, there

exist some positive € € (0,7,) and measurable dy(T) such that
0< K(s,7) < dy(1)e®, s € R.

Example IT1.26. If g(v,7) = pve ™, v > 0,p > L and K,(s,7) = (47@)—1/26(—82/(4@))’

is easy to see that g and K|, satisfy assumption I11.25.
Assumption I11.27. FEither one of the following two assumptions is satisfied:

(i) Each solution of (3.10) is Cl-smooth and if p1,02 € CYR) satisfy (3.10)
and the integral [, e (pa(s) — @1(s))ds converges absolutely then the integral

fR e > (ph(s) — ¢ (s))ds also converges absolutely.

(i1) There exists &g > 0 such that, for each x € (A — 0o, A\rk), it holds
0< K(s,7) <dy,(1)e™, s €R,

for some p—measurable dy ,(T).
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Theorem III.28. Suppose that
‘g(u77—) - g(va)’ < )\(7')|U - U|7 u,v > 077— € X7

for some p-measurable X such that p{r : \(1) > ¢'(0,7)} > 0 and function

H=1- /R /X K (s, P)A(F)dpu(r)e—ds

is well defined on [0, \.x). If, in addition, Assumptions II1.25, I11.27, (3.12) hold
with Ad; € LY(X), j = 1,2, x(0) < 0 and x1(m) > 0 for some m € (0, \.x), then
equation (3.10) has at most one bounded positive solution ¢, @(—o0) = 0. Finally,
Ve coincides with the minimal simple positive zero N; of x(2) and such a solution (if

exists) has the following asymptotic representation:
ot +m) = et + eNTe(t) with continuous r € L*(R),
for some appropriate m € R, § > 0.

Proof: 1t should be noted first that, due to Lemma II1.16, the assumptions of
the theorem guarantee the fulfillment of the hypotheses III.13 and II1.15( EC,,).
Furthermore, all arguments of Step I in the proof of Theorem II1.23 can be repeated
(with a unique change in the estimation of e **D(t) where ¢’(0, 7) should be replaced
with A(7)). Evidently, A; < A, so that by Lemma II1.21 each pair ¢, @9 of solutions
of (3.10) can be supposed to have the same main parts of their asymptotic repre-
sentations: @;(t) = eMt + N (#), r; € L*(R). The further proof is divided in
several steps.

Step I. Again, we consider bounded function w(t) := @a(t) — ¢y (t) = M (¢),
teR, re L*R). If Rz € (0,\ +9), then [, e”*w(s)ds converges absolutely and

from condition II1.27(i) we have

(1) = ]/ (s)ds| = \/ e”w'(s)e " ds| < em/]R e "W (s)|ds =: Cpe™,
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for all z € (0,A\, +9) and ¢t € R. Similarly, we obtain from II1.25, IT1.27(ii) that
(O =1 [ di | Ks7) (slea(t = 5).7) = glalt = 9).7))ds <
x Jr

ext/ )\(T)d,u/ K(s,m)e e =9 |y(t — s)|ds <
X R
ext/ A7) (dy(7) + dz,,\w;(T))du/ e lw(s)lds, € (¢, +9), t € R.
X R
In any of these cases, for any = € (€, \; + 0) there exists an appropriate C,, > 0 such

that |w(t)| < Cpe™, t € R. Set
[ =sup{z > N| 3C, : |w(t)] < Cpe™, t € R},

we claim that ' > \.x. Indeed, arguing on the contrary, suppose that I' < \.x and
let xg € (6,T),a > 0,790 € (€, \;) be such that {z(1 + «), o+ ay} C (T, A\ ). We

will denote as z, the minimal of these two numbers. We have that
(3.21) w(t) = /Xdu/RK(s,T)g’(O,T)w(t —s)ds+E(t), t e R,
with bounded
&)= [ dn [ Kis.7)(sea(t = 9).7) = glalt = 5).7) = (0, 7)t = 5)) s
Now, depending of assumptions chosen in Assumption I11.25 | we have either
l9(p1(5),7) = glp2(s),7) = g'(0,T)w(s)| < C(r)|w(s)[+ <
C(7) min{Coy ™% (|01]00 + [02]00) T} < k1 C (7)™, s € R,
or
19(#1(s), 7) — g(2(5),7) = ¢'(0, )w(s)| < C(7)|w(s)(lpr(s)] + [@2(s)))* <

ko€ (7) min{ Ca e (1o + [02]o) F} < ksC(7)e™, s € R,
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where k; depend on zy and |p;|« only. Hence,

t
E£(8)] < 46" max{|p1 oo, [ 92loc) / A(r)du / K (s, m)e**ds
X —00

“+oo
—l—/{:ex*t/ C(7)du K(s,m)e""%ds <
X

t

et (4max{[ip1]oc, [ 2l H1 = x1(2.)) + kC(2) ) = Ae™, t R

Therefore e **€(t) belongs to LF(R), for each k € [1,00] once z € (¢,z.). Using
Lemma I11.12, we can repeat now the arguments of Step I of Theorem I11.23 (below
the estimation of |e™**D(t)|) to conclude that w(t) = e*'r,(t) t € R, r, € L*(R),
for each x € (A, x,). This implies the absolute convergence of [, e **w(s)ds for
every x € (A, z,). But as we have seen at the beginning of Step I, this yields
lw(s)] < Bge™, s € R, z € (\,z*) for appropriate B,. Therefore I' > z, > T, a

contradiction. In this way, we have proved that
(3.22) lw(s)| < Be®™, s € R, x € (&, min{\,, 7k }).

Step II. Suppose that xi(m) > 0 for some m € (0, \,x), it is clear that m > X\

and
// K(s,T)A(T)du(r)e " ™ds < 1.
RJX
We now define o(t) := |w(t)|e”™ >0, t € R. By (3.22), we obtain that &(+o00) =0

and w(t,,) = maxseg w(s) > 0 for some ¢, € R. Since

wit) = /X dy(r) / K (s,7)(glalt — 5).7) — gla(t — 5),7))ds,

we have

(t) = foltme ™ < [

)\<T)dlu(7-) / K(S, T)eims’u)(tm — 5)|67m(t7n*5)d8
X R

gw(tm)/X)\(T)dy(T)/RK(s,T)e_msds < w(tm),
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a contradiction. Hence, w(7) = 0 and the uniqueness follows.
Step III. Suppose now that x;(m) = maxseco,,) X(s) = 0. Then additionally
X1(m) = 0. Furthermore, @(t) := |w(t)|e”™ > 0, t € R has the same properties as

in Step II: w(£o00) =0, w(t,) = maxsegw(s) > 0 for some t,, € R and

/ (/ K (s, m)MT)e " dp(r >) ot — s)ds.

Here, we can assume that 0 < @(t) < 1 for all t € R. If @(f) = 1 for some finite

1</N,\ t—sds</N,\

where N, (s) := [ K (T)e~™du(7). This implies that Ny(s)@(f — s) = Ny(s)

rightmost £, then

a.e. and @(f — ) = 1 for all s such that Ny(s) > 0. Now, since [, Ni(s)ds =
1, [z sNi(s)ds = 0, there is a subset of R_ of positive measure where N,(s) > 0.
This means that ¢ does not possesses the property to be the rightmost point where

@(t) = 1, a contradiction. In consequence, @(t) = 0 that proves the uniqueness. [J

3.6 Applications

In this section, Theorems I11.23 and I11.28 are applied to various models which can
be written as (3.4). This allows to improve or complement the uniqueness results in
[4,9, 13, 15, 18, 49]. Everywhere in this section we assume that continuos g : Ry —

R, is differentiable at 0 with ¢’(0) > 0.

3.6.1 Nonlocal integro-differential equations
Consider the equation
(3.23) u = Jxu—u+ g(u),

where J > 0, [, Jds > 0. Let v# denote an extended positive real number such that

Je J(s)e~**ds is convergent when z € [0,~7%) and is divergent when z > 7#. As it
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can be easily deduced from Theorem I11.2, the existence of such # is automatically
assured by the existence of positive semi-wavefronts u(t, z) = ¢(x + ct), ¢(—o0) =0

to (3.4). Traveling wave profile ¢ must solve

(3.24) cd =Jx¢p— o+ g(e).

We assume that g, g(0) = 0, is a non-negative locally Lipschitzian function, in order

to replace usual condition (3.3) with more weak requirement
(3.25) g (s) < 4'(0) a.e. on Ry,

we will realize the following trick. Set gg(s) = g¢(s) + Bs for some positive 3. We
claim that 8 can be chosen in such a way that gg satisfies the Lipschitz condition
with a constant 3+ ¢'(0). First observe that our proof of uniqueness compares two
different solutions ¢1, ¢9. Since they are uniformly bounded by some positive M > 0,
we can restrict our attention to a finite interval [0, M| where g is obviously globally
Lipschitzian. This means there exists 5 > 0 such that ¢'(0) > ¢'(s) > =26 — ¢'(0)

almost everywhere on [0, M] and, in consequence, we get the necessary estimation

—g'(0) =B < gs(s) =B+ 4'(s) <B+4(0) ae. onRy.

Hence, instead of (3.24) we will consider

(3.26) o =Jx¢—(1+B)d+ gs(9).

Let us suppose that ¢ > 0 (the case ¢ < 0 is similar). Since ¢ is non-negative bounded

solution, it should satisfy

o(t) = l/t e_(t_s)(lw)/c(e] * p(s) + g5(¢(8))>ds

CJ-x

+o0
/ 6_8(1+/6)/C(J x ot —s) + gp(o(t — s)))ds

1
c

(3.27) =k (Jx0)(t) + kxgs(d)(t) = (kx J) * (1) + k * gp(¢)(1),
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where k(s) = ¢ te *(#9)/e s >0 and k = 0 if s < 0. Thus, equation (3.27) can be

written as (3.4), with X = {m, »} and

kxJ(s), T=mn s, T=T7

K(s,7)= . g(s,7) =

Finally, independently on the sign of ¢, we find that

X(z,¢) =1-— /RK(S,Tl)B_ZSdS —(4'(0) + ﬁ)/RK(s,Tg)e_“ds =

; /Rﬂs)e—zsczs g0 +8 . X(z0)

1 — = — =: .
1+ 06+cz 1+08+4+cz 1+[+cz

Let ¢, be the minimal value of ¢ for which

X(z,¢) :=1—¢'(0) + cz — /]R J(s)e *ds

has at least one positive zero. It is easy to see that

: 1 / —S8z
c*—ir;g;{—l—i—g(())—l—/RJ(s)e ds}

can be positive, negative (in these cases inf can be replaced with min) or zero. By
Theorem II1.9, ¢ > ¢, for each admissible wave speed c¢. The next result is a direct

consequence of Theorem II1.23.

Theorem IIL1.29. Suppose (3.25) together with 1 — [, J(s)ds < ¢'(0) and
(3.28) lg(u) — ¢'(0)u] < Cu'™™, u,v € (0,0) for some «a,o € (0,1],

Then equation (3.24) has at most one bounded positive solution ¢, ¢(—oc) =0, for
each ¢ # 0 (if X(y¥—,¢.) # 0) or for each ¢ # 0, ¢, (if X(7v*—,c.) =0).

Proof: Suppose that ¢ > 0 (the case ¢ < 0 is similar). We only have to check the
assumptions IIL.15(EC,,), II1.13 except v4(c) < vx(c), x(0,¢) < 0 and x(yx—,¢) #

0 of Theorem III.23.
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Step I It is clear that g(-,7) satisfies (3.17), where ¢'(0,71) = 1, ¢'(0,72) =
g (0) + 8. Moreover, we have |g(u,7) — ¢'(0,7)u| < C(T)u'*®, u,v € (0,0), where
C(r)=0ifr=m and C(7) =C if 7 = 7.

Step II.  For each z > —% we have [p k(s)e *ds = m < 400 so that
Yk (€) = v* because of [, kx J(s)e **ds = [, J(s)e **ds/(1+4 [+ cz). (Observe here
that vx(c) = min{y#, —(1 + 3)/c} if ¢ < 0. However, if yx(c) = —(1 + 3)/c then
X(vx(c), c) = 0o so that v,(c) < vx(c) due to Corollary II1.7).

Step III. If o solves (3.24), then ¢ € C*(R) and for each 0 < z < 7, we obtain

e [eme@lis < [ e Tapois+ [ et [ glp)s <

R

(/R e *J(s)ds+ 14 ¢'(0)) /Re_zsgp(s)ds < +00.
Thus, by Lemma III.16, condition ITL.15(EC,,) is satisfied.

Step IV. We have x(0,¢) = (1 — [; J(s)ds — ¢'(0))/(1 + 8) < 0. Now, if v# <
400, then Y(7#—,c,) # 0 implies that x(v#—, c.) # 0 and v4(c.) = Ni(c.) < 7.
Since x(z, ¢) is strictly increasing in ¢ for each fixed z > 0, function \;(c) is strictly
decreasing. Hence v,(c) = \(c) < v# for each ¢ > ¢,. Similar considerations shows
that y4(c) < 4# for each ¢ > ¢, if x(v#—, c,) = 0. Finally, in the case v# = 400 we

have that x(4o00,c) € {1, —o0} Z 0, so that x(v7x—,¢) # 0 holds automatically. [J

Remark 111.30. Our approach allows to remove several restrictions on J and g as-
sumed in Carr and Chmaj uniqueness result [9, Theorem 2.1]. In the cited work
g is supposed to satisfy (3.3) and J to be an even compactly supported function
with [, Jds = 1. These properties were essential in the proof of Theorem 2.1 in [9]
even if (3.3) was not mentioned explicitly there. Similarly, conditions J € C'(R),
J(a) > 0,J(b) > 0 for some a < 0 < b, and of J compactly supported were used in

[13]. Nevertheless, Coville et al. have used g(u)/u < ¢’(0), u > 0, instead of more
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restrictive ¢'(u) < ¢’(0), u > 0. They also established non-uniqueness of stationary
traveling fronts (¢ = 0). Next, Schumacher [45], using completely different approach,

established uniqueness of regular and non-critical semi-wavefronts to equation (3.23)

for general J and g satisfying (3.25). In fact, it seems that the latter conditions was
proposed in [45]. The trick allowing to weaken the Lipschitz restriction (3.3) is due
to Thieme and Zhao [49] (up to our knowledge at least). However, usually it was
applied under reversed inequality f'(s) > f(0) to the second (damping) term of
equation, e.g. see also [19] and Section 6.3 for further generalizations. Here we show

that this trick shows to be useful also in the case of birth functions.
3.6.2 Nonlocal lattice equations

Now we consider semi-wavefronts w;(t) = u(j + ct),u(—o0) = 0, of the nonlocal
lattice equation

duw; (t)
dt

= D{w;.(t) — w;(t)] — dw;(t) + > B(j — k)g(wi(t — 7)), j € Z,
kEZ

where #(k) > 0 with >, , 3(k) = 1. Let v# denote an extended positive real
number such that Y, ., B(k)e ** is convergent when z € [0,7%) and is divergent
when z > ~4#. As it can be easily deduced from Theorem III.2, the existence of such
v# is automatically assured by the existence of positive semi-wavefronts w;(t) =
u(j + ct), u(—oo) = 0 to the above lattice equation. The wave profile u satisfies

(3.29) cu/(z) = Dlu(x +1) + u(z — 1) — 2u(x) () + ) Bk)g(ulz -k —cr)).

kEZ
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Again we take ¢ > 0 for simplicity. Since u is bounded, from (3.29) we get

u(t) = l/t R G [Du(s +1)+ Du(s—1) + Zﬁ(k)g(u(s —k—ecr))|ds

kEZ

D/ — 2 (t=stD) u(s )ds+—/ 2Dc+d(t_s_1)u(s)ds+

t—k—cr
+ Z Al / efw(tfs*kfcr)g(u(s))ds.

keZ -0
D too D +oo
= Ze R / e s u(t — s)ds + —62D0+d / e_%su(t — s)ds
¢ -1 1
k oo
+ Z plk) )e%(ﬂmﬂ) / e_QDc+dsg(u(t — 8))ds
k ¢ k+cr
€z
(3.30)
= (Hy + Ha) * u(t +Zﬁ (k) H * g(u)(t),
keZ
where
Do 2550 > D= 25500 >
Hl(t) = ’ HQ(t) = )
0, t<—1 0, t<1
%e_&jd(t_k_c”), t>k+cr
Hy(t) =

0, t<k+cr

Thus (3.30) can be written as (3.4), with X = {r, »} and

Hi(s) + Hy(s), 7=m s, T=T
K(sr)=4 L gls,T) = .
Zkezﬁ(@Hz]fa T =T2 g(s), T="1
Next, x(z,¢) =1— fR (s,71)e"%*ds — fR (s,m2)e"%ds =
2D cosh(z) g'(0)e=c* K X(z,¢)
— — k Fm
Z Blk)e 2D +d+cz

29D+d+cz 2D +d+cz
kcZ

Let ¢, be the minimal value of ¢ for which

X(zac)::d_’_QD‘f—CZ—D(ezﬁ—ez _g _CTZZﬁ —kz

kEZ
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has at least one positive zero. It is easily seen that c, is well defined and is finite.
By Theorem II1.9, ¢ > ¢, for each admissible wave speed c.

After these transformations, we can apply our uniqueness results to (3.29).
Theorem II1.31. Suppose that g satisfies (3.3), (3.28) and ¢'(0) > d. Then equation
(3.29) has at most one bounded positive solution u, u(—oo) = 0, for each ¢ # 0 (if
X(v*—,c.) #0) or for each ¢ # 0,¢, (if X(v¥—,¢) =0).

Proof: Step 1. Obviously, g(-,7) meets (3.3) with ¢'(0,7) = 1 and ¢'(0,7) =
g'(0). Moreover, we have |g(u,7) — ¢'(0,7)u] < C(r)u'™®, u,v € (0,0), where
C(m)=0and C(ry) =C.

Step II. If 0 < z < vy, we get

/X/RK(S,T)ezst: /(H1(3)+H2(S))ezsd8+ Zﬁ(k)H;fe*“ds

R R kez
+o0o +oo
_ 2 (/ e—QD:d(s-l-l)—zst_'_/ e—w‘j’d(s—l)—zsds)
¢ -1 1
1 Feo
4= Z 6(1{;) / ef%ﬁefkfcr)fzsds
€ ez ktcr

D e "
— z —z k —kz'
2D+d+cz(e te )+2D+d+czéﬁ( Je

Therefore v = v4 (if ¢ > 0) and yx = min{yx, —(2D 4+ d)/c} (if ¢ < 0).

Step III. If u solves (3.29) with ¢ > 0, then for each 0 < z < 74 we obtain
c/ |u'(s)|e™**ds < D/ lu(s + 1) + u(s — 1) — 2u(s)|e”**ds + d/ u(s)e **ds
R R R

+ Zﬁ(lﬁ) /Rg(u(s —k—cr))e *ds < D/R lu(s + 1)+ u(s — 1) — 2u(s)|e **ds+

d/Ru(s)ezsds + ¢'(0) Z B(k) /Ru(s —k —cr)e *ds

kEZ

= D/]R lu(s + 1) +u(s — 1) — 2u(s)|e”**ds + d/Ru(s)e_ZSds

+¢'(0)e*" Zﬁ(k)e_Zk / u(w)e *dw < +oo.

kcZ R
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Thus, by Lemma III.16, condition IIL.15(EC,,) is satisfied.

Step IV . We have x(0,¢) = (d — ¢'(0))/(2D + d) < 0. The proof of v4(c) < v*
is the same as in Step IV of the previous section and is omitted. [J
Remark T11.32. Our approach allows to improve the uniqueness results of [18, Theo-
rem 3.1}, where additional conditions 5(k) = B(—k) and x(yx—) = —oc are assumed.
Moreover, [18, Theorem 3.1] does not establish the uniqueness of the minimal waves.

3.6.3 Nonlocal reaction-diffusion equation

Here, we consider positive semi-wavefronts solutions u(t, z) = ¢(x + ct) satisfying

¢(—o00) = 0, for non-local delayed reaction-diffusion equations

(3.31) u(t, ) = uge(t,x) — flult,z)) + /Rk(w)g(u(t —h,z —w))dw, h >0

where f € C(R,,R,) and non-negative and generally asymmetric k € L'(R). The
reader is referred to [51] for further details concerning wave solutions in the presence
of asymmetric non-local interaction. Let v# denote an extended positive real number
such that [ k(s)e **ds is convergent when z € [0,7#) and is divergent when z >
v#. As it can be easily deduced from Theorem IIL.2, the existence of such v# is
automatically assured by the existence of positive semi-wavefronts u(t,z) = ¢(x +

ct), ¢(—o0) =0 to (3.31). Is clear that the profile ¢ must satisfy

(3.32) y'(t) —ey'(t) = fly(1) + /R’f(w)g (y(t = ch —w))dw =0, s € R.
Equation (3.32) can be written as

y'(t) — ey (t) = By(t) + fa(y(t) + /R k(w)g(y(t — ch —w))dw =0, t € R,

where fg(s) = Bs — f(s) for some 3 > 0.

Being ¢ a positive bounded function, it should satisfy the integral equation

(333)  o(t) = % ( / "G (b(s — ch))ds + / +°O e“(ts)g(gzﬁ(s—ch))ds),

) —00 t
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where o(c) = \/c2 + 403, v < 0 < u are the roots of 2% — cz — 3 =0 and

G(o(t) = /Rk‘(wmw(t —w))dw + f5(o(t)) = k + g()(t) + f5(¢(1))-

Thus, we can to write (3.33) as

(3.34) o(t) = (K k) * g(9)(t) + I+ f3(¢)(2),

where

(10) e’=ch) g > ch
K(s) =

(1)6“(3_0}”, s < ch

Hence, we see that (3.31) can be written as (3.4), with X = {7, »} and

Q

q

(Kxk)(s), T=m g(s), T=m
;o g(s,7) =
K, T="T fa(s), T=m

K(s,7)=

Now, we have to check the assumptions of Theorem III1.23. Here we are assuming
that ¢ satisfies (3.3).
Step I Suppose that f € C'(Ry,Ry) is strictly increasing and f(0) = 0. We
claim that, without restricting the generality, we may assume that (3 is such that
[ satisfies the Lipschitz condition with a constant § — infss f'(s). First observe
that our proof of uniqueness compares two different solutions ¢i, ¢s. Since they
are uniformly bounded by some positive M > 0, we can restrict our attention to a
finite interval [0, M| where f is obviously Lipschitzian. Now, since f is continuously
differentiable on [0, M] and f(0) = 0, we can choose 5 > infssq f'(s) such that

fs(s) = Bs— f(s) >0 for all s € [0, M] and

max f'(s) <28 — inf f'(s).

s€[0,M] 5>0

Take 51 < s9 in [0, M], then f(s9) — f(s1) = f'(s0)(s2 — s1) for some sy € [s1, sa].



62

Thus
fo(s2) — fa(s1) _ 3 f(s2) = fs1) _ B — f'(so) < B —inf f/(s),
S9 — 81 S2 — 81 520
fﬁ(é’zi - ff<81) >3- <2ﬁ - i%f’(s)) = =B +inf f'(s).
Therefore ‘fﬁ 5 _ff(81) < (ﬁ ggf( ))7 s1,82 € [0, M],

so that we can assume that g(-,7) meets (3.3) with ¢’(0,71) = ¢’(0) and ¢'(0,72) =
B — infs>o f'(s). Note here that if f'(0) < f'(v) for all v > 0, as in [49], then
B —infe f'(s) = B — f(0).
Step II. Now, we suppose that g, f € C"* in some neighborhood of 0. Since | f5(0) —
f/’g(u)\ = |f(0) = f'(u)|, we see that |¢'(u,7) — ¢’(0,7)u)| < C(1)u®, u € (0,0), for
same C(7) > 0 and o small.

Step III. Note that if v < 2z < u, then

— 2w —1 —zw
/RIC(w)e dw = po R— < 00, /K*kh(w)e dw =

fzch
K(u e_z”du/ kn(s)e *°ds = / e **ds < +o0.
[ ke [ s Ay

Thus, vx = min{u, 7%} so that v, < p.

Observe that
x1(z,¢) =1— /K s,m)e *Fds — (B — iggf’(s))/K(s,TQ)e_szds =
sZ R

1—

B —infeo f/(s)  g'(0)e " s X1(2)
B+ cz— 22 _ﬁ—kcz—zQ/Rk() ds _6—1-02—22

We see that vx = min{u,y*} so that v, < p. Let ¢, be the minimal value of ¢ for

which

Xi(z,¢) == cz — 2° +inf f'(s) — ’(O)e’“h/ k(s)e **ds

s>0
has at least one positive zero. This value is finite, well defined and does not depend

on #. We will write ¢, instead of ¢, in the special case when f/(0) < f’(v) for all
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v > 0. In such a case, we have f'(0) = infs>o f'(s) and therefore xy; = x. By
Theorem II1.9, ¢ > ¢, for each admissible wave speed c.

Step IV. So we will take some = € (0,74) and ¢1,¢; € C'(R) satisfy (3.32).
Let W be given by W := |¢; — ¢»| and suppose that the integral [, e "W (u)du

converges. Then, from (3.33) we have

u

4w~ d3(0)| < 0 (1] [ e 9Gon)(s) — (Ga(s)ds

—00

—+00

b [ NG s) - (Gn)(s)lds)

u
+o0 0

<o(e) ||V / e""F(u—m)dm+ p / e F(u —m)dm |,

where F(s) = (g’(O) Jg Fn(w)W (s —w)dw+ (3 —inf,>o f’(s))W(s)) In consequence,

Jo e (w) — ¢h(u)|du <

e [ W@du(g0) [ waw)e o+ 5= inf 1)

is finite and [, e7"* (¢ (s) — ¢h(s))ds converges absolutely for each x € (0,74).

We are ready to state the main result of this subsection.

Theorem II1.33. Suppose g satisfies (3.3), f € CH(R,,R,) is strictly increasing,
and g, f € CY in some neighborhood of 0, and g(0) = f(0) =0, ¢'(0) > f'(0). Then
equation (3.31) has at most one positive semi-wavefront u(t, x) = ¢p(x+-ct), ¢p(—o0) =

0, for each ¢ > ¢, (if X(7v*—,c.) #0) or for each ¢ > ¢, (if X(7#—,¢c.) =0).

Proof: Observe that Bx(0,c¢) = f/(0) — ¢'(0) < 0, and x;(v#—,c.) # 0 if
(v —,¢.) # 0. First let ¢ > ¢, > c., then xi(z,¢) < x(,¢) so that x1(m,c) =0
for some m € (0, \.g]. It is clear that m = A\ if and only if m = 4#. Since

X1(z, ¢) is strictly increasing in ¢ for each fixed positive z, this implies that ¢ = ¢,
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and x;(y*—, c¢,) = 0. Consequently, m € (0, \,x) for each ¢ > ¢, (if x(v#—,c,) # 0)
or for each ¢ > ¢, (if (7% —,¢,) = 0).

Next, if ¢, = ¢, then y; = x and the inequality x(v#—,c.) # 0 guarantees that
M(cs) = vp(c) < A# for ¢ = ¢,. If ¢ > ¢, then we have again \(c) = 4(c) <
Mi(c.) < 4% because \i(c) is monotone decreasing in c.

Next, we claim that for each = € (0, vx) and some d;(x) it holds

K(s,7j) <d;(z)e*, s € R.

6$8

o(c)

K(t.7) = /_+o° K(s)kn(t — 5)ds < L/M T (t — s — ch)ds

- o(c)
—chx

+oo
< ‘ [/ e " k(u)du|e™

o(e) L) o

Since A\, < vk = min{y#, u}, the exponential estimations of K in II1.25 and

Indeed, since vx < p and K(s) < , s € R, forall 0 <z < pu, we get that

—00

I11.27(ii) are verified. This observation completes the proof of the theorem. [J

Remark 111.34. Our approach allows to improve [49, Theorem 4.3], where the unique-
ness was established under assumption that either f(s) = pfu or g(s) = fu and K
is the Gaussian kernel. Moreover, [49, Theorem 4.3] does not consider the minimal

waves.

3.6.4 Uniqueness of fast traveling fronts in delayed reaction-diffusion equations
Finally, we consider positive semi-wavefronts u(t, z) = ¢(z + ct), ¢(c0) = 0, to
u(t, ) = uga(t, ) — u(t, ) + g(u(t — h,2)), = €R,

where g € C%*([0,0]) is a Lipschitzian function with constant L which is greater

than ¢’(0). Profile ¢ must satisfy the delay differential equation

(3.35) ¢"(t) — e/ (t) — ¢(t) + g(é(t — he)) =0, tER.
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Similarly to Section 3.6.3, we find that ¢ satisfies

1 ey(sfch) s Z ch

() = K * g(o)(t), K(s)=1 ’ ,

(1)6“(5_6"), s <ch

which is exactly the form considered in DK theory (formally, we set X = {7},
K(s,7) = K and g(s,7) = ¢g(s)). Nevertheless, since L > ¢'(0), Dieckmann-Kaper
uniqueness theorem does not apply to (3.35).

In order to use Theorem III.28, we realize some elementary computations. First,

note that
Le—zch

X1(z,¢) =1— L/RIC(s)e_”ds =1- [Ey———
is defined on (v, y). Thus, 75 = p and since lim,_,,_ [ K(s)e™**ds = +00 we obtain
vs < 7. Note also that x(0,c¢) = 1 — ¢/(0) and the exponential estimations of K
in II1.25, I11.27(ii) are also obviously verified. Hence, we only need to verify the
Assumptions I11.27(i) and x1(m,¢) > 0 for some m > 0.

Step 1. Assume that @1, o2 € C'(R) satisfy (3.35) and, in addition, that the integral

Jp €% (¢a(s) — ¢1(s))ds converges absolutely. Then, for each v < z < 7,

Le—zch +00
/6_Z5|90/2(8) - Soll(s)’ds S <|V|/ 6(V—Z)udu
K a(c) 0

0
—i—u/ 6(”_2)“du) /e_zs\g@(s) —¢1(9))]|ds < 0.
R

—00

Step II. Finally, define ¢, as as the minimal value of ¢ for which the equation 22—
cz — 14 Le " = 0 has at least one positive root. This value is well defined and
positive. It is easy to see that, for each ¢ > ¢, there exists m > 0 close to A\; from
the right and such that x;(m,c¢) > 0.

We are ready present our result concerning the uniqueness in (3.35):

Theorem I11.35. Suppose that |g(s) — g(t)| < L|t — s, s,t > 0 and that g € C'
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in some neighborhood of 0 with ¢'(0+) > 1. Then, for every ¢ > ¢, equation (3.35)

has at most one bounded positive solution ¢ vanishing at —oo.

Remark 111.36. Theorem I11.35 gives another proof of the uniqueness result in [4,
Theorem 1.1] where was additionally assumed that g € C*(R,, R, ) and that ¢”(0+)
in finite. Moreover, we give here a reasonably good lower bound ¢, for the "unique-
ness’ speeds. Observe that if L = ¢/(0), then ¢, coincides with the minimal speed of

propagation c,.



CHAPTER IV

Existence and uniqueness of fast travelling fronts in
reaction-diffusion equation with local delay

4.1 Introduction

In this chapter, we consider the time-delayed reaction-diffusion equation (1.4). We
will suppose that —s + g(s) is of the monostable type. Thus equation (1.4) has
exactly two non-negative equilibria uy = 0, uy = £ > 0. If u(z,t) = ¢(x + ct) is
a wavefront (or a travelling front) of (1.4), then after scaling such a profile ¢ is a

positive heteroclinic solution of the delay differential equation

(4.1) 2¢"(t) — ¢'(t) — o(t) + g(d(t —h)) =0, e :=1/c >0, teR.

In this chapter, we follow the approach of [20] to prove the uniqueness (up to
translations) of positive wavefront for a given fast speed c. In the case of (1.4), this
approach essentially relies on the fact that, in ’'good’ spaces and with suitable ¢'(0),
g'(k), the linear operator (Ly)(t) = v/ (t) +y(t) — ¢'((t — h))y(t — h) is a surjective
Fredholm operator. Here v is a heteroclinic solution of equation (4.1) considered
with e = 0. In consequence, the Lyapunov-Schmidt reduction can be used to prove
the existence of a smooth family of travelling fronts in some neighborhood of 1. As
it was shown in [21] this family contains positive solutions as well. However, an

important and natural question about the number of the positive wavefronts has not

67
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been answered in the past.

4.2 Spaces and Operators

In this section we assume 1.4 and [.5. Let ¢ be the positive heteroclinic solution

from Lemma II1.9.

Notation IV.1. For a fixed p > 0, we set #{\; : p < R\;} := d(p), where }; is a

root of equation (2.2).

Notation IV.2. Let y € C(R,R). For a fixed p > 0, we will consider the seminorms

[yl ™ = supg, |y(s)| and [ly||; = supg_e™**|y(s)|, and the following Banach space
Cu(R) = {y € C(R.R) : [ly]l; < 00, y(—o0) = 0, and y(+oc) is finite},
equipped with the norm |y, = max{ [y ", lyl; }

Definition IV.3. We define the following operators:

1. The integral operator N : C,,(R) — C,,(R), such that

t

Wy)(t) = / e )g(s)y(s — h)ds,

—00

where ¢(s) := ¢'(¢)(s — h)).
2. The Nemytskii operator G : C,,(R) — C,(R), where (Gy)(t) = g(y(t)).

3. The integral operators Z,Z., 75,7 : C,(R) — C,(R), where Z = Z;,Z5 = 0,
I. =0 Ye)(ZF +1I7), o(e) :=V1+4e2, and

+oo t—s ¢ —2(t—s
(Try)(t) = / A (6 hyds, (Toy)(t) = / T y(s — h)ds.
t

— 00

Observation IV.4. Since ¢'(t) = p+0(t), t — 0, and ¢(t) = O(exp(At)), t — —o0,

we obtain that

q(t) = p+€(t), €(t) = Ofexp(At)), t — —o0; and g(—o0) =p > 1, ¢(o0) = g'(k).
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Observe that ZX, N are well defined: e.g. (Ny)(+00) = ¢'(k)y(+00) and, for t < h,

t

, Su t
[(Ny)(D)] S/ e g (s)| [yl "M ds < Il 1?:3’1 9O ety
oo .

Lemma IV.5. Operator families T= : (=1/\/p,1/\/;t) — L(CL(R)), p > 0, are

continuous in the operator norm. In particular, Z. — 71 as € — 0.

Proof: The proof of lemma will be divided into three steps. Step I. We first
establish that |Z7 —Z_ || — 0 as e — 9 # 0. Fix y € C,(R), then |y(t)| < [|y|le”*
and v = 0, u, for all £ € R. Hence,

t

—2(t—s) —2(t—
‘e 1+o(e) — el+o 80) |y(S _ )|d$

@y -Zwl < |

—00

t —2(t—s) —2(t—s) 1
< / ‘e o) — eTHoo) | ||y|le’Mds < EHyHe”(t’h)W(a) —o(eo)],v =0, p.

As a consequence, ||Z7 —Z_ || < 0.5|0(c) — o(eo)|.
Step II. Now, we prove that ZF — I uniformly as ¢ — €9 # 0. An easy computa-

tion shows that for each y € C,,(R) and t € R

+°° (1+U(5))(t 5) (+o(ep))(t=s)
(Z2 @ < llyll / —e 2 |ds < 2|ly|l|e® - £2).
Next, if ||, [eo| < 4 /ﬁ) then
+°° o(e))(t=s (to(eg)(t=s)
(! O ol [ [ - SR e,

< Alylle" e — €.

Consequently, we get |71 — I || < 4|e* — &5).
Step I11. Finally, using the similar arguments, we can see that Z — 0 and Z_ — 7

uniformly as ¢ — 0. In consequence, ||Z. —Z|| — 0 as ¢ — 0. O

Lemma IV.6. If 1.4 holds and p & {R\;}, u >0, then I =N : C,(R) — C,(R) is

a surjective Fredholm operator and dim Ker (I — N) =d(u).



70

Proof: First, we establish that I — A is an epimorphism. Take some f € C,(R)

and consider the following integral equation

u(t) - / e~ )g(s)y(s — h)ds = f(1).

— 00

If we set z(t) = y(t) — f(t), this equation is transformed into

2(t) — / e 9q(s)(z(s — h) 4+ f(s — h))ds = 0.

—00
Hence, in order to establish the surjectivity of I — N/, it suffices to prove the existence

of C),(R)-solution of the equation
(4.2) 2(t) = —z(t) + q(t)z(t — h) + q(t) f(t = h).

First, notice that all solutions of (4.2) are bounded on the positive semi-axis R
due to the boundedness of ¢(t)f(t — h) and the exponential stability of the homo-
geneous w-limit equation 2'(t) = —z(t) + ¢’(k)z(t — h). Here we use the persistence
of exponential stability under small bounded perturbations (e.g. see [11, Section
5.2]) and the fact that ¢(4+00) = ¢'(k). Furthermore, since every solution z of (4.2)
satisfies 2/(t) = —z(t) + ¢'(k)z(t — h) + ¢ (k) f(+00) + €(t) with e(4+00) = 0, we
get z(+00) = f(+00)¢'(rk)(1 — ¢'(k))~t. Next, by effecting the change of variables

z(t) = exp(ut)v(t) to equation (4.2), we get a linear inhomogeneous equation of the

form
(4.3) V(t) = —(1+ po(t) + [pexp(—ph) + e (t)]v(t — h) + e2,u(t),
where €;(—00) = €0(—00) = 0 and €,(t) = O(1), p > 0, at t = —oo. Since

the a-limit equation v'(t) = —(1 4 p)v(t) + pexp(—ph)v(t — h), n & {RA;}, to the
homogeneous part of (4.3) is hyperbolic, due to the above mentioned persistence of

the property of exponential dichotomy, we again conclude that equation (4.3) also
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has an exponential dichotomy on R_. Thus (4.3) has a solution v} which is bounded
on R_ (while v5(—o00) = 0) so that 2*(t) = exp(ut)v;(t) = O(exp(ut)), t — —o0, is
a C,(R)-solution of equation (4.2).

Next we prove that dim Ker(/ — N) = #{)\; : p < R\;}. It is clear that

¢; € Ker(I — N) if and only if ¢; is a C,,(R)—solution of the equation

(4.4) y'(t) = —y(t) + q()y(t — h).

We already have seen that every solution of (4.4) satisfies y(+oc) = 0, thus we
only have to show that there exist solutions ¢; with [|¢;]|; < oo. In fact, we will

prove that for each R\; > p and 0 € (O,%/\j>01:n/\1£l§}%>\i>o{%>\j,)\ — R\;}) there is
¢;(t) = Nt + e7tv;(t) € Ker(I — N), with 0 = A+ 6, v;(t) = O(1), t — —oo. Set

q(t) = p+ €(t), then v;(t) can be chosen as a bounded solution of the equation
(4.5) Y () + (L+a)y(t) — (p+e(t)e™y(t — h) = e MM A=Dle(t),
Since e MM i=te(t) = O(e®=9") at —oo, we get the following a-limit form of
(4.5)
y'(t) + (L+a)y(t) — pe”"y(t — h) =0.
This autonomous equation is exponentially stable since its characteristic equation

2+ A+ = —1 4 pemFTATOR

has roots z; = A\; — A — § with Rz; = RA\; — A — 6 < 0. Thus (4.5) has a unique
solution v; bounded in R_. Is clear that d(u) solutions {¢;} are linearly independent,
we claim that, in fact, system {¢;} generates Ker(I — N'). By way of contradiction,
suppose that ¢ € Ker(I —N)— < ¢; >.

As ¢ solves the equation

Y (t) = —y(t) +py(t = h) + O(exp((A + p)t)), t — —oo,
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we get (e.g. see [41, Proposition 7.1])

p(t) = 2(t) + Ofexp (A + p = 0)1)), t — —o0,

where z(t) is the eigensolution corresponding to the eigenvalues ¢ with u < R( <

A+ . In this way,

d(p)
(4.6)  o(t) = Cexp(At) + Z Cjexp (A\t) + O(exp (A +p — )t)), t — —o0.
Now take
d(p)
w(t) = Clexp (At) + exp (ot)vi(t)) + Z Cj(exp (A\jt) +exp (ot)v;(t)) €< ¢; > .

Since exp (ot)v;(t) = O(exp (A + 9)t), t — —o0, we can write

d(p)
w(t) = Cexp (\) + Y _ Cjexp (A\jt) + Olexp (A + 0)t)), t — —o0.

Jj=2

Thus 7(t) := @(t) — w(t) satisfies r(t) = O(exp (A — )t), t — —oo, and solves
(4.7) y'(t) = —y(t) + py(t — h) + O(exp ((2A — d)t)), t — —o0.
Applying Proposition 7.1 from [41] we conclude that

r(t) = 2(t) + O(exp (2X — & — §/2)1)), t — —o0,

where z(t) is the eigensolution corresponding to the eigenvalues ¢ such that A —§ <
RC < 2\ — 6 and in consequence z(t) = CyeM, for some C. Hence,

d(p)
o(t) = w(t) +r(t) = C"exp () + Z Cjexp (Ajt) + Ofexp (A + 9)t)), t — —o0,

j=2
for small § > 0. The latter formula improves (4.6), and if we take

d(p)
wi(t) = C'(exp (At) + exp (ot)vi(t)) + Z Cjexp (A\jt) +exp (at)v;(t)) €< ¢ >,
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then r1(t) = ¢(t) — wyi(t) = O(exp (A + 0)t), t — —oo. Since ry(t) satisfies
y'(t) = —y(t) + py(t — h) + O(exp ((2A + 0)t)), t — —o0,

we can proceed as before to get r1(t) = z1(t) + O(exp (2A + 9 — 0/2)t), t — —oo0,
where 21 (t) is the eigensolution corresponding to the eigenvalues ¢ such that A+ 4J <
¢ <2XA+9. Thus 2 (t) =0 and 7 (t) = Oexp (2A 4+ 0 — 0/2)t), t — —oo. Iterating
this procedure (and subtracting §/2* from the exponent 2\ + § on the step k),
we can conclude that ri(t) = O(exp (kAt)), t — —oo, k > 2. This means that
r is a small solution of (4.4). However, equation (4.4) cannot have solutions with
superexponential decay at —oo and thus r(¢) = 0. This implies that ¢ €< ¢; >, a
contradiction. [

Throughout the rest of the chapter, we will suppose that the C'-smooth function
g is defined and bounded on the whole real axis R. This assumption does not
restrict the generality of our framework, since it suffices to take any smooth and
bounded extension on R_ of the nonlinearity g described in (I.5). Notice that,
since there exists finite ¢’(0), we have g(s) = sv(s) for a bounded v € C(R). Set
Yo = Sup,eg |7(s)|. As it can be easily checked, |Gy|, < Y|y|, so that actually G is

well-defined. Furthermore, we have the following lemma:

Lemma IV.7. Assume that g € C*(R). Then G is Fréchet continuously differen-

tiable on C,(R) with differential G'(yo) : y(-) — ¢'(yo(-))y(-).

ProofWe have that G'(y)ul, = |9/ (y())u()]y < sup.cg |g'(y(s))llul,. By the
Taylor formula, g(v) — g(vp) — & (v0) (0 — 10) = (¢'(6) — ' (60)) (0 — ), 6 € [v, 0]
Fix some yo € C,(R). Since functions in C},(R) are bounded and ¢’ is uniformly

continuous on bounded sets of R, for any given o > 0 there is ¢ > 0 such that

for |y — yol, < o we have that |Gy — Gyo — ¢'(%o(*)) (v — vo)l, < 0|y — yol, and
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1G"(y) — G"(Wo)ll c(cmy) < 0. O

4.3 Lyapunov-Schmidt reduction

Being a bounded solution of equation (4.1), each travelling wave should satisfy

t +o0
1 —2(t—s) (1+a(e)(t—s)
(4.8) o) = 4 T g(b(s — h))ds + / ¢ A 06 (s — h))ds),

For C,(R)-solutions, this equation takes the form ¢ = (Z. o G)¢.

Theorem IV.8. Assume 1.5, I.4. Let ) be the positive heteroclinic from Lemma I1.6.
Then for every u # R\;, pu € [0,A), there are open balls £, = (—¢,,€,), V., C RIUW,
and continuous family of heteroclinics 1., : €, x V,, — C,,(R) of equation (4.1) such
that oo = . For each & € &, the subset {¢z,, : v € V,} C C,(R) is a C*'—manifold
of dimension d(u). Moreover, there exists a C,(R)—neighborhood U of ¢ and &1 > 0
such that every solution 1. € U, |e| < €1, of equation (4.1) satisfies . = ., for
some v € V,. Finally, given a closed subinterval S C [0, ) \ {RR\;}, we can choose

open sets £,,V,, to be constant on S.

Proof: Set R, = (—1/\/it,1/,/p) and then define I : R, x C,(R) — C,(R) by
F(e,9) =v+ ¢ — (Z. 0 G) (¢ + ¢). We have that F(0,0) = 0. Furthermore, Lemmas
IV.5 and IV.7 imply that F' € C(R, x C,(R),C,(R)) and Fy(e, ¢) is continuous in

a neighborhood of (0,0). Set
L:=Fy;0,0)=1—-N, V:=KerL, r(e,¢) := F(e,¢) — Lo.

Then r4(0,0) = F(0,0) — L = 0. By Lemma IV.6, we have that dim V' < oo and
that L is surjective. Thus V' has a topological complement W in C,(R) so that
C,(R) =V & W and any ¢ € C,(R) can be written in the form ¢ =v +w, v € V

and w € W. Recalling that Lv = 0 we get F(e,¢) = Lw + (e, v+ w). This suggests
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the following definition:
O(e,v,w) := Liww + r(e,v + w),

where @,,(0,0,0) = L|w is the restriction of L to W. Is clear that ® € C'(R, x V x
W,C,(R)) and @, (e,v,w) = L|w + 14(e,v + w) is continuous in a neighborhood of
(0,0,0). Since Ll : W — C,(R) is bijective we have that (L|y)~" is continuous
from C,(R) to W. As a consequence, we can apply the Implicit Function Theorem

(e.g. see [7, Theorem 2.3(i)]) to
O(e,v,w) = Llww +r(e,v+w) =0, &(0,0,0)=0.

In this way, we find neighborhoods of 0, £, C R,, V, C V and W, C W and a
continuous map vy € CL(E,xV,, W,,), such that (e, v,v(g,v)) = 0 for all (¢,v) € £,%
V,.. Moreover, without restricting the generality, we can suppose that ®(e,v, w) =0
with (e,v,w) € €, x V, x W, implies w = (e, v) (e.g. see [7, Theorem 2.3(ii)]).

Hence, the continuous family ¢. , = ¥ + v + v(e,v) : £, x V,, — C,(R) contains
all solutions of equation (4.1) from small neighborhoods of ¢, with )y, = 1. Since
7(0,0) = 0 and 7,(e,v) is continuous for ecach fixed ¢ € &,, we conclude that
{tpe : v €V,} C Cu(R) is a C'—smooth manifold of dimension d(p). Notice that
(4.8) implies that ¢g(¢.,(+00)) = . »(+00). Thus . ,(+00) = g o(+00) = K, s0
that {1.,} are heteroclinic solutions of (4.1).

Finally, the last conclusion of the theorem follows from the simple observations
that (a) the sets &,,V,, W, are non-increasing in g and (b) the function d(t) is

piece-wise constant, with discontinuities at {tA;} N[0, A). O
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4.4 Characteristic equation

Lemma IV.9. Let {\,(¢),a € &7}, where NU {oco} C &7, denote the (countable)

set of roots to the equation
(4.9) e22® —z— 1+ pexp(—zh) = 0.

Ifp>1,h>0,ec€(0,1/(2y/p—1)) then (4.9) has exactly two real roots A1 (), Aoo(€)

such that
O<A<AME)<2(p—-1)<e?=2(p—1) < Ao(e) <e?+1.
Moreover:

(1) there ezists an interval O = O(p,h) > 0 such that, for every ¢ € O, all roots

Aa(€), a0 € & of (4.9) are simple and the functions A, : O — C are continuous;

(it) we can enumerate \;(€),j € N, in such a way that there exists lim._o4 \;(g) =

A; for each j € N, where \; € C are the roots of (2.2), with \y = A;

(1i1) for all sufficiently small £, every vertical strip € < Rz < 2(p — 1) contains only
a finite set of m(§) roots (if &€ ¢ {RN\;, j € N}, then m(&) does not depend on
e) Ai(€), - Ame)(€) to (4.9), while the half-plane Rz > 2(p — 1) contains only

the oot Moo (€).

Proof: See [21, Lemma 13]. J
4.5 Asymptotic formulae of solutions
Notation IV.10. Throughout this section, we denote by 3,v,1,b,C,C;,C,, ...

some positive constants that are independent of the parameters e € A; := (—¢j,¢;), v €

Q, where 1l >¢e9>¢e1>--->¢,>0,and 2 C R?. We also assume that h > 0,p > 1.
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Lemma IV.11. Let continuous ye (), fen(+) 1 Ao X 2 x R — R satisfy
(4.10) ey (t) + /(1) —y(t) +py(t + h) = foo(t), tER.
Suppose further that stlig)[\yev(t)] + Lo £ O, yen(®)] < Ce™, ¢ >0, and that
|few()| < Ce ¢ ZE), (g,v) € Ag X Q. Then, given o € (0,b), it holds
Yeu(t) = Ze(t) + weo(t), t €R,

where, with some continuous and bounded Bj : (—e,, &) X Q@ — C,

o)=Y Big,v)e !

YR (e)<b—0

is a finite sum of eigensolutions of (4.10) associated to the roots \j(e) € {y <

RN\ (e) <b—0} of (4.9) and |w.,(t)| < Ce= =t £ >0, (5,v) € (—&4,84) X Q.

Proof: Applying the Laplace transform L to equation (4.10), we obtain

X(2,6)¥e0(2) = fs,v(z) + 7e0(2),
where x(z,8) = €222 + 2 — 1 + pexp(zh), Jew = L{Yen}, fow = L{f-n}, and

h
Fen(2) = (50 (0) + 296 (0)) + 9o (0) + pe / ey, o (u)du.
0

Since y. e’ is bounded, ¢., is holomorphic in the open half-plane {Rz > —~}.
Similarly, fs,v is holomorphic in {Rz > —b}. Since r., is an entire function, the
function

Heo(2) = (fou(2) +1e(2))/X(2,)
is meromorphic in Rz > —b, with only finitely many poles there.
Step 1. We claim that there are o’ € (0,0), €1 > 0, such that |H. ,(2)| < C1/|z|, if
Rz = —b+0', (e,v) € Ay x. Indeed, take ¢’ € (0, ) such that the line Rz = —b+0’

does not contain any eigenvalue —\;(¢), € € A;, and 1 — b+ o’ # 0. We have

~ +oo Foo
Foul2)] < / e £ (D)t < C / et < & R > by o
0 0 o
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h
70 (2)] < (920 (0)] + [2][9e.0 (0)]) + |0 (0)] +p€%zh/ e "y, (u)|du.
0

As a bounded solution of (4.10), y., should satisfy, for all ¢t € R,

1 t - +Oo,
411 col(t) = —— G, d—+/ﬁ =G, d),
(a.) olt) = s ([ Gl [ G )

where A < 0 < fi are the roots of €222+ 2 —1 = 0 and G, (t) := pye,(t+h) — f-(t).

Differentiating (4.11), we obtain

1 B t B “+o0 ~
4.12 () = —— )\/ AL (s)ds + / =G, (s ds) ,
112 )= s (3 [ G as i o(6)

so that

A

— Jroo _
" (0 <L/ e MG, (s)|ds + e MG, (s)]ds <
0 < L [ G olds+ L [ MG <

+o00 0 _
(p+1)C </ fie "5 ds + |\ / e’\sds) =2C(p+1).
0 —00

Fix k > —b+ o’ and consider the vertical strip Xy := {—b+ ¢’ < Rz < k}, then

N h
pemh/ le™ "y (u)|du < Cpekh/ edu = Cs, z € %y,
0

0
so that |r.,(2)] < Cy(1+€%2]), 2 € 5.
Set b(z) = —1 + pe*", then |b(2)] < 1+ pe* := 3,2 € 3y, and

Cs(l2| + £2|2)
222+ 2+ b(2)|

(4.13) 4l Hew ()] < 2 €S

Now, set 1o = n3 for some 1 > 2 satisfying n? > 2371\/n23% + b2 and n3 > b — o’.

For all z such that Rz = —b+ o', and |Jz| > yo, we have

2
2% + 2| = |2l + 1] > wole?z +1] > 20 > 26.
y2 + (b—0o')?

Thus 222 + 2 + b(2)] > |e22% + 2| — |b(2)| > |€22% + 2| — B > |e22% + 2|/2, so that

(|z] + &%]z|%) < 1+52\2]<n+ “up 2|e?z|

4.14 -
(4.14) 224z b)) = e S R e

< 2n,
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for all |z| > yo, Rz = —b+ o’ and € € A;.

Finally, for all (z,¢) € {z: Rz = —b+0',|S2| < yo} x A1, we have that

2] + el 2|
lez?2 + 2+ b(2)| ~

6

Combining this inequality with (4.13), (4.14), we prove the main assertion of Step I.

Step I1I. Taking k > 0, in virtue of (4.13) we can use the inversion formula

1 k+o0i 1 ko001
(4.15) Yeo(t) = %/k e fen(2)dz = o ™ H. ,(2)dz, t > 0.

—o0i k—ooi

By Lemma IV.9, H.,(z) has only finitely many poles in the strip —b < Rz < —~.
Also, H.,(z) — 0 uniformly in the strip —b+ o’ < Rz < k, as |Jz| — oo, and
H.,(—=b+ 0’ +1i-) € Ly. Thus, we may shift the path of integration in (4.15) to the

left, to the line Rz = —b+ o', and obtain y. ,(t) = 2., (t) + we(t), where

—b+o'+o01
1
Zs,v(t) = Z ReS—Aj(e)€ZtHE,v<Z)7 wz—:,v(t) = % / eZtHE,U<Z>dZ‘
Y<RN;j(e)<b—0' —b+o’—o0-i

By Lemma IV.9, the roots of equation x(z,e) = 0 are simple for all small . Hence

Zs,y<t) = Z e*)‘j(f)tBj(g’ 1}), with Bj (5,1)) _ fs,v<_>\>]<§?1)>:—<;né)::v£)_)‘1(6)) .

YR (e)<b—0’

It is easy to check that Bj(e,v) is continuous on its domain of definition (observe

here that the continuity of y_,(0) follows from (4.12)). Take j such that —b+ o' <

—RN;(e) < =7, then |re,u(=Ai(e))] < Ca(e®[Aj(e)] + 1) < Ca(max |;(e)] +1) := Cr.
J,€

In addition, if € — 0 then

0<|X'(=Xi(e),e)] = |— 252/\]-(6) +1 +ph6_)‘j(6)h| — |1 —i—phe_kjh| £ 0.

‘fe,v(_)‘j(g)” + |T6,v(_>‘j(5))‘ < C/U/ + C?

Hence, |Bj(e,v)| < < — <
’ X' (=Ai(), )] min [x'(=A;(e), )|

if £ € Ay, for some small e, > 0 and v € Q.
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Step III. Consider u,,(t) = e®~w, ,(t) and v, ,(t) = e®~*w, ,(t). We have

" v<t) _ L —b+o’+oo-i 6(s+b—g/)tH€ y(S)dS _ i +oo eigtHs v<_b +o + Zf)df
’ 211 —bto!—oo-i 7 2m —00 7

By Plancherel theorem,

Ch

1
Uepllo = — | Hew(=b+ 0" +i)|[o < ——.
el = 5= 1 Heo e < 5=

Hence, v, ,,(t) = e~ (?=)%y_(t) is integrable on [0, +00), and by the Cauchy-Schwarz

inequality
fuzoll: ¢
V2(0 —0a') " 2\/2n(b—0d")(o — )

Step IV. We claim that there exist real numbers Cq > 0 and 3 > 0 such that

HUE,UH]. S

[w. o (t)] < Coe= =)t >0, for all (g,v) € Az x Q. In order to prove this, it suffices

to show that v., is uniformly bounded for small ¢ € A3. Since
el (1) + WL, (t) = wew(t) + pwey(t +h) = feot), tER,
we find that v, ,(t) = e®~tw_,(t) satisfies
20! () + (1 —22(b — o)L, (t) = P.u(t),
where « =1 —2e%(b—0) > 0 and P., € L1[0,+00) is defined by
P.,(t) = e(b_a)tfe,v(t) + (14 (b—0)—*(b—0))v.,(t) — pe~O=Dhy_ (¢t + h).
The variation of constants formula yields

¢
(4.16) vl () =e 22" (v;v(()) + —/ eﬁngvv(s)ds) , € #0.
0

A direct integration of (4.16) gives

2 a L [" [ .
Ve () = ve,0(0) + 5_1}; ,(0)(1 = 6_7t) + _2/ / ez(s_u)Pa,v@)deu'
Oé ’ 6 O 0
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After changing the order of integration in the iterated integral, we get

t t
/ / e TP, (s)duds
0 Js

Additionally, recalling Step II, we find that [v ,(0)| < (b — 0)|w,(0)] + |w. ,(0)]

t o 1 t
/Pa,v(s)u_esz(s—”)ds g—/ |P..,(s)|ds.
0 a Jo

1
o«

1
=]

IA

< (b= 0) (|40 (0)] + [2,0(0)]) + 67, (0)] + [22,,(0)] < Cho.
As a consequence, for all small ¢ and v € 2, we have that
82 ay 1 oo
00O < 0]+ S Cuaft 43 42 [ 1P (s)lds < s 20,
0

Finally, since w. ,(t) = v.,(t)e" =2 Lemma IV.11 is proved. [J

4.6 Existence of fast traveling wave

Theorem IV.12. In Theorem IV.8, take u = A—9, with small 6 > 0. Assume that v
is the positive heteroclinic of (1.5) normalized by 1(t) = exp(At) + O(exp((2A—9)t)),
t — —o0. Then we can choose a neighborhood U C C,(R) of ¥ and a neighborhood
Er x Vi of 0 € R? in such a way that ., € U, (e,v) € & X V5, is positive and
unique in U (up to translations in t) for every fized . Moreover, 1 ,(t — to) =

exp(A1(e)t) + O(exp(1.99ut)) at t — —oo for some ty = to(e,v) € R.

Proof: First, we take V,, £, C (—¢1,€1), U as in Theorem IV.8. It follows from
Lemma IV.9 and Theorem IV.8 that V,, C R and that we can choose positive ¢ and
&, such that RA;j(e) < p < A < Mi(e) < 1.9 < Ax(e) for all € € £,. If we set

Yew(t) = Ve (—t), then y., satisfies (4.10) where
[few@)] = 19(Ye(t + 1)) = ¢'(0)yen(t + R)| < Cre™, t > —h.
Lemma IV.11 assures that there are V; C V), £, C &, such that

Yeu(t) = B(g,v)e ™M (1), (e,v) € E, XV,
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Here B : £, x V), — Ry, B(0,0) = 1, is continuous and |w,,(t)| < C.e™ 9% ¢ >0,
for some C, > 0.

Hence, there are & x V| and T' > 0 (independent of ¢,v) such that y.,(t) >
0.5~ ¢ > T for all (¢,v) € £ x V. On the other side, lim . y)—o Yo (t) = Y(—1)
uniformly on R. In consequence, since 1 is bounded from below by a positive constant
on [T, 00), we conclude that y., is positive on R, if (¢,v) belongs to sufficiently
small neighborhood &;xV;; C £/ x V)] of the origin. Without the loss of the generality,
we can assume additionally that ., € U for all (¢,v) € £ X V.

Next, for every fixed e € &, the subset § = {¢., : v € V,} C Cu(R) is
homeomorphic to V,. On the other hand, for every n > 0, the collection B, =
{tpeo(t — s), s € (—n,n)} of positive heteroclinics is a continuous 1-manifold in
C,(R). Since 9.9 € § NP, we obtain that {1, : v € V;} C P In consequence,

e () is unique in Y (up to shifts in ¢) for every fixed small e. [

Theorem IV.13. Set P = {(,v) € & X Vo : ¥ ,(t) > 0, t € R}, where &,V are
as i Theorem IV.8. Then there exist a neighborhood £* x V* C & x Vy of 0 and

C > 0 such that, for all (e,v) € P*:=PN(E* x V*), we have that
(4.17) eo(t) = B(g,0)eM D 4w, (1),
where |we, ()| < Cel9 ¢ <0, and B : £* x V* — (0,00) is continuous.

Proof: Let & C &) be such that A(g) > 3\, for all € € £'. The last assertion of

Theorem IV.8 implies that, for some v > 0, C > 0,

(4.18) sup Y., (8)] < C, e, (8)] < Cre, ¢ <0.
>0

If we set y.,(t) = ¥ ,(—t), then y., satisfies (4.10) where

| feo®)] = 19(Wen(t + 1)) — ¢ (0)yer(t + h)| < Coe™", t > —h.
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Set I' = sup{7y > 0 such that (4.18) holds for all (g,v) € PN (& x Vy)}. Applying
Lemma IV.11, we get

Yew (t> - Z Bj(Ea U)e_)\j(a)t + wa,v (t)>
0<Aj(e)<2r’

where B; : " x Vy — C are continuous and |w.,(t)] < Cse P9 ¢ >0, (e,0) €
PN(E"x V), for some C5 > 0 and open £” C £'. Since I' > 0 is finite and y. ,(t) > 0,
we obtain

3 Bi(e,v)e MO = Ble,v)e e,
0<\j(e)<2r’
so that T' > A, see Lemma IV.9. Next, due to Lemma I1.9, it holds that B(0,0) > 0.

Hence, I' = \. U

Corollary IV.14. Given 6 € (0,) and (¢;,v;) € P*,7 =0,1,..., the convergence

Co(R) . . Cr—s(R)
77Z}€j,7.1]' 1/}60,’00 lmphes ¢aj,vj r(ﬁef(),’uo .

Proof: By the contrary, suppose that there are a sequence {9, .;, (€,v;) € P*}j>0

and 1 > 0 such that
1ijm Ve, 0, = Yeowolo = 0, [¥e;0; = Yegolrms > 1, j=1,2,...
It follows from (4.17) that there exist C' > 0 and T < 0 such that
Yoy, (e O < CeM < /4, j=0,1,2,..., t <T.

Thus

sup [0, 1, (8) — ey (5)] <m/2, 5 =12,

Next, since ¥, o, (t) — ¥ey v, (t) uniformly on R, we can find j, such that
—(A=5)s Ui /P
sup [6 (A=9) |¢aj,vj(s) - ¢eo,vo(3)|] < 9 sup Wej',vj (3> - 1/’60,vo(3)| < bR J 2 Jx-
s€[T,0] s>0

But all this means that |1, o, — V0.0 [a-s < n/2 for all j > j., a contradiction. [
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4.7 Uniqueness Theorems

In this section establishes our main result for a reaction-diffusion equation with
local delay. Here we show that there exists exactly one wavefront for each fixed
sufficiently fast speed. For to prove the Theorem 1.7 we need the following auxiliary

result.

Lemma IV.15. Assume 1.5. Consider wavefront u(x,t) = ¢(x + ct), to equation

(1.4). Then there exists a unique T such that ¢(7) = A, ¢'(s) >0 for all s <.

Proof: See [52, Proposition 2.1]. [

Now everywhere below, all positive wavefronts ¢ will be normalized by the con-
ditions ¢(0) = (1/2 and ¢'(s) > 0, s < 0, with (; < A defined in Chapter II.
The possibility of such a normalization was established in Lemma IV.15. Let 1,
¥(0) = (1/2, ¥(s) < (1/2, s < 0, be the positive heteroclinic of (1.5) given in Lemma
I1.9. By Theorem IV.12, there exists a neighborhood (—&¢,c0) x U C R x Cy_s(R)
of (0,) such that for every fixed ¢ € (—¢eg, gg) there is a unique normalized positive
wavefront ¢, € U. We claim that, if € is sufficiently small, then this . will be the
unique normalized positive wavefront of equation (4.1). By way of contradiction, let

us suppose that we can find a sequence €; — 0 and normalized positive wavefronts
¢6j 3& wt‘j'

Lemma IV.16. Assume 1.5 and I.4. Then ¢., — + uniformly on R.

Proof: First, we prove the uniform convergence ¢., — 1 on compact subsets of

R. Since g is a bounded function, we obtain from (4.8) that
0,01+ 102, (D] < e7(1 = 2 'max g(s) + maxg(s) <26, j € N.

Hence, by the Ascoli-Arzela theorem combined with the diagonal method, {¢.,} is
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precompact in C(R,R). Thus, every {¢.; } has a subsequence converging in C'(R, R)
to some continuous positive bounded function ¢(s) such that ¢’(s) > 0,s < 0, and
©(0) = (1/2. Making use of the Lebesgue’s dominated convergence theorem, we

deduce from equation (4.8) that

o(t) = / e =9g(p(s — h))ds.

Therefore ¢ is a positive bounded solution of equation (1.5) and since the equilibrium
k of equation (1.5) is globally attractive, it holds that ¢(4+00) = k. On the other
hand, since p(—o0) < ¢(0) = (;/2, we have that ¢(—o0) = 0. Hence, due to Lemma
I1.9, we obtain that ¢(t) = 1(t), t € R. Next, if ¢., /4 1 uniformly on R then there
exist a subsequence {¢., } C {¢.,;} (for short, we will write again {¢.,} instead of

{¢,, 1), a sequence {S;} and positive numbers T',0 < /6 such that
6(5)) — 6, (5;)| = 26, [0(t)] < 0.256,¢ < ~T, [(¢) — | < 0256, ¢ > T

Since ¢, converges uniformly on [—27, 27T to ¢, and ¢, , 1 are monotone increasing
on (—o0, 0], we can suppose that [1)(t) — ¢, (t)] < 0 for all t € (—o0,2T] and n > ny.

In this way, S; — +00 and we can suppose that
[U(t) — ¢, (t)] <26, t € (—00,5;).

Consider the sequence y;(t) = ¢, (t +.5;) of heteroclinics to equation (4.1). We have
that |y;(0) — k| > 1.56 and |y;(t) — k| < 36 when t € (T'— S;,0). Arguing as above,
we find that {y;} contains a subsequence converging, on compact subsets of R, to
some solution y,(t) of (1.5) satisfying |y.(0) — k| > 1.5 and |y.(t) — k| < 30 < §
for all t < 0. Lemma II.13 implies that infg y.(¢) > 0. Since y.(0) # &, we have
established the existence of a non-constant positive bounded and separated from 0

solution to (1.5). This contradicts to the global attractivity of x. [
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Corollary IV.17. ¢., — v in Cy\_s(R).

Proof: Since ¢., — 1 in Cy(R), we have that ¢., = 1), ,, for some v; € V. Now
we can apply Corollary IV.14 to find that ¢.; — 1 in C\_s(R).
Lastly, Theorem IV.12 and Corollary IV.17 implies that ¢., = 9., a contradiction

which completes the proof of Theorem 1.7. [J
4.8 Nonmonotonicity of travelling wave

In this section we give the results obtained in [21] where the oscillation of the
traveling waves about positive equilibrium is obtained.

Lemma IV.18. Let ¢'(k) < 0 and |¢'(k)|he"*t > 1. Then the equation
(4.19) e22? — 2z — 1+ ¢'(k) exp(—zh) = 0

has no negative real roots, for all sufficiently small €. Moreover, if the equilibrium
Kk of (1.5) is hyperbolic, then, for all small €, there are no roots of (4.19) on the

1MagInary axis.
Proof: See [21, Lemma 15]. OJ

Lemma IV.19. Assume 1.4 and ¢'(k)he"™ < —1. Then for small € > 0, every
nonconstant and bounded solution ¢ of (4.1) such that ¢p(4+00) = k oscillates about

K.

Proof: See [21, Lemma 16]. O
4.9 Application
In order to apply Theorems 1.7, we need to find sufficient conditions to ensure

the global attractivity of the positive equilibrium of (1.5). Some results in this

direction were found in [39] for nonlinearities satisfying a generalized Yorke condition.
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The reader can be referred to [43] for the case of unimodal nonlinearities, and for
further references. On the other hand, in [33] provide various conditions which are
sufficient to guarantee the exponential stability of the positive steady state. The

above mentioned works yield the following
Corollary IV.20. Let g € C3(Ry,R) be such that

(1) the Schwarz derivative (Sg)(z) = ¢"(z)(¢'(x))™" — (3/2) (¢"(x)(¢' ()™ is

negative for all x > 0, x # xps;
(2) g has only one critical point xpr (global mazimum);

(3) g has exactly two fized points, 0 and kK > 0. Moreover, T'y := ¢'(0) > 1;

(4) 1+iy/T2 —1+#TTgexp(—ih/T3—1);
(5) either T':= ¢'(k) € [0,1) or

rz-r

<0 and e*h>—rlnr2+1.

Then there exists a unique (modulo translations) positive wavefront of equation (1.4)

for each sufficiently large speed c.

Proof: We only need to check assumptions 1.5 and 1.4 of Theorem IV.15. Since g
is C3-smooth, it is immediate that (2), (3) imply (I.5). Next, condition (4) ensures
that the characteristic equation A4+1 = ¢’(0) exp(—Ah) has no roots on the imaginary
axis. Therefore the trivial steady state is hyperbolic.

In the rest of the proof, we assume that (1) — (3) hold. In consequence, if ¢'(r) €
[0,1) then the positive equilibrium is exponentially stable (e.g. see [33, Corollary
3.2]) and globally attracting (e.g. see [43, Proposition 3.2]). The second line of
condition (5) also ensures the exponential stability of x (see [33, Theorem 2.9]) and

the global attractivity of x (see [39, Corollary 2.3]). Therefore (1) — (5) imply (1.4).00
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Below, we apply Theorem IV.15 and Corollary IV.20 to two time-delayed reaction-
diffusion population models. First, we consider the diffusive Nicholson’s blowflies

equation
(4.20) w(t, x) = Ault,z) — du(t, z) + pu(t — h,z)e ")t e R, 2 € R™,

This equation was introduced in [46], it generalizes the famous Nicholson’s blowflies
equation

y'(t) = =8y(t) + py(t — h)e M),

intensively studied for the last decade. Equation (4.20) takes into account spatial dis-
tribution of the species, and nowadays there is growing interest in understanding the
factors that influence the spatial spread of the growing population modeled by (4.20).
Relevant biological discussion can be found in [28], where various modifications of
(4.20) were proposed and studied.

After a linear rescaling of both variables u and ¢, we can assume that 6 =b = 1.

Therefore equation (4.20) can be written in the following normalized form
(421) ut(t’ J]) - Au(t7 l’) - U(t7 .T) + pu(t - hv I)e_u(t_h@).

The case of interest is p > 1 when (4.21) has a unique positive steady state k = In p.

It is immediate to check that the birth function
g(s) =pse®,s >0,

satisfies conditions (1) — (3) of the above corollary. In this way, the conclusion of
Corollary IV.20 holds if I'y = p and I' = 1 — Inp satisfy conditions (4), (5). It is
worth to mention that (5) trivially holds if I' € [—1,1) (that is, when 0 < Inp < 2).

As a second application, let us consider the birth function

DS
g(s) = >1,5>0.
(s) T n2hs2
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This function was proposed in 1977 by Mackey and Glass to model hematopoiesis
(blood cell production). The Mackey-Glass equation with non-monotone nonlinearity

can be written in the following normalized form

py(t —h)
T = hy

(4.22) y(t) = —y(t)

The corresponding reaction-diffusion equation with delay is

pu(t — h, z)
1+ (u(t — h,x))™

(4.23) w(t, ) = Au(t,x) — u(t, z) +

Taking p > 1 in equation (4.23), we find that conditions (2), (3) and (I.5) are sat-
isfied with K = (p — 1)1/ ", Furthermore, if n > 2, then the Schwarz derivative of
g(s) = ps/(1+s"), s > 0,n > 1 is negative, see [26, Lemma 3]. Consequently, the
conclusion of Corollary IV.20 holds if n > 2 and I'y = p, I' = 1 — n + n/p, satisfy
conditions (4), (5). Now, suppose that n € (1,2]. Then [33, Corollary 3.2] [respec-
tively, [26, Theorem 2|| guarantees that the positive steady state of equation (4.22)
is exponentially stable [respectively, globally attractive]. Therefore, if n € (1,2] and
IR z\/]ﬁ #* peXp(—ih\/zﬁ), then Theorem IV.15 assures the existence of
a unique (modulo translations) positive wavefront of equation (4.23) for each suffi-

ciently large speed c.



CHAPTER V

Existence of fast positive wavefronts for a non-local delayed
reaction-diffusion equation

5.1 Introduction

The main object of study in this chapter is the time-delayed reaction-diffusion equa-
tion (1.6). Here h > 0 denotes the time delay and it is assumed that the non-negative
averaging kernel K satisfies [, K(w)dw =1, [ K(w)eMdw € R, for every A € R.
The function —s+ g(s) is of the monostable type and sufficiently smooth and we also
suppose that g satisfies 1.9. Our main concern are the positive wavefront solutions
u(t,z) = ¢(x + ct) of (1.6) After scaling, ¢ is a positive heteroclinic solution of the

delay differential equation

(5.1) 2y (t) — o/ (t) — y(t) + /R Kw)g(y(t —h —ew))dw =0, teR,

where € := 1/c > 0, ¢ is the wavefront velocity.

In this chapter, inspired by [4, 20, 21], we give the affirmative answer to the
existence question. Namely, for a broad family of nonlinearities g satisfying the
hypothesis I.4 and 1.5 we prove that equation (1.6) has a continuous family of positive
wavefronts u(t, z) = ¢.(ct + x) provided that the wave speed c¢ is sufficiently large.

This result can be viewed as a natural continuation and extension of the main

theorem in [21], where a similar problem for a local delayed reaction-diffusion equation

90
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was analysed (the local equation can be obtained formally from (1.6) by taking the
delta of Dirac as K(w)). It should be stressed here that, due to the presence of
non-local terms, a direct application of the method from [21] to equation (1.6) fails
due to technical issues arising. To cope with them, we use here a somewhat different
approach proposed in [4] and based on the uniform asymptotic integration formulae

(see Lemma V.11 below).

5.2 Spaces and operators

This section contains several lemmas which will be needed later. We will assume
.4 and 1.9, where the C''- smooth function g is defined and bounded on the whole

real axis R. Let A be as in Lemma I1.7 and let ¢ be as in Lemma I1.9.

Notation V.1. For a fixed 4 > 0 and A\, € (0,\), we will consider the following

Banach spaces:

C,(R) = {y e C(R,R): lim e ™y(s), lim y(s) exists and are ﬁnite} ,

§——00 s§—+00

0

Cyr. (R) = {ye@m): /

y(s)u(s)ds = o} ,
equipped with the norm [y, = max{lyll*, |yl }, where [lyl* = supg. ly(s)] and

lyll; = supg_ e #*[y(s)|(in order to simplify the notation, we shall often write ||y||

instead of [|yl|,).
Note that 1, 9" € Cy, (R) \ Cy., (R).

Definition V.2. The same manner like in Chapter IV, we will also need the integral

operator
t

N i Cyn (BR) = Co(R); (N)(t) = / g (s)y(s — h)ds,

—0o0

where q(s) = ¢/ ((s — h)).
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Since g(—o00) = ¢'(0+) = p > 1 and ¢(+00) = ¢'(k), it can be checked directly
that NV is well defined.
The following lemma was proved in [21, Lemma 9] for spaces Cy ,(R) defined

~A5y(s) was not required). Since our

in a different way (the convergence lim, . e
definition of Cy . (R) involves this condition of convergence we decided to include

the proof.

Lemma V.3. I — N : Cy\.(R) — C,.(R) is an isomorphism of Banach spaces,

where I : Cy . (R) = C\,(R), I(y) =y, and A\, & {R\,;}.

Proof: By [21, Lemma 9|, the operator I — A is injective and the equation
(I = N)y = d,d € Cy,(R) has a solution y such that there exists y(+o0) € R,

0
/ y(s)¥'(s)ds = 0 and ||y||y. < oo. Hence, we only need to show that y(t)e !

— 00

converges as t — —oo. First, observe that z(t) := y(t) — d(t) satisfies

(5.2) 2'(t) = —z(t) + q(t)z(t — h) + q(¢)d(t — h).

plim,_ o d(t — h)e™ !
14+ A — peAt

that 7(t) = e *z(t) — ry, is a bounded solution of

Set ro = . Since ¢(t) = p + O(exp(At)), t — —oo, we obtain

r'(t) = —(1+ A)r(t) + [pexp (=Ah) + e (D)]r(t — h) + (),

where €1,¢2 : R — R are bounded and €;(—00),€e2(—00) = 0. We claim that
lim; ., o, 7(t) = 0. On the contrary, let us suppose that there exists a real num-
ber ¢y > 0 and a sequence t,, — —oo such that |r(¢,)] > € for all n > 1. We find

that r,(t) = r(t +t,),t € R, is a bounded solution of the equation
() = —(1 4+ X)ra(t) + an(t)ra(t — h) + bu(t),
where a,(t) = pexp (—A.h) + €1(t + t,,) and b, (t) = e(t + t,). Consequently,

(5.3) ra(t) = / e~ A= (§)r, (s — h) + by(s)]ds,

—0o0
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and

POl + 1O < sup r(®)] (24 A+ p 4+ sup e (D)]) + sup e (D)), ¢ € R,
teR teR teR

Hence, by the Ascoli-Arzeld compactness criterion the sequence {r,(t)} is pre-compact
in the compact open topology of C'(R,R). Thus there is a subsequence {r,, (¢)} con-
verging in C'(R,R) to some continuous bounded function r.(t), such that r.(0) >

€p > 0. By the Lebesgue’s dominated convergence theorem, it holds that, for every

fixed t € R,

t

t
/ 6(1+/\*)8[ank<3)rnk (S . h) + bnk (s)]ds N pe’\*h/ 6(1+)‘*)5T*(8 — h)ds.

—00 — 00

In consequence, we deduce from equation (5.3) that r,.(t) satisfies
(5.4) rh(t) = —(1 + X\)ra(t) + pe " r (t — h).

Finally, since (5.4) is hyperbolic and r, is bounded on R, then r.(¢) = 0, a contra-

diction. Hence, r(—o00) = 0 so that

lim y(t)e :r0+tlim d(t)e .

t——o00

O

Definition V.4. Set o(¢) = V1 +4e2, |¢| > 0. For A\, € (0, \) define the operators

G,L.,I. : C\,(R) — C),(R) as follows
Cu)(t) = g(u(t), (Ley)(t) = / K(w)y(t — ew)dw,

t —2(t—s too 14+o0(g))(t—s
) (/ 1+(c(€))y(5 — h)ds + / 6%y(8 — h)dS), € 7& 0,
t

2( are the roots of €222 — 2 — 1= 0.

(Ty)(t) = (1
and 1

where

1+
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Notice that, since there exists finite ¢’(0), we have g(s) = sy(s) for a bounded
v € C(R). As a consequence, G is well-defined and it can be checked directly that

7. and L. are well defined too. Moreover, since |(L.y)(t)| < ||y|| for all ¢ € R, and

€_>‘*t

(Ley) (@) < |yl / K(w)e™“dw for all ¢ < 0, we conclude that L. is a linear
R
continuous operator on C), (R).
In order to study the existence of positive heteroclinic solutions ¢(t) of (5.1), we

will consider the following integral equation:

b op—s T (14o(e))(t—s
655) v = 5 ([ TG mis [ (s - ),
t

o(e) \J o

where the operator G, := L. 0 G.
Each wavefront ¢ being a bounded function should satisfy (5.5). This equation

can be written in a shorter form

(5.6) y—(Z.oG.)y=0.

Lemma V.5. G. is Fréchet continuously differentiable on C),(R), with the differen-
tial G.' : Cy,(R) — L(Cy, (R), O, (R)), given by Gc'(yo) : h(-) — Le 0 G'(yo)h(-).

Proof: Since L. : Cy,(R) — C,,(R) is a linear continuous operator, the proof of

Lemma V.5 follows directly from [21, Lemma 11]. O

Definition V.6. Now we consider the integral operators Z_,ZF : C\,(R) — C,(R)

defined by

b op—s 1O (ho(e)(t—s)
T = [ Ty nas, @ = [ HE s s
t

—00

Set Z :=7Z, and Z; := 0.

In the following lemmas we study the continuity properties of the operator families

{Z=, el < 3+
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Lemma V.7. Families = : ( L(C,(R),C,(R)) are continuous in the

11
~ v V)
operator norm. In particular, Z. — T uniformly when € — 0.

Proof: This follows by an analysis similar to that realized in the proof of Lemma
IV.5.

The proof of the next lemma uses a nice idea from [20].

Lemma V.8. Families Z. o L. : (— L) — L(C,(R),C,(R)) are continuous in

1
V207 A 2p

S

the operator norm. In particular, Z. o L. — T uniformly as € — 0.

Proof: For the convenience of the reader the proof will be divided into several

parts.

s—to0

Step 1. Set D(R) = {y e CL(R)NCHR) : lim y'(s) = O}. First, we establish

the existence of a constant C' > 0, which does not depend on ¢, y such that

1
5.7 IF o (L. — L. <Cle - .y € DY(R), leol, |e] < —=.
(5.7) 1Z5 o ( )Yl < Cle —eolllylls v € D,(R), leol, [e] NG

In consequence,

58) I(Z= o Le — 25 0 Lay Jyll < I1(ZZ 0 (Le = Lay )yl + Iyl Z2" — ZZ 1| Lol
< Cillyll(le — e + 17 = Z5|), v € D,(R).

Taking into account that D}(R) is dense in C,(R), we conclude that inequality (5.8)

holds for all y € C,(R). Thus, we obtain that

(5.9) 175 0 Le = I2 0 Ley | < Clle = eof + 172 = Z511); eol, le] <

§-
t.

The statement of the lemma follows now from (5.9) and Lemma V.7 .
Step II. Here, we estimate Z7 o (L. — Le,)(y)(t) for y € D (R). Since y(—o0) = 0,

by exchanging the order of integration and integrating by parts with respect to the



96

variable s, we get that

/ ¢ s (b /K y(s —ew — h) — y(s — eow — h))dwds

= (g9 — e)/ ¢ 5 s /K / (s — (e — g0)yw — h — gow)wdy dw ds

= (e — 50)/0 /RK(w)wy(t — (e —g9)yw — h — gow)dw

_1+0(e)

522 / st / K(w)wy(s — (e — go)yw — h — 50w)dwds> dr.
€ t R

In consequence, for all t € R,

75 0 (L= L) 0] < e = ollyl] | Kwluldw [ (1+

1 0 1to(e)
+o(e) / JREz (t_s)d:s)d’y < 2le — oyl / K (w)|w|dw.
: R

2e2

If t <0, then

e MUTF o (Lo — L) (0)(8)] < |2 — eol ] / Clr.9)(1

1 —|— ole o0 1+o-(e)7252,u s 1
sy 70 / TR0 ds ) dy < Bl — ey / C(7,e)dy,
t 0

where C(v,¢) := / K(w)|w|€—ﬂ((6—60)’yw+h+aow)dw‘

Since, |eql, |€] < \ﬁ and v € [0, 1], we get
(5.11) C(y,¢e) < / K(w>’w’eﬂ\(sfeo)'warsow\dw < / K(w)]w]e“(hw‘/mwl)dw.
R R
Finally, from (5.10) and (5.11) we obtain that
e "I o (L. — Le,)(y)(1)] < Cile = eolllyll, =<0,

where (] is a positive constant which does not depend on ¢, y.
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Step III. We can proceed similarly to estimate Z~:
—2(t—s)
/ e TFoE) / K(w)(y(s —ew — h) —y(s — eow — h))dwds
=(eg—¢ / e THE) / K(w / (s — (e — g0)yw — h — gow)wdydwds
= (g9 —¢€) / ( K( Jwy(t — (e — g9)yw — h — gow)dw
0 —00
P /t TW?/K() (5 = (e — co)yw — h — cq)duwds)d
— e 1Fole w)wy(s — (€ — &g)yw — h — gow)awdas .
1+o(e) ) . Yy 0)7Y 0 g

In the same manner of step I, we get
- 0 (Lo~ L)0)(O)] < 20 = collyl] | K(wluldw,t € R
R
and, for all t < 0,

1
e M7 o (Le — Le, ) () (1)] < 2]lyllle — 6o|/ C(v,e)dy < Callyllle — eol,
0

where Cy > 0 is a constant which does not depend on ¢,y. Thus (5.7) is proved and

the lemma follows. [J

5.3 A charecteristic equation

In this section, we analyze the equation
(5.12) g2z — 2 — 1+ pexp(—zh) / K(w)exp(—ezw)dw = 0, h > 0.
R

The next result relates \; described above to the roots A;(¢) of equation (5.12)

with € # 0. Set A\;(0) = A;, 7 > 1 and A\(0) = A
Lemma V.9. Suppose that p > 1.

(1) There exists a real positive number €y > 0 such that, for every e € (0,g¢), the
equation (5.12) has exactly two real roots 0 < A\1(g) < Awo(€) and if € > g, then
X(z,€) > 0 for all z > 0. Furthermore, the vertical strip \i(e) < Rz < Ao(€)

does not contain complex roots of (5.12) with Iz # 0.
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(2) Take some & ¢ {R\;,j € N}. Then there are e1 = £1(€) > 0, an interval Og :=
(—e1,€1) and a positive integer m = m(§) such that, for every 0 < |e| < ey,
0< () <2(p—1) and |e|™' < Ao(e) < e72+1. Moreover, the vertical strip
¢ <Rz < 2(p—1) contains exactly m roots Ai(€),..., Am(e) of (5.12). Neut, the
functions \j : O¢ — C are continuous and the roots \j(¢), j=1,...,m, € € O,

are simple.

Proof: By [51, Lemma 20] we obtain there exists g > 0 such that the first
affirmation of item (1) holds. Now we prove that the vertical strip A\j(e) < Rz <
Ao (€) does not contain complex roots of (5.12) for each € € (0,¢¢). For this, we first

observe that if p(e), v(g) are the (real) roots of €222 — z — 1 = 0, then we obtain
e?22 —z—1] = 2|z — u(e)||z —v(e)| > %Rz — u(e)||Rz — v(e)| = |2 (R2)? — Rz —1].

Let H(z,e) := 1+ 2z —%2? and G(z,¢) := pexp(—zh) / K(w) exp(—ezw)dw. We
observe that H(0,¢) < G(0,¢). Since A\;(e) and A (€) a]fe the unique real roots of
equation H(z,e) = G(z,¢), then we get that H(z,e) > G(z,¢) for all z > 0 such
that \(e) < 2z < Ao(€), see figure 5.1.

Thus for all z € C such that A\;(e) < Rz < Ax(€), we obtain that
|pe_2h/ K(w)e **“dw| < pe_éRZh/ K(w)e ™™ dw < 14 Rz — 2N?
R R
= |E2(R2)? — Rz — 1| < |22 — 2 — 1,

so that the vertical strip A;(g) < Rz < Ay (¢) does not contain roots of (5.12) for
each 0 < ¢ < gq.

Next, let z € C is such that £z = A\i(e) or Rz = A\o(g). If z is root of (5.12), then

R (5222 —2z—1+pexp(—zh) / K(w) exp(—szw)dw) =0,
R
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this implies that

2(32)2 = -2 /R K (w) exp(—ezw) sin? <w) dw,

so that Sz = 0.

On the other hand, set ¢(z, ) = €222 —z—1+pexp(—=zh) /]R K(w) exp(—ezw)dw.
Then ¢ € C'(C x R,C). Arguing as above, there exists a positive number &y such
that the equation 1(z,¢) = 0 has exactly two positive real roots A\;(e) < Ao(e) if
and only if 0 < || < &.

Consider € # 0 and let z = z(e) be a positive root of (5.12). Then £?z2(g) —
2p(e) —1 < 0 and hence 0 < zy(e) < % < €72+ 1. Moreover, analyzing (5.12)

we get that . ﬁf 2p(€) > 0. In addition, for || > 0 small, we have that
<lg|<en

w(1/le], ) = —% +pexp(—h/|e|)/RK(w) exp(—we/|2|)dw < 0,

V(2Ap = 1),) < =p+ pesp(=2p — D) | K(w)exp(=2:(p = Du)dw <0

Thus, since 1(0,6) =p—1> 0 and ¥(¢72+ 1,€) > 0, we can suppose that, for all
0 < |e| < e,

0<A(e)<2(p—1), o]t < Ao(e) <24 1.

Next, we claim that the vertical strip £ < Rz < 2(p — 1) contains only a fixed

number of roots of (5.12) for each small, |¢| # 0. First, we fix 0 < £ < g such that
/ K (w)emlel2-elul gy < o
R

If z(g) is a root of (5.12) and Rz(e) € [£,2(p — 1)], then for |e| sufficiently small we

find that
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and, for 0 < |¢| < &, we obtain
|pe—z(e)h/ K(w>€—sz(s)wdw’ < pe—%z(a)h/ K<w)e—a§)?z(s)wdw < 2p€—§h'
R R

Therefore, |Sz(e)| < 4pe=4" for all |¢| sufficiently small.

Next, let g(z) = —z — 1 + pexp(—=zh) and consider the following rectangle Fy =
[€,2(p — 1)] x [—4pe=¢" dpe=¢h]. If Rz = 2(p — 1) or Rz = &, then by Lemma I1.7
and the definition of £ we get that |g(z)| > 0. In addition, if |Jz| = 4pe~t", we find

that
9() > | = 2 +pS(e™™)] > [|92] = pIS(e™™")|| > [S2] — pe ™" = 3pe~¢" > 0.

On the other hand, the family of analytic functions ¥(-,¢), |e| < 1, is uniformly
bounded and converges pointwise to g(+) in Ey as ¢ — 0. Then by Montel’s Theorem
(e.g. see Lemma IV.4.8 in [23]) we obtain that lim. o (z,¢) = ¢g(z) uniformly on
E,. Hence, applying Rouché’s theorem to the analytic functions ¢ (z, ) and g(z) on
E,, we get that they have the same number of roots (say, m roots) in the vertical
strip £ < Rz < 2(p — 1), for all small |].

Next, by Lemma II.7 we get that ¢/(A;,0) = 0 and v,();,0) # 0. Thus, by
the implicit function theorem there exists intervals (—¢;,¢;) C R and C''-mappings
Aj 1 (—¢gj,65) — Ey such that X\;(0) = A; and ¥(A\j(e),e) =0, j = 1...m. If
€y 1= igi,%gj’ then we can define \; : (—e,,e.) — Es, for all j = 1,...,m. Finally,
since the root \; of (2.2) is simple, for each j > 1, we obtain that \;(¢) is simple for

each j € {1,...,m} and ¢ € (—&,,e,). O
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)‘1(5) Ao (€)

Figure 5.1: G(z,¢) and H(z,¢), z > 0, |¢| > 0 small.

5.4 Asymptotic expansions

In this section, we analyze the asymptotic expansions of solutions to the non-

homogenuos equation

(5.13) 2y (t) + o/ (t) — y(t) —{—p/R K(—s)y(t —es+ h)ds = f.(t), teR.

This equation is singular at ¢ = 0. Remarkably, under some natural assumptions,
each family {y.(¢)} of bounded solutions of (5.13) admits an asymptotic expansion
at t = +o0 which is regular in ¢ .

In this way, Lemma V.11 extends a result in [4] proved for the local case.

Notation V.10. Throughout the lemma, we denote by 3,v,n, p,b,C,C1,Cs, C, . ..
some positive constants which do not depend on the parameter € € A; := (—¢;,¢;),
where our convention is that 1 > g5 > ¢; > -+ > ¢, > 0. We also assume that

h>0,p>1.

Lemma V.11. Let yy(-), fy () : AoxR — R be continuous functions and y. satisfies



102

(5.13). Suppose further that sup[|ly=(t)| + |f-(t)|]] < C, |y=(t)] < Ce™*, ¢t >0, and
£<0
that |f-(t)] < Ce™, t >0, e € Ag. If v < b, then given o € (0,b), there exists

£. > 0 and continuous bounded functions B; : (—ex,ex) — C such that
Ye(t) = 2:(t) +we(t), t € R,

where z.(t) = Z Bj(e)e M© s a finite sum of eigensolutions of (5.13)
<R (e)<b—0’
associated to the roots Aj(e) € {y < RAj(e) <b—0',0" € (0,0)} of (5.12). Further-

more, |w.(t)| + |w.(t)| < Coe™®= ¢+ >0, ¢ € (—&,,6.).

Proof: First, observe that the conditions of Lemma V.11 imply that y.(¢) and

y?(t) are bounded on R, for each £ # 0. Indeed, y. satisfies the equation
(5.14) 2y (t) + 4/ (t) —y(t) + Ge(t) = 0,

where G.(t) := pfj;o K(=s)y-(t —es+ h)ds — f.(t) is uniformly bounded: |G.(t)| <
Clp+1)=:C1,t R, e €A,

Now as a bounded solution of (5.14), y. should satisfy

1 t 5 —+o00 B
o (t—s) (t—s)
(5.15) . (t) = e (/Ooe Ge(s)ds +/t et Ga(s)ds) , teR,

where A = \(¢) and fi = ji(¢) are the roots of €222 4+ 2 —1=0and XA <0 < ji.

Differentiating (5.15), we obtain

1 B t _ +o0 ~
5.16 () = —— )\/ A=) G (s)ds + / Mt=9Q (s)d >
510 )= (A [ G s [ 00

so that
_ +00 By t
fi it Al
‘(t <—/ e=9|G.(s)|ds + ————
“+o0 _ t B
(5.17) <C (g / "= ds 4 | \| / e’\(t_s)ds) =20, teR.
t —00

9| G(s)|ds
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In consequence,
1
(518) (0] < 5 (I9O)]+ ly@)] +G-(0)]) =230 +C), teR e £0

Applying the Laplace transform L to equation (6.12), we obtain

X(Z75)g€(z) = fs(z) + TE(Z), Rz > 0,

where x(z.) = 2% 4 2 — 1+ pexp(eh) [ K(=s)e ds, . = Ll), f. = £{1)
R
and

0

72(2) = 2(yL(0) + 2y(0)) + y.(0) — pe*" /R K(—s)ezssds/h e "y (u)du.

—S8€

Due to our assumptions, 7. is holomorphic in the open half-plane {Rz > —~} and

f- is holomorphic in {Rz > —b}. Since r. is an entire function, we obtain that

He(2) = (fe(2) +7e(2))/x(2,€)

is meromorphic in Rz > —b, with only finitely many poles there.

The rest of the proof is divided into four parts.
Step I. We claim that there are o' € (0,0), €1 > 0, such that |H.(z)] < Cy/|2|, if
Rz = —b+ o', e € Ay. Indeed, take ¢’ € (0,0) such that the line Rz = —b + o’ does

not contain any eigenvalue —\;(¢), € € Ay, and o’ — b # —1. We have

~ +0o0 +00
|f-(2)] < / e M f(t)|dt < C/ e~ RVt gy < g Rz > —b+0';
0 0

Ir=(2)] < (1L (0)] + [2]ly=(0)]) + |y=(0)]
+ peﬂ?zh/RK(_S)e—%zse /h e_zuyg(u)du

Next, for some fixed k > —b + o', consider the vertical strip X := {-b+ ¢’ <

ds.

Rz < k} and set p = max{k,b}. If we define

0
/ e *y.(u)du| ds,
h

—S8€

Q(Z) — pG%Zh/RK(—S)(?%ZSE
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then for all z € 3, we have
Qz) < C’pekh/ K(—s)elsle?tHsD (n 4 |s])ds
R
< Cpelk+oh / K (=s)e2" (b + |s|)ds := Cs.
R
Hence, taking into account (5.17) we find that |r.(2)] < Cy(1 + €%|2]), 2z € .
Now set b.(z) := —1 + pe*" /R K(—s)e ***ds. We have
|b-(2)| <1 —i—pemh/K(—s)e&”ds <1 —i—pe%Zh/K(s)eem’zlsds
R R
(5.19) < 14 pekh / K(s)e’llds == 3,z € &y,
R

so that

Cs(|2] + %=1

; € Y.
€222+ 2z + b.(2)| : g

(5.20) |2||He(2)] < |

As it was show in step I in Lemma IV.11, the estimates (5.19) and (5.20) imply
the main assertion of Step I.

Step II. Taking k > 0, we can use the inversion formula

1 k+o0i 1 k+o0i
(5.21) Ye(t) —/ e (2)dz = — e*H_(z)dz, t > 0.
k

21 Ji oo 21 Ji oo

By Lemma V.9, H.(z) has only finitely many poles in the strip —b < Rz < 0.
Also, H.(z) — 0 uniformly in the strip —b + o/ < Rz < k, as [Sz| — oo, and
H.(=b+ o' +1i-) € Ly(R). Thus, we may shift the path of integration in (5.21) to
the left (e.g. see [41, p. 8]), to the line Rz = —b+ o', obtaining y.(t) = z.(t) + w.(1),

where
—b+o' 400
— zt _ zt
z:(t) = Z Res_y, )" He(2), we(t) = 57 / e H.(z)dz.
0<RA () <b—0”

—b+o’—oc0-i

By Lemma V.9, the roots of equation x(z,e) = 0 are simple for all small |¢|. Hence

Jo(=2(9)) +1o(=X(9))
X' (=4(e),¢) '

2(t) = Z e M@ B(e), with B;(e) =

0<RA; () <b—0"
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It is easy to check that Bj(¢) is continuous in some open neighborhood of 0 (observe

here that the continuity of y.(0) follows from (5.16)). Take A;(¢) such that —b+0’ <

—RN;(e) <0, then |r.(=X;(e))] < Cu(e?|Nj(e)| + 1) < Cy(max|\j(e)] + 1) := Cr. In
J2,€

addition, by Lebesgue’s theorem on dominated convergence, if ¢ — 0 then

0<

N (=X5(0),8)| = | = 262A5(e) + 1+ phe " / K (=s)e s
R

- 8pe_Af(€)h/ K(—s5)seX®3ds| — |1 4 phe " £ 0.
R

Fol=M D+ rl-A D] CJot +Cr
STURCA@E S mm e

if e € Ay = (—&9,€2), for some small €5 > 0.

Hence, |B;(¢)|

Step III. Consider u.(t) = e~V (t) and v.(t) = e~ (). We have

1 —b+o' 400 - 1 oo ‘
ue(t) = omi /—b+o'/_oo.i eI H, (s)ds = o | e Ho(=b+ 0" +i€)ds.

By Plancherel’s theorem,

&

1
Uelly = —|Ho(=b+ 0" + )]s < ————.
Julle = 5= 1 e < 5=

Hence, v.(t) = e~ @~y (t) is integrable on [0, +00), and by the Cauchy-Schwarz

inequality
luclla & '
200 — ') ~ 2¢/27(b—0')(c — o)

Step IV. We claim that there exist real numbers Cy > 0 and 3 > 0 such that

[0l <

lw.(t)] < Coe= =9 ¢ > 0, for all ¢ € A3 = (—e3,€3). In order to prove this, it

suffices to show that v. is uniformly bounded for ¢ € A3. First for € > 0, note that

t+h
€

2wl (t) + wl(t) —w.(t) +p K(—s)w.(t —es+ h)ds = F.(t), teER,
+o0
where F_(t) = f(t) — p (—$)(ye(t —es + h) — z.(t — es + h))ds. Therefore,
t+h

5

v (t) = ey, (1) satisfies

(5.22) 2 (t) + anl(t) = Po(t),

€
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where o = 1 — 2¢%(b — o) > 0 and

P.(t) = e E(t) + (14 (b—0) — 2(b — 0)*)v.(2)

t+h
€

—p K(—s5)e=E=hy (t — es 4 h)ds.

—0o0

We claim that P. € L]0, +oco] and ||P.||; < Cjo. First, we show that et=2*F_(t)
is integrable on [0, +o00[. Indeed, is clear that e(®=?)f.(t) is integrable on R,. Fix

p>b—o >0, we have
/ e(b—a)t/ K(—s)|y5(t —es+ h)|dsdt
0 t+h

gC/ e(b_”)t/ K(—s
0 t+h

)
[e'e] 400
(5.23) < C'e_h”/ e(b_”_p)t/ K(—s)ePdsdt := Cy;.
0 0

In addition,

o0 400
/ e(b_a)t/ K(—s)|z.(t —es + h)|dsdt
0 tth

o
< / e(b*()’)t
0 0<RA; ( 5)<b o

(5.24) < / el =t
0

’ / K (7b+o-/)(t7€s+h)d8dt

e)| / K(—s)e” )5 dsdt < Chs.

0<RA; ( <b o'
We conclude from (5.23) and (5.24) that e®=?*F.(t) € L]0, +oc]. Furthermore,

since

+o00 t+h
/ / K(—s)e= =My (+ — es + h)|dsdt
1 +oo - t - h u—t—

< / (_/ K(u—>€(b—0)| : hldt> . ()| du

0 € Jo €

+oo +oo +oo

< / (/ K(s)e(b_a”sds) Ve (u)|du < 013/ [ve(u)|du < Chy,

0 —00 0

we find that ||P.||; < Cyo for some Cyg > 0.
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Next, by the variation of constants formula, we obtain from (5.22) that

(5.25) vl(t) = et (U;(O) 1 / teﬁsa(s)ds) , e #0.
0

22
A direct integration of (5.25) yields

2

o 1 [t .
elt) = 0:(0) + Sl (0)(1 — e ) 4 / / ¢5 60 b () dsdu.
0 0

(07

After changing the order of integration in the iterated integral, we obtain

t t
— / / ez P (s)duds| = — /|P )|ds.
0 s

t
£2 0 P.(s)(1 — et )ds| <
Additionally, since v.(t) = e®®=%w_(t), we get v/.(0) = (b—0)(y-(0) — 2:(0)) +.(0) —

2.(0). Recalling (5.17), we find that

[WL(0)] < (b= 0)(|y=(0)] + [2:(0)]) + [y(0)] + |2L(0)] < Cis.
As a consequence, for all small |e|, we have that
52 1 +oo
[ve(t)| < |ve(0)| + —C15 + —/ |P.(s)|ds < Chg, t > 0.
Q@ a Jo
Taking into account the estimates

|P.(t)] < e~ F.(t)] + 016(1 +(b—0)+(b-0) +p/ K(—s)e(b"’ﬂs‘ds),
R

and

+oo
MBI SCp | K(=s)(Cem YD Bl s,
0

0<RA; (e) <b—0"
we obtain that |P.(t)] < Ci7,t > 0 (cf. (5.23), (5.24)). This implies that |vl(¢)] <

Ci5 + Ci7/a. Since a = 1 —2%(b— o) > 0, for all € such that e? < 5y, we obtain

4(b
that |v/(t)] < Cis. In consequence, |w’(t)] < Cioe~ =2, Now, a similar reasoning

applies to the case ¢ < 0.
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Finally, since |y.(t)] < Ce™, t >0, v < b and |w.(t)| < Coe= =9 ¢ > 0, we find
that

z(t) = Z e MR (), t > 0.

YR (e)<b—0’

5.5 Existence of a continuous family of positive wavefronts

In this section, we prove the existence of positive wavefronts of equation (1.6).
This amounts to prove the existence of positive heteroclinic solutions of equation

(5.1).

Theorem V.12. Assume 1.4 and 1.9 . Let v be some positive heteroclinic solution of
equation (1.6): ¥(—o0) = 0, (4+00) = k. Then, for every d > 0 there is a continuous
family of positive heteroclinic solutions 1. : (—e.,e4) — Cr_s(R), 1o = 1, of equation
(5.1). Furthermore, for some continuous ty = to(€) we have Y. (t—to) = exp(Ai(e)t)+
OL(t), YL(t —to) = Ai(e) exp(Mi(e)t) + 02(t) > 0, where |0:(t)| < Cexp((2X\ — 0)t),

t() S to(é).

Proof: We will suppose here that the C'-smooth function g is defined and bounded
on the whole real axis R.

For > 0 small, consider \, = A — . As we have seen, there is a neighborhood
A of 0 such that the operator F' : Cy,(R) x A — Cy,(R), F(¢,e) = ay)' + ¢ —

(Z: 0 G.) (o)) + ¢) is well defined. Set ¢p := (Y — o)) € Cy,. (R) where @ =
0
»?(0)(2 (¢'(s))?ds)™'. From Lemma V.5 and Lemma V.8 it follows that F €

—00

C(Cya.(R) x A,Cy.(R)) and Fy(¢,e) is continuous in a neighborhood of (¢, 0).

3\

Note that

Fy(p.e)ly=y—T.oGl(a) + d)y, y € Cyn. (R).
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On the other hand, since

b(t) — (Tg 0 G)(W)(t) = (1) — / e~ =)g(1p(s — h)ds = 0,

—00

and

Ty 0 G () w)(t) = / e~ =90g/(4p(s — R))y(s — h)ds,

—0o0

for all t € R and y € Cy », (R), we conclude that
F(¢0,0) = at)' + ¢ — (Zo 0 Go) (' + o) = ¥ — (Z, 2 G)(¢) = 0,
F¢(¢0,0) = I _IO Ogé(a¢/+¢0) = [—IO_ Og/(w) = [ —N
Hence, applying the Implicit Function Theorem (e.g. see Lemma 2.1 and Remark
2.2(i) in [7, pp. 36-37]), we establish the existence of a continuous family ¢. : (—¢eo, €o)
— Cy.. (R) of solutions of F'(¢,e) = 0. Since ¢y = 1, V. = o)’ +¢. € C),(R) satisfy

equation (5.6), we obtain that

¢5(+00) = %gs(wJ—i_OO))(

On the other hand, 1.(—oc0) = 0 in view of ¢, € C),(R). Therefore, . satisfies

1+0(e) N 2e?
2 1+ o(¢)

) = gle(toc)) =

all conclusions of the third sentence of the theorem, except its positivity, which is
proved below.

Let &1 € (0,&0) be such that A\, < A\j(g) < 2A\. < A(e) for all € € & = (—¢1,€1).
Since 1.y : (—€0,€0) — Ci.(R) is continuous, there exists a constant C; > 0 such
that |¢.(t)] < Crexp(At), t < 0 and [¢-(t)] < Cy, t > 0, for all ¢ € &. Thus 9.

satisfies

(5.26) e (t) — L(t) — e (t) + p/RK(w)wa(t —h—cw)dw = V.(),
where

U (t) = /RK(U)) (pve(t — h — ew) — g(¢(t — h — ew))) dw
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is continuous in (g,t) € £ x R. Since g(s) = ps + O(s?) as s — 0, we have that
Ips — g(s)| < Ms?, s € [—sq, 5o for some s, M > 0. Furthermore, since g(s) = sy(s)
for a bounded v € C(R), we obtain that |ps — g(s)| < %ﬁ’_w(s)'s{ for all |s| > so.

Hence |ps — g(s)| < Cqs?, s € R, where Cy = max{M, %ﬁw(s)l}. Consequently,
W (t)| < 02||77/)€||262)\*t/ K(w)eMldw < 03¢, teR.
R
Setting y.(t) = 1.(—t), we see that y. satisfies
(5.27) 2y () + o' (t) — y(?) —|—p/RK(—w)y(t +h —cew)dw = f.(t), t>0,
where f.(t) := W.(—t). We observe that y. and f. satisfy the conditions of Lemma
V.11 with v = A, and b = 2\,. Therefore, for 6 > 0 there is o’ € (0,0) such that

i)=Y MBI+,

A <SRN (€)<2he—0”
where |0, (t)| + |@.(t)| < C,e= A=t ¢ > 0.
Next, we can suppose that A, < Aj(g) < 2\, —d for all € € & = (—ey,89) C &
By Lemmas I1.7, V.9, we have that R\;(e) < A\ < XA <2\, < A(€), j > 2, provided
that € is small (say, ¢ € & C &) and A, is sufficiently close to A. In consequence,

setting 6.(t) = w.(—t), we obtain

(5.28) G (t) = B(e) exp(M(2)t) + 0.(1),

(5.29) YL(t) = B(e) () exp(Mi(e)t) + 01(1),

where B, : & — R is continuous and |0, (t)| + |0.(t)] < C,.e®=t =€ & t <0.

Now, consider the heteroclinic solution ¥ (t) = exp(At) + z(t) of equation (1.5).
Observe that z(t) = O(exp(2).t)) at t = —co. Thus we get 1 — B(0) = e (wp(t) —
z(t)) and

|1 o B(0)| S 04(6(2/\*_6_>\)t +6(2>‘*_>\)t), t S 0’
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which is possible only if B(0) = 1.

Hence, there are & = (—¢e3,e3) C & and T < 0 (independent of €) such that
Vo (t) > eMEN0.7 — C M7 M@ > g 5eME S 0t < T

for all € € £. On the other hand, we know that lim._,g¢.(t) = ¢(¢) uniformly on R
and that 1 is bounded from below by a positive constant on [T, 00). In consequence,
we conclude that 1. is positive on R, if € € & = (—e4,€4) C &s.

Finally, to complete the proof of Theorem V.12 it suffices to take

to(e) = —A; ' (¢) log(B(e)).

5.6 Non-monotonicity of wavefronts

In this section, we prove that the fast positive wavefronts are non-monotone if

continuous ¢ is differentiable at x and
(5.30) g (k)he"t < —1.

Set A(z,e) =e%2%> — 2 — 1+ ¢'(k) exp(—2zh) / K (w) exp(—zwe)dw.
R

Lemma V.13. Assume condition (5.80) and that supp K C [—n,n)|, for somen > 0.
Then the characteristic equation A(z,e) = 0 has no real negative roots for all |e|

sufficiently small.
Proof: Suppose that |e] < % Since ¢'(k) < 0, for |¢] small, we have
1
A(z,e) = 2% + ¢'(k) / K(w) exp(—z(we + h))(sw + h)*dw
-1

n
< 2%+ g’(/{)/ K(w)(ew + h)*dw < 0, z <0,
-1
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so that A(z,¢) is strictly convex with respect to z < 0 for each |¢| small. This
guaranties the existence of at most two negative roots. Moreover, as it was proved
in [21, Lemma 15 ], A(z,0) has not real roots once condition (5.30) is satisfied and
A(z,0) <0,z < 0 with A’ (2,0) = —1 — hg'(rk)e~*". If we suppose that hg'(k) < —1,
then

1

A (0,e) = —1—hg'(k) —ed'(k) | K(w)wdw >0,

-
for all |e| sufficiently small. Since A(0,e) = —1 4 ¢'(k) < 0 we get, for || small,
A(z,e) <0, z < 0. Now suppose that hg'(k) > —1. This implies that A(0,0) =
—1 — h¢'(k) < 0 and since lim,_, o, A(z,0) = —oo there exists zp < 0 such that
A(zp,0) is a maximum point of A(z,0). We have A’ (zp,0) = 0 and A”(z,0) = —h,
so that we can use the implicit function theorem to deduce the existence of a negative
root z(g) of the equation A’(z,¢) = 0 with z(0) = 2y, when |¢] is small. Moreover,
z(e) is the absolute maximum point of z — A(z,¢) on | — 00,0]. Finally, since
A(z(g),e) depends continuously on ¢, for |¢| > 0 small we have A(z,e) < 0 for all

z<0.0

Lemma V.14. Assume 1.9 and condition (5.30). Then every non-constant solution

¥ : R — R of (1.6) satisfying ¥ (+00) = K, oscillates about k.

Proof: Consider some non-constant solution 1 : R — R of (1.6) such that
(+o00) = k. If for some n € R, it holds that ¢ (t) = « for all ¢ > 7, then we
obtain that g(¢/(t —h)) = k, t > n. This yields ¥ (t) = & for all t > n — h. Repeating
this procedure, we find that ¢(¢) = k, a contradiction.

Let o(t) := 9(t) — k Z 0. Since o(+00) = 0, it suffices to prove that o oscillates

about zero. Observe that for some ¢, € R, o satisfies the following delay differential
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equation:

(5.31) o' (t)+o(t) —q(t)o(t —h) =0, t > to,

where ¢(t) € C([to, +00),R_) and lim;_, 1 q(t) = ¢'(k) < 0.
Since the characteristic equation A(z,0) = 0 has no real roots, we obtain that

every solution of the limiting equation:

(5.32) o (t)+o(t)— g (k)o(t—h)=0,

oscillates about zero (see [30, 35]). Now, equation (5.31) has positive and asymptotic
constant coefficient. Thus we can apply Theorem 2.4.1 from [30] to conclude that

every non-constant solution of (5.31) also oscillates. [

Theorem V.15. Assume 1.4 and 1.9, and condition (5.30). Then for each small

le| > 0, the positive wavefront solution 1. of equation (1.6) is non-monotone.

Proof: Let 1) be some positive heteroclinic solution of equation (1.6) and consider
the continuous family of positive heteroclinic solutions 1. of equation (1.6) obtained
in Theorem V.12. By Lemma V.14, ¢ oscillates about . This implies that there is
t; > 0 such that ¥(t;) > k. Since lim. . = 9 uniformly on R, we get 1.(t;) > K
for every small |¢]. Finally, since ¢.(+00) = & and t.(—o0) = 0, we conclude that

1. is non-monotone. []

Theorem V.16. Assume 1.9, condition (5.30) and let supp K C [-n,n]. If ¢. is a

fast positive wavefront solution of equation (1.6), then ¢. oscillates about k.

Proof: By Lemma (V.13) equation A(z, ) = 0 has no real negative roots. There-
fore we can apply Theorem 6 from [51] to conclude that ¢, is oscillatory for all small

e>0. 0O
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5.7 Application

Corollary V.17. Let assumptions of Corollary IV.20 . Then all conclusions of

Theorem 1.10 hold true.

Now we apply Theorem 1.10 and Corollary V.17 to time-delayed reaction-diffusion
population model of Nicholson’s and Mackey-Glass. First, we consider the non-local

diffusive Nicholson’s blowflies equation
(5.33)  w(t, ) = uge(t, ) — du(t, ) +p/ K(z —w)u(t — h, w)e =m0 gy,
R

where t,x € R and 9,0 > 0.
After a linear rescaling of both variables u and ¢, we can assume that 6 = b= 1.

Equation (5.33) can therefore be written in the following normalized form
(5.34)  w(t,2) = uge(t, 2) —u(t,z) +p / K(z — w)u(t — h, w)e ") gy,
R

The case of interest is p > 1 where equation (5.34) has a unique positive steady

state £ = Inp. Since the birth function g(s) = pse™®, s> 0, satisfies all conditions

of Corollary V.17, then Theorem [.10 assures the existence of positive wavefront of
hehtl +1
h€h+1 ’

then these positive wavefront are non-monotone and are oscillating about & if K (s)

equation (5.34) for each sufficiently large speed c¢. Moreover, if Inp >

has a compact support.

As a second application, let us consider the Mackey-Glass equation with non-
s
monotone nonlinearity birth function g(s) = 1 i ,n>1,s8> 0. The corresponding
87’1

reaction-diffusion equation with non-local delay is

u(t — h,w)

T (ult = b, w))

(5.35) u(t, ) = uge(t, x) — u(t, z) +p/RK(.7c —w)

Taking p > 1 in equation (5.35), we find that all conditions of Corollary V.17 are

satisfied with x = (p — 1)/ and I' = 1 — n + n/p. Then Corollary V.17 assures the
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existence of positive wavefronts of equation (5.35) for each sufficiently large speed c.

nheh+1

(n—1)hertt —1

and are oscillating about x if K(s) has a compact support.

Now if p > , then these fast positive wavefront are non-monotone



CHAPTER VI

On the uniqueness of positive semi-wavefronts for non-local
delayed reaction-diffusion equations

6.1 Introduction

In this chapter we prove the uniqueness (up to translations) of positive wave
solutions u(t,z) = ¢(x + ct) satisfying ¢(—oo) = 0 for non-local delayed reaction-
diffusion equations (1.1) where f,g € C(R,R,) and the non-negative K € L'(R x
R) satisfy the assumptions .11 - 1.14. However, usual Lipschitz condition |g(s) —
g(t)| < ¢'(0)]s—t] is not required here. The uniqueness result is proved for all speeds
¢ > ¢4, where ¢, is given in Definition I.15. The proof is based on the observation that,
for ¢ > ¢,, every two semi-wavefronts profiles to (1.1) have the same ” principal part’

in their asymptotic developments at —oo. However, in difference with [49, 19, 15, 59],

this ” principal part’ contains more than one term (typically, [):\"1"((5)] — 1 terms).

We would like to emphasize that our main interest here is the uniqueness of semi-
wavefronts. Therefore, in Theorem 1.16 we impose only those conditions which are
important for the proof of the uniqueness. It is easy to see that the assumptions of
Theorem 1.16 do not guarantee the existence of semi-wavefronts (E.g. take linear f, g.
The same example shows that positive waves u(t,z) = ¢(z + ct), with ¢(—o0) =0
and without restrictions on the growth of ¢ at +o00, are generally non-unique). The

relevant existence results can be found in [1, 20, 21, 37, 40, 51, 54, 55], observe that

116
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this list does not include [15].
On the other hand, integral equations for profile ¢ of semi-wavefront to (1.1) can

not be written in the form of nonlinear convolution equation

(6.1) ¢(t) = (go @) xk(t),t € R

studied in [15]. As a consequence, if comparing with [15], the implementation of our
idea requires new arguments, and our proof is self-contained. Moreover, our approach

allows to improve the uniqueness result (Theorem 6.4) of [15] to the following form:

Theorem VI.1. Suppose that the conditions of Theorem 6.3 from [15] are satisfied
(except the condition g(t) < ¢'(0)t) and that, in addition, g in (6.1) is such that

\g(t1) — g(t2)| < Lty — to] for all ty,ty € [0,p]. If

(6.2) Linf/e‘“k;(s)ds <1,
R

A>0
then there is at most one nontrivial solution ¢ (modulo translation) of (6.1).
The proof of Theorem VI.1 is obtained by applying our methods and following
the results of [3] in the section Diekmann-Kaper theory re-visited. Theorem 6.4 in
[15] assumes L = ¢’(0), in such case (6.2) is satisfied automatically (under conditions

of the theorem). This also means that the "optimal” L can be taken arbitrarily close

to (infbo Ja e"\sk(s)ds)_1 and is bigger than ¢'(0).

6.2 Preliminaries

Is clear that the profiles ¢ of the semi-wavefronts u(t, x) = ¢(z + ct) must satisfy

for t € R,

63) 4" —c(t) — Fy(t) + / ) / K (s,w)g (y(t — ¢s — w)) dwds = 0.
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Equation (6.3) can be written as

y'(t) — cy'(t) — By(t) + faly / /K s,w)g(y(t — cs —w))dwds =0, t € R,

where fs(s) = Os — f(s) for some 3 > 0.

Being ¢ a positive bounded function, it should satisfy the integral equation

60 o0 = ([ et g+ [ e g0

U(C) —00 t
where o(c) = \/c? + 403, v < 0 < p are the roots of 22 — cz — 3 = 0 and G(é(t)) :=
/ /K s, w)g(P(t — cs —w))dwds + fz(o(t)).

Hence, in order to establish the uniqueness of semi-wavefronts, we have to prove
the uniqueness of positive bounded solutions ¢, ¢(—o0) = 0 of equation (6.4). The

proof will involve the following Lipschitz property of fs(s):
Lemma VI.2. Suppose that [ satisfies 1.12. Then, for every M > 0 there exists
B = 0B(M) >0 sufficiently large such that fs(s) > 0 for all s > 0 and
Fals1) = Fa(s2)| < (B = inf £(s))Is1 = sul, 51,50 € [0, ],
Proof: Since f is continuously differentiable on [0, M] and f(0) = 0, we can choose

B > infe>o f/(s) such that fz(s) = s — f(s) > 0 for all s € [0, M] and

max f'(s) < 20 — inf f'(s).

s€[0,M] >0

Take s; < s9 in [0, M], then f(s2) — f(s1) = f'(s0)(s2 — s1) for some sy € [s1, $a].

Thus
o) Dl S 2T ) <5 ing ),
and
fﬁ(32)—fﬁ(31) . o ’ _ . /
(6.6) o s 2 A (26 inf f (S)) B+ inf f(s).
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From (6.5) and (6.6) we obtain that

fa(s2) — fp(s1)

S9 — 51

< (ﬁ— inff’(s)), 51,82 € [0, M],

s>0

and the lemma follows. [

Lemma VI.3. Let 3 be as in Lemma VIL.2. If ¢ : R — (0,+00) is a bounded solution

of equation (6.3), then
(6.7) P(t)e™" < p(s)e™ and o(t)e ™ = d(s)e™, t<s,

where v < 0 < p are the roots of 22 — cz — 3 = 0.

Proof: Differentiating (6.4), we obtain

68 o= (v [ et g u [ et Igs)as).

) — 00
so that
'(t) —v L —v +Ooe“(t_5) s))ds
(6.9 50 =volt) = —=u=v) [ G(0(s))ds > 0,
and
(t) — —Ly— te”(t’s) s))ds
(6.10) 50 = po(t) = —= v =) / _eIG(6(5)ds <0,

Hence, (¢(t)e ") > 0 and (¢(t)e )" < 0 for all ¢ € R, which imply (6.7). O

6.3 Characteristic equations

In this section, we analyze the roots of the characteristic equation x(z,¢) = 0,

where p,q > 0 and

(6.11) x(z,¢) =2 —cz —¢q +p/ / K(s,w)e >+ duds.
o Jr
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Lemma VI.4. Assume I.13 and suppose that p > q. There exists a real number cq
such that for every ¢ > co, equation (6.11) has exactly two real Toots 0 < A (c) <

Aoo(C). If ¢ < cq, then x(z,¢) > 0 for all z > 0. Furthermore, the vertical strip

M (c) < Rz < Aoo(c) does not contain complex roots of (6.11) with Sz # 0.

Proof: Set

H(z,c) =q+cz—2* G(z0):= p/ / K(s,w)e * ) duwds.
o Jr

Then H(0,¢) = ¢ < G(0,¢) = p and

GY(z,¢c) = p/ /K(s,w)ez(cs+w)(cs + w)?dwds > 0,
0o JR

so that G(z,c) is strictly concave with respect to z. As a consequence, equation
H(z,c¢) = G(z,c) has at most two real roots.

Now, note that for z > 0, G(z, ¢) decreases with respect to ¢ while H(z, ¢) increases
with respect ¢. Thus, we obtain there exists ¢y > 0 such that for every ¢ € (¢, +00),
the equation (6.11) has exactly two real roots 0 < A\ (¢) < Ao(c) and if ¢ < ¢, then
x(z,¢) > 0 for all z > 0.

We now prove that the vertical strip A (¢) < Rz < As(c) does not contain complex
roots of (6.11) for each ¢ > ¢y. We first observe that if u(c),v(c) are the roots of

2% —cz — q =0, then for all z € C\ R we have
2 =z — g = |z = p()]|z = v()| > Rz — p(c)||Rz — v(c)] = |(R2)? — Rz — g].

Next, since A;(¢) and Ay (c) are the unique real roots of equation H(z,c) = G(z,¢),

we get H(z,¢) > G(z,c) for all z € </~\1(c), /\oo(c)>, see figure 6.1.

Thus, for all z € C\ R such that A (c) < Rz < Ayo(c), we obtain that

|p/ /K(s,w)e_z(cs+w)dwds| §p/ /K(s,w)e_%z(cﬁw)dwds
o Jr o Jr

<g+ Rz —R22=|(R2)? — Rz —q| < |2 —cz—q|,



121

G

A1(c) S‘OO(C)

Figure 6.1: G(z,¢) and H(z,¢), z > 0, ¢ > ¢o.

so that the vertical strip Ay(¢) < Rz < Awo(c) does not contain roots z € C\ R of

(6.11) for each ¢ > ¢y. O

6.4 Asymptotic formulae for semi-wave profile

First, following Lemma 22 from [51], we obtain an asymptotic expansion of certain

solutions y to the non-homogeneous equation

(6.12) y"(t) + o/ (t) — qy(t) —l—p/oOo /R K(s,w)y(t +ms + nw)dwds = h(t), t € R,

where «, p, ¢, m,n # 0. Throughout the section, we assume (I.13) and we denote by

Ch,Cy, ... some positive constants and by a, b, c, ... some real numbers.

Lemma VL5. Let y € C*(R,R) verify equation (6.12), where |h(t)] < Cie” for all
t > 0. Suppose further that |y(t)| < Coe™, t > 0 and |y(t)] < Cse®, t <0, for some

a,d. If a > b, then given o € (0,a — b) we have that
y(t) = z(t) + exp((b + o)t)o(1), ¢ — +oo,

where z(t) is a finite sum of eigensolutions of (6.12) associated to the eigenvalues

\;(c) such that (b+ o) < RX;(c) < a. The analogous result for t — —oo also holds.
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Proof: First, observe that the conditions of Lemma VI.5 imply the existence of

k > a such that |y/(t)], |y"(t)] < Cse*®, t > 0. Indeed, y satisfies the equation
(6.13) y'(t) + ay'(t) — qy(t) + H(t) = 0,

where H(t) := p/ / K(s,w)y(t +ms + nw)dwds — h(t) is such that
o Jr
_ t+ms

|H@nglm</‘" K (s, w)|y(t + ms + nw)|dw

[e.9]

+00
+/ K(s,w)|y(t+ms+nw)|dw> ds + |h(t)]
_ttms

0 —+00
< Cyelt (/ / K (s, w)ekmstrelqyds + 1> = CgeM,t >0,
0 —00

where k& = max{|al, |d|}.

Now, from (6.13) for ¢ > 0 we get that

so that

y(t) =e (y'(()) + /Ot e (qy(s) — H(s))ds).

Thus, we obtain that

qCs + Cg

(6.14) W@NSKM(W@”+ otk

@@“ﬁ—g),a+k¢at20

Hence, if a+k > 0, then from (6.14) we have |y/(t)| < Cze*, t > 0, and if a+k < 0,
from (6.14) we obtain that |¢/(¢)] < Cge™**, ¢ > 0. Finally, from (6.13) we obtain
easily similar estimations for y”(¢), t > 0, for both cases.

Applying the Laplace transform to (6.12), we can prove the assertion using the
same method of proof of [51, Lemma 22]|. [

The next lemma is crucial in the proof of uniqueness, it gives an asymptotic

expansion of positive solutions ¢ of equation (6.3). Since ¢’(0) > f’(0), Lemma VI.4
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implies that equation (1.9) has two positive roots A\ (c) < Axo(c) if and only if ¢ > ¢,.
Moreover, the vertical strip Aj(c) < Rz < A (c) does not contain roots Aj(c) € C\R

of (1.9).

Lemma VI.6. Suppose that f'(0+), ¢ (0+) are finite and let ¢ be a positive semi-

wavefront solution of equation (6.3). Then for each p € (0,1) there exist I' > 0 and

o(t—T)
o =

to < 0 such that sup,<,,

Proof: Suppose that, contrary to our claim, there exist p € (0,1) and ¢, — —o0

such that for I' = —/\hll—é), it holds ¢(t, — I') > po(t,). Now, since ¢ satisfies (6.3),
t+1t,) . . .
we conclude that ¢, (t) := % is a positive solution of

O(t) — el (t) — Bonlt) / /K (8, w)pn(t — cs — w))dwds
+ ba(t)n(t) = 0,

9(o(t + tn — c5 — W) and b, (t) :=

where K, (s,w) 1= K(s,w)an(t,w), an(t,w) := Ot +t, — cs —w)

fa(@(t + tn))
Ot +tn)
From (6.7), it follows that e’ < ¢,(t) < e for all t < 0 and e’ < ¢,(t) < e

for all t > 0. Note also that ¢, (—=I") > p, b,(t) < # and since ¢'(0) exists, a,(t,w) <
Cy for all n € N and t,w € R. Moreover, lim, .., K,(s,w) = K(s,w)g'(0) and

lim,, .o bn(t) = f5(0) pointwise. Set

:/OOO/RKn(s,w)gbn(t—cs—w)dwds+bn(t)¢n(t).

Then for each 7' > 0 there exists Cjg := C19(T) such that for all ¢t € [-T,T] we have
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|Gn(t)| < 010. Indeed,

0 < Go(t) < Co /OOO/RK(s,w)@L(t—cs—w))dwds+ﬁ¢n(t)

e} t—cs 400
< Cg/ ( K (s, w)e!="") dw + K(s,w)e”(t_cs_“’)dw) ds
0

—00 t—cs

+ Bmax{el, et}
< 09€CT/ / K (s, w)esl* dwds + pmax{el” etT} .= Cy,
o Jr
where ¢ := max{y, |v|}.

Now, observe that (6.9) and (6.10) imply that vo(t) < ¢'(t) < pp(t) for all t € R

so that

¢ (t)] < max{|v|, u}dn(t) < max{|v|, ptem T,

In this way, we may apply the Ascoli-Arzela compactness criterion together with a
diagonal argument on each of the intervals [~T,7] to find a subsequence {¢y,(t)}
converging, in the compact open topology, to a non-negative function ¢, : R — R.
Note that ¢.(—T') > p and e < ¢,(t) < e’ for all t <0 and e’ < ¢, (t) < et for all
t > 0. By the Lebesgue’s dominated convergence theorem, we have for every fixed

teR
Gn(t) — Gi(t) = g’(O)/ / K(s,w)p.(t — cs —w))dwds + fé(())(b*(t).
o Jr
In consequence, integrating

b.(t) = / ) (B (s) — Go(s))ds

between 0 and t and then taking the limit as n; — oo, we establish that ¢, satisfies

(6.15) 61(0) ~ ci(t) ~ O +40) [ [ Ks.w)ou(t — es — w))duds =
o Jr
By Lemma V1.5, for almost every b < A (c)

0. (t) = 2(t) +wy(t), teR,
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where z(t) is a finite sum of eigensolutions of (6.15) associated to the eigenvalues
Aj(e) with b < R)\;(c) < p and wy(t) = O(e"),t — +oo. Since ¢.(t) > 0 for all
t € R, then this sum does not contain eigenfunctions associated to eigenvalue with
RN > Ao(c) so that b < R\;(c) < A(c). We now choose b = A\;(¢) — 9, 6 > 0 small.
Since the strip A;(c) — 3§ < RA;(c) < A(c) does not contain complex roots of (1.9)

with S\;(c) # 0, we obtain
Do (t) = A1(c)eMOt 4 Ay(c)e*= L (1), teR,

where A4;(c) € R and w, (t) = O(eM(©=9t) ¢ — too.

In a similar way, we obtain
b.(t) = B1(c)eM O £ By(c)e* O L w_(t), teR,

where w_(t) = O(eP=+)1) 't — —00, Bj(c) € R and ¢ > 0 small.

Since
w_(t) = (Ai(c) — Bi(c))eM " + (Ay(c) — Ba())e?>" +w,(t), teR,

we have w_(t) = O(e*=(*) t — +oo. Thus, for z € C such that \(c) < Rz <

Aoo(€) + o, we can define the two-sided Laplace transform of w_:

Since w_ is also a solution of (6.15), applying the Laplace transform to (6.15) we
obtain that xo(z,c)W(z) = 0 for all A\no(c) < Rz < Ao(c) + 0 . But xo(z,¢) # 0 if
Aoo(€) < Rz < Ao(c) + 0 so that W (z) = 0. By the Inversion Theorem [56, Theorem

6b, p.244] we get that w_(t) = 0 for all ¢ € R. Therefore

(6.16) b.(t) = Bi(c)eM O + By(c)er=t ¢ e R,
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where By (c), Ba(c) > 0.

Finally, from (6.16) we get that

¢*@)::ekﬂd@—ﬁ(f%(ckgﬂds+_B203€Aw@ﬁeOaid—M0M@—ﬁ)

This implies that ¢.(—T') < e ™1(9¢,(0) = e "™ = 2 a contradiction. [

Lemma VI.7. Assume that f,g: R, — R, are functions differentiable at 0. Then
any positive semi-wavefront solution ¢ of equation (6.3) satisfies that ¢(t) = O(e)

as t — —oo, for some v = ~(c) > 0.

Proof: Let p € (0,1), then Lemma VI.6 implies that there are I' > 0 and ¢, < 0
such that ¢(t — I') < po(t) for all t < t5. Now, we define the function h(t) =

o(t)e™ " t € R, where 7 = %ln% > (0. Then,
h(t —=T) = ¢(t — D)e "D < peTp(t)e " = h(t).

This implies that sup,, h(t) is finite. Hence, ¢(t) = O(e?") as t — —o0.
We observed that the proof of Lemma VI.6 is a new form to prove the lemma

above. See [?, Theorem 21] for the other form prove it. OJ

Lemma VI.8. Suppose 1.1j. Let ¢ be a positive solution of equation (6.3) with
¢ > cy such that sup,s, (t) is finite. Then, there is to € R and a small § > 0 such

that either
Ot —to) = MO Lay(t), t € R,
or

ot —to) = 9 L w(t), t €R,
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where A\ (c) < As(c) are the positive roots of equation (1.9), w(t) = O(eP @+

and w(t) = O(eP=+) g5 — —oc0.

Proof: By Lemma VL7 there exists v > 0 such that ¢(t) = O(e"") as t — —o0.
Since ¢(t) > ¢(0)er* for all t < 0, ¢ has not super exponential decay at t = —oo.
Thus, without restricting the generality, we may assume that v is ”almost optimal”
in the sense that ¢(t) = O(e?) as t — —oo, but for all p > 0, ¢(t) # O(e" ) ¢t —

—00. Being ¢ a solution of equation (6.3), it satisfies

(6.17) " (H)—cy' () — £ (0)y(t)+4'(0) /0 b /R K (s, w)y(t—cs—w)dwds = h(t), t € R,
where
h(t) = /000 /R K(s,w) (g’(O)gb(t —cs—w) — g(P(t — s — w)))dwds
+ f(8(t) = f(0)e(t).

Since g satisfies 1.14, |¢g'(0)s — g(s)| < Qs%*! for all s € [0, ] so that there exists C};
such that |¢’'(0)s — g(s)| < C1157™1, s € [0, sup;eg ¢(¢)]. Similar arguments apply to

f. Consequently, for all t € R
|h(t)] < Cpae? @+t (/OO / K (s, w)e” 00T estw) gy g 4 1) = O30T,
o Jr
Next, consider 1(t) = ¢(—t), then 1) satisfies
(6.18) " (t) + cy/(t) — f'(0)y(t) + ¢'(0) /OOO/RK(s,w)y(t +¢s +w)dwds = H(t),

where H(t) = h(—t). Note that ¢ and H(t) satisfy of conditions of Lemma VI.5

with a = —y, b = —v(0 + 1) and d = 0. Hence, we have that for all 0 < o < 0,

P(t) = Z(t) +w(t), t>0,
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where 2(t) is a finite sum of eigensolutions of (6.18) associated to the eigenvalues \;(c)
such that —v(0 + 1) + 0 < R\;(c) < —v and the function w(t) = O(e(-1O+D+9)t) a9
t — 400. Observe now that \ is an eigenvalue of (6.18) if and only if —\ is a root

of (1.9). Thus,
¢(t) = 2(t) + w(t), ¢ <0,

where z(t) := Z(—t) is a finite sum of eigensolutions of (6.17) associated to the
eigenvalues \;(c) such that v < RA;(c) < v(@ + 1) — 0 and w(t) = w(-t) =
O(el0+D)=)) a5 ¢ — —oo0.

Now, being ¢(t) > 0 observe that [y,v(8 + 1)] N {\1(c), A(c)} # 0 so that for

some o small we have
o(t) = Bl(c)e)‘l(c)t + Bg(c)e’\“’(c)t + O(e(’\“(c)+5)t), teR,

where Bj(c), Ba(c) € R can not both be zero and § > 0 is small. Next, if B;(c) # 0,
then the positivity of ¢ implies that By(c) > 0 and the first affirmation of lemma
follows. Otherwise, if B;(c) = 0, then By(c) > 0 and the second affirmation of lemma

follows. [

6.5 Uniqueness of positive semi-wavefront

In this section we establish the uniqueness of the positive semi-wavefront of equa-
tion (6.3) for each speed ¢ > ¢, where ¢, is given in (1.8). In the sequel, we will
assume that 1.11- .14 hold.

In the following lemma we will prove that the asymptotic formula with Ay (c) in

Lemma VI.8 can not happen when ¢ > c,.

Lemma VL.9. If v is a positive semi-wavefront of equation (6.3) with ¢ > c,, then
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there are tg € R and small 6 > 0 such that
Yt —to) = MO pa(t), t € R,

where \i(c) is the smallest positive oot of equation (1.9) and w(t) = O(eP1()+)t)

ast — —oo.

Proof: Suppose that the assertion of the lemma is false. Then Lemma VI.8 assures

that for all z € C such that 0 < Rz < A (c) the two-side Laplace transform of v,
U(z) = / e **1(s)ds, is well defined.
R

Next, we observe that ¢ satisfies the equation

(6.19)
W) — e (1) — [ inf f’(s)]w(t) +L /0 h /R K(s,w)i(t — s — w)dwds = h(t).
Here

h(t) = /OOO/RK(S,U))(M/J —go)(t — cs —w)dwds
+ (8 nf £(5))0(t) = fo(w(1)

is a non-negative bounded function such that h(t) < Ce*=(* + <0, for some C' > 0.

Indeed,

Ls—g(s)<s (L + sup ®> ,  where A := (0,sup(t)].

scA S teR

The same reasoning applies to (ﬁ — i1>1£ f’(s)>¢(t) — fs(¥(t)). Therefore, for some

01>O,

0 < h(t) < Cyer=()t </ /K(s,w)e’\w(c)(“*w)dwds + 1) , t<0.
o Jr
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Next, from equations (6.3), (6.9) and (6.10) we obtain easily that ¢'(¢) and " (¢)
are bounded in R and v/(t),¢"(t) = O(e**) at t — —oco. Applying the two-
side Laplace transform to (6.19), we get that x.(z,c)¥(z) = H(z), where H(z) =

Jg € *h(s) ds. Moreover, ¥(z) and H(z) are analytic in 0 < Rz < Ax(c). As a

XL (Z7C)

consequence, the function W(z) =
Ao (€).

Now, if we suppose that h(t) = 0,t € R, then H(z) = 0 for all z € C so

has removable singularities in 0 < Rz <

that U(z) = 0in 0 < Rz < Ax(c). By the Inversion Theorem we have 1(t) = 0
for all ¢ € R, a contradiction. Hence, h(t) > 0 on some subinterval of R and
H(71(c)), H(7ys(c)) > 0, where 71 (c) and s (c) are the positive roots of x1(z,¢) = 0.

Then we get that v;(c) and v (c) are simple poles of ¥(z), a contradiction.

Theorem VI1.10. Suppose that ¢ and v are two different positive semi-wavefront
solutions of (6.8) and ¢ > c.. Then there exists to(c) € R such that ¢(t — to) = (1)

for all t € R.

Proof: Due to the Lemma V1.9, we can assume that ¢, ¢) have the same asymptotic
representation ¢(t), ¥ (t) = e* ()t £ O(eP () at —oo, for some § > 0 small. We
will divide the proof into three step.

Step I. By way of contradiction, suppose that Q(t) := ¢(t) — ¢ (t) # 0. Then,
Q(—00) = 0, sup,., 2(t) is finite and Q(t) = O(e*1(D+9t) as t — —oo. Moreover,

satisfies the equation

y(t) — e/ (8) — FO)(t) + 4/(0) / N / K (s, w)y(t — cs — w)dwds = h(t),
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where

h(t) = /OOO/RK(S, w)(¢g'(0)Q —gop+ go))(t —cs —w)dwds
+ f(8(1) = f(1) = F(0)Q().
Since g satisfies (1.14), for all s1, s € [0, €] we get that

/
—d(0 _
51— 5 9( ) ’51 S2

l9(s1) — g(s2) — 9,(0)(51 —5)| <
<1g'(s) = ¢'(0)|ls1 — sa| < Q5°[s1 — sa],

where s is a number between s; and s;. Moreover, (I.11) implies that

L+4(0)
(2¢)°

Similar arguments apply to f. Consequently, we obtain easily that the function A

l9(51) — g(s2) — ¢’ (0)(s1 — s2)| < |51 — s2|(s1+ 52)7, 51,80 > €.

satisfies h(t) = O(eM (D) a5t — — 0.

Since the characteristic equation (1.9) does not have roots for A\;(c) < Rz <
Ao (€), a proceed analogously to the prove of Lemma VI.8 enables us to write Q(t) =
O(e™) as t — —o0, where v > A (c) is almost optimal.

Step II. Let 71(¢) < 7Ys0(€) be the positive roots of equation xr(z,¢) = 0 and fix

m > 0 such that v1(c) < m < vs(c). Then
(6.20) m? — em — ig(f) f'(s) + L/ / K(s,w)e ™t dyds < 0,
5= 0 JR

and if we define P := (3 — ir>1£ f'(s), then (6.20) implies that

P+ L/ / K(s,w)e ™) dyds
o Jr

< 1.
B+ cm —m?

Note that Ai(c) < y1(c) < m < Yoo(c) < Ao(€).
Step III. 'We now define Q(t) := |Q(¢t)]e™™ > 0,t € R. Then step I implies that

Q(£00) = 0 and Q(7) = max,eg Q(s) > 0 for some 7 € R.
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Next, take M := max{sup,cg ¥(t), sup;cg ¢(t)} in Lemma VI.2. This lemma and
integral equation (6.4) imply that

L t ev(t=2) s)) — s))|ds
001 < s ([ 1600 - Gwis)la

—0o0

+o00
+ [ eI - gws))us)
1

< (/; (1= (L /OOO/RK(T, W) Qs — cr —w)|dwdr+P|Q(s)|> ds
+/t+°oeﬂ<fs> (L/OOO/RK(r,w)]Q(s—cr—w)|dwdr+P|Q(s)|) ds),

so that
O(r) < Q(;)

a(
+00

+ e(ll—m >

= QE;) <L /OOO/RK(T, w)e” ™) duydr + P) = i

m)(p —m)

(6.21) = Q(7) (L /OOO/RK(r, w)e” ™) dudr 4 P) ﬁ; < Q(r),

+cm —m?2

L/ /K(T‘,w)e—m(cr+w)dwdr+P) (/ p(v=m)(T=5) 4
0 R B
=9 s

Q

which is impossible. Hence, Q(7) = 0 and the lemma follows. [J

Remark VI.11. Some estimations of ¢, can be found in [5, 53, 57].



CHAPTER VII

On the minimal speed of traveling waves for a non-local
delayed reaction-diffusion equation

7.1 Estimation of the minimal speed of propagation

In this chapter, we estimate the minimal speed of propagation of positive traveling
wave solutions for non-local delayed reaction-diffusion equation (1.6), which is widely
used in applications, e.g. see [28, 36, 47, 51, 55| and references wherein. It is assumed
that the birth function g is of the monostable type, p := ¢/(0) > 1 and h > 0. The
non-negative kernel K is such that K(s) = K(—s) for s € R, [, K(s)ds = 1 and

Jr K (s) exp(As)ds is finite for all A € R. Consider

(7.1) Y(z,e) = e2® — 2z — 1+ pexp(—zh) /RK(S) exp(—+/ezs)ds,

which determines the eigenvalues of equation (1.6) at the trivial steady state. From
[40, 51|, we know that there is g = g¢(h) > 0 such that ¥(z,£¢) = 0 has a unique
multiple positive root zg = zg(h). Furthermore, if g(s) < ¢’(0)s for s > 0, then
the minimal speed ¢, is equal to ¢, = 1/,/gy . Note that z, and &y are the unique

solutions of the system

(7.2) P(z,e) =0, ,(z,e) =0.

Let us state our main result.
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Notation VII.1. Set

p—1 p—1
ky = 2 — K — d
1 \/1+§fR R (3)ds p/Rs (S)exp< S\/1+§fR SQK(S)dS> s,

ky = \/lln_pln <p/RK(S) exp(—\/@s)ds).

It is clear that ks > 0 and bellow we will show that k; is positive.

Theorem VIIL.2. Assume that K(s) > 0 is such that K(s) = K(—s) for s € R,
Je K(s)ds = 1 and [, K(s)exp(As)ds is finite for all X € R. Then ¢, = c,(h) =

1/+y/e0(h) is a C*°-smooth decreasing function of variable h € R,. Moreover,

p—1 2y/Inp ) ki ko
1. max{Z\/p(2h+h2)+1, 1+h}<c*<m1n{ vy h} h € [0,1],

k k
2. max{Q\/ (2h+h2 } < ¢, < min 21 \/2_},h€[1,+oo).
o Cs
Furthermore, n < (h) < 5 h > 1, for some positive C; < Cj.

Observe that Theorem VII.2 implies that c.(h) = O(h™!), h — 400, in this way
we improve the estimation c,(h) = O(h™/?), h — o0, proved in [53, 57].

Proof: 1t follows from [40, 51] that the functions zy = zy(h) and g = &g(h)
are well defined for all h > 0. Set F(h,z,e) = (Y¥(z,¢€),v.(z,¢)). It is easy to see
FeC®Ry xR x (0,00),R?), F(h,z,&0) =0, and

‘ 8F(h, 20, 80)
8(20, 80)

= %z(zo, Eo)wa(zo, 50)
= (2¢ + p/ K(s)exp(—zo(h + /20s))(h + \/5_03)2d3)

Zo

X +hp/K ) exp(—zo(h + v/g0s))ds) > 0.

280
Applying the Implicit Function Theorem we find that zg, 9 € C*°(0, +00).
On the other hand, after introducing a new variable w = y/z we find that system

(7.2) takes the following form:
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(7.3) (1 + % - wQ) exp ("\"[) —p / K (s) exp(—ws)ds.

(7.4) (%w + (2 - g) w— %) exp (“’72) =p /R sK(s) exp(—ws)ds.

Let G(w) = <1+\/%—w2>, H(w) = (1—|—\/%—w>exp<ﬁ> and R(w) =

p Jz K(s)exp(—ws)ds. Set also wy = wo(h) = +/eo(h)zo(h). First, note that

G(wy) = exp(\/"‘%‘) R(wp) > 0 and G(w) > 1 when 0 < w < 1/,/gp. As can

be checked directly, H has a unique positive local extremum (maximum) at some .
Since K(s) = K(—s), s € R, it is easy to see that R increases on R.
Differentiating equation (7.3) with respect to h and using (7.4) we get the following

differential equation

2e9(h)G(wo(h))

T+ hGlwo(h))

(7.5) go(h) =

The remainder of the proof will be divided in several steps.

Step L If h € [0,1], then H'(1/,/5) = ( ) B < 0. Hence, W < 1//p.
In addition, if w € (0,w) then H'(w) > 0. As R'(w) > 0 for w > 0, we have
wy < w < 1/,/gg. Thus, we get G(wy) > 1. In this way, e((h) > 2e9(h)/(1 + h)
for h € [0,1] that yields (1 + h)%e(0) < go(h) < (1 + h)%eo(1)/4 (equivalently,

2¢,(1)/(1 + h) < cu(h) < ¢(0)/(1 + h), for h € [0,1]). Next, taking h = 0 in

equations (7.3) and (7.4) we obtain that

(7.6)

=) = 2w(0) —p/RsK(s) exp (—wo(0)s)ds,

L+wi(0) = p [ K(s)(14 wo(0)s)exp(—wy(0)s)ds
_ Jo S°K(s)ds Jps*K(s)ds
= P(l—Two(O)——wo(O)—...).

S—



136
As a consequence of the latter formula, we get

p—1
wo(0) < \/1 + & [ s2K(s)ds

Then (7.6) implies that ¢,(0) < k; so that c.(h) < k1/(1 4+ h) for b < 1. Note that

k1 > 0 since R is increasing for w > 0. Finally, since c,(h) is decreasing, we have
that c.(h) < k1/2 for h > 1.

Step II. If A > 1, then w > 1/,/6g. As consequence, G(w) < 1 = G(1/,/&)
so that G(w) > G(w) for all w € [0,w] (see Figure 7.1). Additionally, G(w) =
(2w\/gg — 1); > 1, therefore we conclude that G(wo) > 1/h. Hence, we have
eh(h) > eo(h)/h, so that (h) > e(1)h (equivalently, c,(h) < c.(1)/Vh) for h > 1.
Now, if h = 1 we have @ = 1/4/20(1). Thus, taking h = 1 and w = @ in (7.3) we
get exp(1/0(1)) = R(w) > R(0) = p that yields vInp < 1//20(1) = c.(1). On the
other hand, for all 0 < w < 1/,/2¢, we have

(77)  exp (3)—%) < (1 + % - wz) exp (j—f_o) < p/RK(s) exp(—ws)ds.

In particular, taking h = 1 and w = v/Inp in (7.7) we conclude that c,(1) < kg so
that c,(h) < ko/vh for b > 1. Additionally, using c,(h) > 2¢.(1)/(1 + h) obtained
in step I, we also concluded that c,(h) > 2v/Inp/(1 + h), for h € [0,1].

Step III. For h > 0, it is evident that €{(h) < 2eq(h)/h. Integrating the latter
inequality on [k, 1] we obtain e(h) > &(1)h? (equivalently, c.(h) < c.(1)/h), for
0 < h <1 so that c.(h) < ky/h, for h € (0,1]. Analogous, by integrating £;(h) <
2e9(h)/h on [1, h] we have q(h) < eo(1)h? (equivalently, c,(h) > c.(1)/h), for h > 1.
Thus, we obtain ¢,(h) > /Inp/h, h > 1.

On the other hand, for all h > 0, we have G(wg) < 14 1/(4ep). As consequence,
ep(h) < (4e9(h)+1)/(2(1+h)) for all b > 0 so that g9(h) < ((4g0(0)+1)(1+h)*—1)/4.

Taking h = 0 in (7.3), we get 1 + 1/(4e9(0)) > G(wo(0)) = R(we(0)) > p so that
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R
H
P
1 \l\
G
# wo \% w
Figure 7.1: G, H and R for h > 1.
¢(0) > 24/p — 1. In consequence,
(78) () > 2| =t hz0
. C* 7 — °
p(2h + h?) +1

Step IV. Setting w = r, r € (0, 1), in the second inequality of (7.7) we obtain

rh

(1—7%)exp (W) < p/RK(s) exp(—rs)ds,

from which we get that

(7.9) L. %m( P /RK(S) exp(—rs)ds), h> 0.

C C
Considering (7.8) and (7.9) we get 71 < c(h) < 72 for h > 1. This completes the

proof. [J
7.2 An example

Consider the heat kernel K, (s) = (47a)~'/2 exp (—s%/(4a)). Then Theorem VII.2

applies with

1+ apexp (—afﬁ;”

ki =2yp—1 ko = (1 VInp.
1 p \/m I 2 (+Oé) np

In fact, in this case we can plot graphs of ¢, against h using standard numerical
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(1) Upper bound
(2) Minimal speed
(3) Lower bound

0.5 1.0 15 20 25 3.0

Figure 7.2: The minimal speed and its bounds (p = 2 and oo = 1).

methods to solve some appropriately chosen initial value problem eg(hy) = po for
differential equation (7.5). For example, if we take hy = «a then py coincides with
positive solution of the equation 1 + 4ip = pexp(—fp). Next, we can explicitly
find G(wp) in (7.5) by using Cardano’s formulas to solve the cubic equation (w3 —
wo/ /€0 —1)(2y/E0awy — h) +1—2,/gowy = 0. It is easy to see that this equation has
three real roots for all h > 0 and o > 0, and that wy is the leftmost positive root.

Figure 7.2 shows the minimal speed ¢, and its estimations when p = 2 and a = 1.
Remark that we do not need the restriction o < h required in [57].

Finally, note that letting & — 0% in (1.6) and (7.1) we recover the characteristic

equation for the delayed reaction-diffusion equation
ut(t7 l’) = U’im‘(t? ZL‘) - u(ta .Z') + g(“(t - ha I))7

which was studied by various authors (e.g. see [4, 53] and references therein). In this

case, our results complete and partially improve the estimations of [53].
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